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Topological signals, i.e., dynamical variables defined on nodes, links, triangles, etc. of higher-order
networks, are attracting increasing attention. However, the investigation of their collective phenomena is
only at its infancy. Here we combine topology and nonlinear dynamics to determine the conditions for
global synchronization of topological signals defined on simplicial or cell complexes. On simplicial
complexes we show that topological obstruction impedes odd dimensional signals to globally synchronize.
On the other hand, we show that cell complexes can overcome topological obstruction and in some
structures signals of any dimension can achieve global synchronization.
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https://www.youtube.com/watch?v=Au5tGPPcPus
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g(X(i)7 X(j)) _ h(x(j)) _ h(X(i))

Diffusive-like coupling j=1
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Does the whole system admit such (spatially) homogeneous solution?

dx (%) . i |
— £(x(?) hi(x) _
C83 dt X(i)zs f(X ) —I_ 7 z:l Lwh(X ) X(i):s O
J:
Lu=0 u=(1,...,1)"

Laplace matrix
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s xW(t)=s(t) Vi=1,...,n siable?

& 7 5s(0)6xD + 03 LyTn(s())ox)

7=1

Time dependent linear system
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$ L@ = A@p@ g 4B —5 0 AL A <

& ox) =" oxa0\"

Sk di;a = J¢(s(t))0xq + oA In(s(t))0xq = Jo(s(t))dxXa

A(A®))  Master Stability Function = largest Lyapunov exponent of J o (s(2))
(function of A(*) )
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= [tg,..-,%%]  ksimplex (it contains k+1 nodes)

Bk(agk_l) O'(-k)) = 1if a(k Do (-k)

(2

Incidence matrix By(a\" Y, gj(."“)) — (0 otherwise

Ly =B, By + B 1B,

Hodge Laplace matrix
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k =2  Three nodes, hence a triangle o) = [ig, i1, 2]

19
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o™ =Tig, ... ix]

x:Cr — R lecochain

" d x(=0}") = —x(o]")
x; = x(0;"") = (%1779%)
Dynamical system on a simplex
dx;
; — f(Xz) f(—Xi) — —f(Xi)
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Dynamical system on a simplicial complex
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Necessary condition

LkU:O

odd dim = non global synch
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global synch
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The topological obstruction 79 i
does not exist for cell complexes FIRN T
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