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Lesson IV: 
Dirac synchronization, Global Topological 

Synchronisation and more

Dirac synchronisation 
• Phenomenology and Theory 

Global topological synchronisation and Master Stability Function 

• Global synchronisation on graphs 
• Global synchronisation on simplicial and cell complexes  

Turing patterns coupled by the Dirac operator 

Addendum:  
Triadic percolation and non-linear dynamics of the giant component 



Topological signals
• Citations in a collaboration network


• Speed of wind at given locations


• Currents at given locations in the ocean


• Fluxes in biological transportation networks


• Synaptic signal


• Edge signals in the brain
Topological signals  

are co-chains or vector fields 



Kuramoto model on a 
network
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The Kuramoto model  

describes  synchronization of  
node phases of σ > σc
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In the Standard Kuramoto model the 
free dynamics  

of the synchronised state  
is  uniform over the whole  

(connected) network 



The Topological Kuramoto model

How to define  
the Topological  Kuramoto model  

coupling higher dimensional  
topological signals?



Topological Kuramoto model

·θ = ω − σB[1] sin B⊤
[1]θ

·ϕ = ω̂ − σB[m+1] sin B⊤
[m+1]ϕ − σB⊤

[m] sin B[m]ϕ,
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Topological Higher-order Kuramoto modelStandard Kuramoto model

A. P. Millan, J.J. Torres and G. Bianconi PRL (2020)



The Topological Kuramoto Model 

Learns Topology



In the Topological Kuramoto model the free 
dynamics of the synchronized state  

is localised on the  
-dimensional holes 

 

The free dynamics is localised on harmonic components 

n

d⟨uharm, ϕ⟩
dt

= ⟨uharm, ω̂⟩



Dirac synchronisation
Simplicial complexes and networks can sustain dynamical variables (signals)  

not only defined on nodes but also defined on higher order simplices 
these signals are called topological signals
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Dirac operator on graph

D = (
0 B[1]

B⊤
[1] 0 )
ç

Dirac operator on a graph

DΨ = (
0 B[1]

B⊤
[1] 0 ) ( χ

ψ) = (
B[1]ψ

B⊤
[1]χ)

Action of the Dirac operator on  
the topological spinor



Topological synchronisation  
on nodes and links 

Topological synchronization of nodes and links of a network 


Can be written in terms of the Dirac operator as 


where

·θ = ω − σB[1] sin B⊤
[1]θ

·ϕ = ω̂ − σB⊤
[1] sin B[1]ϕ,

·Φ = Ω − σD sin DΦ,

Φ = (θ
ϕ), Ω = (ω

ω̂)



Normalised Dirac operator on a network

with

 D̂ = (
0 B̄*[1]

B̄[1]/2 0 )

D̂2 = 𝓛 = (
L̂[0] 0

0 L̂[1])

B̄*[1] = G[0]B̄⊤
[1]G

−1
[1] = K−1

0 B[1]

L̂[0] = B̄*[1]B̄[1], L̂[1] = B̄[1]B̄*[1]

with

F. Baccini, F. Geraci and G. Bianconi (2022)



·Φ = Ω − σD̂ sin D̂Φ .

·θ = ω − σB̄*[1] sin B̄[1]θ,
·ϕ = ω̂ − σB̄[1] sin B̄*[1]ϕ,

Modified dynamics using the 
normalised Dirac operator
Topological synchronization of nodes and links of a network can 
be modified by considering the weighted coboundary operator 

and its dual  


that can be written in terms of the normalized Dirac operator as




Dirac Synchronization 
Dirac Synchronization allows to couple 

locally and topologically signals defined on 
nodes and links.  

Given 


Dirac synchronisation obeys


where


Φ = (θ, ϕ)⊤

γ = (1 0
0 −1)

·Φ = Ω − σD̂ sin((D̂ − γzD̂2)Φ)

L. Calmon, J. Restrepo, J.J. Torres and G. Bianconi (2022)
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In the Dirac Synchronization the free dynamics 
of the synchronized state is localised on the 

links around 
-dimensional holes (since we are in a network) 

 

The free dynamics is localised on harmonic components 

1

d⟨uharm, ϕ⟩
dt

= ⟨uharm, ω̂⟩



Dirac synchronisation σ = 0.5



Dirac synchronisation σ = 5



Dirac synchronisation σ = 10



Component-wise expression 
of the dynamical equations

The expression for the dynamical equations of Dirac synchronization 
read


which can be also expressed as 


·θ = ω − σK−1B[1] sin(B⊤
[1]θ/2 + zB⊤

[1]K
−1B[1]ϕ/2)

·ϕ = ω̂ −
1
2

σB⊤
[1] sin(K−1B[1]ϕ − zK−1B[1]B⊤

[1]θ/2),

·ϕ = ω̂ − σB̄[1] sin(B̄*[1]ϕ − zL̂[0]θ),

·θ = ω − σB̄*[1] sin(B̄[1]θ + zL̂[1]ϕ)



Projections
The phases of the links can be projected onto the nodes by defining


 


And considering the projected equations 


Where 

ψ = K−1
0 B[1]ϕ

ω̃ = K−1
0 B[1]ω̂

L̂[0] = K−1
0 B[1]B⊤

[1]

·θ = ω − σK−1
0 B sin (B⊤(θ + zψ)/2)),

·ψ = ω̃ − σ
1
2

L̂0 sin (ψ − zL̂0θ/2),



Coupled phases

·θ = ω − σK−1
0 B sin (B⊤(θ + zψ)/2)),

·ψ = ω̃ − σ
1
2

L̂0 sin (ψ − zL̂0θ/2),

αr = (θr + zψr)/2,
βr = z(θr − Θr)/2 − ψr

Θr =
N

∑
s=1

ars

kr
θs .

·θr = ωr + σ
1
kr

N

∑
s=1

ars sin (αs − αr),

·ψr = ω̃r − σ
1

2kr

N

∑
s=1

ars [sin (βs) − sin (βr)] .

Let us introduced the coupled nodes and link phases defined as 

Where 

The dynamical equations for read then



Node and links are 
“entangled ”

• Node and links signals are 
entangled.       

• The order parameters depend on linear 
combinations of nodes and link signals


• The synchronization transition is 
discontinuous

L. Calmon, J. Restrepo, J.J. Torres and G. Bianconi (2022)

Xα = Rαeiηα =
1
N

N

∑
r=1

eiαr,

Xβ = Rβeiηβ =
1
N

N

∑
r=1

eiβr,

Rα

σ

1

0

Rβ

σ

1

0

z1
z2 > z1
z3 > z2



Equations for the angles α, β
• The closed equations for the angles  are given by


• With  

αr, βr

(
·αr
·βr) = κr +

σ
2

Im [X (e−iαr

e−iβr)]

κr =

1
2 ωr + z

2 ω̂r − 1
2 Ω̂ − z

4 σIm (Xβ)
z ̂c
2 ωr − ω̂r − z

2 Ω̂ + 1
2 σIm (Xβ)

, X = (
Xα − z

2

zXα 1 ) .



Dependence on z



Upper synchronisation 
threshold

In Dirac synchronisation 


the 


hysteresis loop 


of the 


first order transition


is stable.



Linearised Dynamics
The linearised dynamics is dictated by the Dirac operator


Let us now decompose  on the eigenvectors of the Dirac 
operator  obtaining 


 


Φ, Ω
Wλ

Φ = ∑
λ

cλWλ Ω = ∑
λ

ωλWλ

·Φ = Ω − σ(D̂2 + zγD̂3)Φ,



Linearised Dynamics

The harmonic component of the signal oscillates freely


The other modes freeze asymptotically at a stable focus in time and 
obey


 


Where  indicates a positive eigenvalue of the Dirac operator λ ≠ 0

·charmonic = Ω̂harmonic

(
·cλ
·c−λ) = ( ωλ

ω−λ) − σ ( λ2 −zλ3

zλ3 λ2 ) ( cλ
c−λ)



Linearised Dynamics 
(continuation)

The dynamical equation for the harmonic mode


has solution





Therefore the harmonic modes  

undergo  an unperturbed motion

charm(t) = charm(0) + ωharmt



Linearised Dynamics 
(continuation)

The dynamical equation for the other modes 


has solution





with





Therefore while the non-harmonic modes display a stable focus. 

( cλ(t)
c−λ(t)) = A(t)( 1

−i) + B(t)(1
i)

A(t) =
ωλ + iω−λ

2σ(λ2 + izλ3) (1 − e−σ(λ+izλ3)t) + A(0)e−σ(λ+izλ3)t

B(t) =
ωλ − iω−λ

2σ(λ2 + izλ3) (1 − e−σ(λ−izλ3)t) + B(0)e−σ(λ−izλ3)t



Dirac Synchronization  
is rhythmic

• TO

One of the two complex order parameters  
develops spontaneous low frequency rhythms 



Classification of phases 
In Dirac synchronisation each node 
is assigned to phases  each 

node can be classified in four 
classes:


• Both  frozen


•  frozen while  drifting


•  drifting  while  frozen


• Both  drifting 

αr, βr

αr, βr

αr βr

αr βr

αr, βr



Classification of phases 
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In Dirac synchronisation each node is assigned 
to phases  each node can be classified in 

four classes 


(streamplots shown in the figure):


• Both  frozen


•  frozen while  drifting


•  drifting  while  frozen


• Both  drifting 


• From this classification we can derive and 
approximated predicted phase diagram

αr, βr

αr, βr

αr βr

αr βr

αr, βr



Dependence on z comparison with 
theory on fully connected network



Dirac synchronisation on   
Poisson networks



Dirac synchronisation on 
C.elegans



Global synchronisation of 
topological signals on 

simplicial and cell complexes



Further Topological and 
Combinatorial properties  
of higher-order networks



Cell complexes

12 Series Name

and in general open d-dimensional cells are topological spaces homeomorphic
to an open ball. Therefore 0-dimensional cells are nodes, 1-dimensional cells
are links, and therefore do not di�er from 0-dimensional and 1-dimensional
simplices. However 2-dimensional cells includes m-polygons such as triangles
(2-dimensional simplices), squares, pentagons ect. Similarly 3-dimensional
cells includes the Platonic solids, such as tethrahedra (3-dimensional simplices),
cubes, octahedra, dodecahedra, and icosahedra (see Figure 5). Interestingly in
dimension d = 4 the regular polytopes are more than in dimension d = 3 (being
6), but for any dimension d > 4 there are only three types of regular (convex)
polytopes: the simplex, the hypercube and the orthoplex.

A cell complex K̂ has the following two properties:

(a) it is formed by a set of cells that is closure-finite, meaning that every cell is
covered by a finite union of open cells;

(b) given two cells of the cell complex ↵ 2 K̂ and ↵0 2 K̂ then either their
intersection belongs to the cell complex, i.e. ↵ \ ↵0 2 K̂ or their intersection
is a null set, i.e. ↵ \ ↵0 = ;.

In this book we will discuss mostly the properties of simplicial complexes
however in a number of places we will refer to results applying to more general
cell complexes.

2.2 Generalized degrees of simplicial complexes

For networks a key local structural property is the degree of the nodes. The
degree of a node characterizes only the local structure of the network around the
node, its number of interactions. However the statistical properties associated
with the degree are instead important global properties of the network that
can significantly a�ect its global dynamics as in the case of scale-free degree
distributions [1]. It is therefore natural to desire to extend the notion of degrees
also to simplicial complexes. The generalized degrees [12, 29, 39] are the
fundamental combinatorial properties describing the structure of simplicial
complexes. Interestingly, in simplicial complex not only nodes can be associated
to a generalized degrees, but also links and higher dimensional simplices can be
associated to their generalized degrees.

GENERALIZED DEGREES AND FACET SIZES

The generalized degree [12,29,39] kd,m(↵) of a m-dimensional simplex ↵
indicates the number of d-dimensional simplices incident to the m-simplex
↵.



Boundary matrix of a cell complex

The boundary matrix of a cell 
complex has matrix elements

B[m](αm−1
r , αm

s ) =
1  if αm−1

r ∼ αm
s

−1  if σm−1
r ≁ σm

s

0  otherwise

B[1] =

[1,2] [1,3] [3,4] [2,4]
[1] −1 −1 0 0
[2] 1 0 0 −1
[3] 0 1 −1 0
[4] 0 0 1 1

, B[2] =

[1,2,4,3]
[1,2] 1
[1,3] −1
[3,4] −1
[2,4] 1

1 2

3 4

Example



Geometrical properties  
of simplicial complexes



m-connected components
0-connected component  

1-connected components 

2-connected component

Simplicial complexA B

C

D



The generalized degree of a -face 𝛼  

is given by the number  

of  -dimensional simplices incident to the -face 𝛼. 

 

km′ ,m(α) m

m′ m

1

6

5 4

2

3

Generalized degree

r k2,0([r])
[1] 3
[2] 1
[3] 4
[4] 1
[5] 2
[6] 1

[r, s] k2,1([r, s])
[1,2] 1
[1,3] 3
[1,4] 1
[1,5] 1
[2,3] 1
[3,4] 1
[3,5] 2
[3,6] 1
[5,6] 1



Incidence number
To each (d-1)-face 𝛼 we associate the  

incidence number 

 

€ 

1

6

5 4

2

3

[Bianconi & Rahmede (2016)]

(i, j) n(i, j)

(1,2) 0
(1,3) 2
(1,4) 0
(1,5) 0
(2,3) 0
(3,4) 0
(3,5) 1
(3,6) 0
(5,6) 0

nα = kd,d−1(α) − 1



Discrete manifolds



Discrete manifolds 
If      takes only values   

each (d-1)-face is incident at most to two d-
dimensional simplices. 

1

6

5 4

2

3

1

6

5

2

3

nα ∈ {0,1}nα

NOT A MANIFOLD MANIFOLD



Example key manifolds and 
their Betti numbers

-dimensional hypersphere


Betti numbers


n

β0 = βn−1 = 1
βk = 0 for 0 < k < n − 1

-dimensional torus (cell complex)


Betti numbers


n

βk = (n − 1
k )

-dimensional cylider


Betti numbers


n

β0 = βn−2 = 1
βk = 0 for k ≠ 0,k ≠ n − 2



Global synchronisation  
on graphs



Uncoupled dynamics of 
identical node oscillators

Consider coupled identical oscillators defined on the nodes, 
captured by the 0-cochain  with value  on 
each node  .


In absence of interactions these nodes obey the same 
dynamics


with arbitrary non-linear function 


X ∈ C0 xr ∈ ℝd

i

f(x) .

dxr

dt
= f(xr)



Global synchronisation  
on graphs

Consider the coupling of the oscillators implemented with the 
graph Laplacian leading to the coupled  dynamics


with arbitrary non-linear functions .


The global synchronisation is a state in which


f(x), h(x)

xr = xs ∀r, s ∈ Q0(𝒦)

dxr

dt
= f(xr) − σ∑

β

[L[0]]rs h(xs)



Global synchronisation 
state of topological signals

The global synchronisation is a state in which





The coupled  dynamics 





admits always a global synchronisation state in which all the node 
haves the same dynamics. 

In fact  the harmonic eigenvector of the graph Laplacian is constant 
 

xr = xs ∀r, s ∈ Q0(𝒦)

dxr

dt
= f(xr) − σ∑

β

[L[0]]rs h(xs)

uharm ∝ 1



Synchronised state 

The globally synchronised state .


Satisfies the dynamics


i.e. it describes a stationary state of the coupled oscillators.


Under which conditions is this solution stable for the 
coupled oscillators? 

xr = x⋆(t) ∀r ∈ Q0(𝒦)

dx⋆

dt
= f(x⋆)



Master Stability Function 
for graphs

• The Master Stability Function establishes the dynamical 
conditions ensuring the stability of global synchronisation.


• It depends on the non-zero spectrum of the graph 
Laplacian.


• It is based on an expansion around a stable solution of the 
uncoupled dynamics.



Master Stability Function 
for graphs

Expanding for  we obtain


 


This equation can be projected on the eigenmodes  of the graph 
Laplacian obtaining 





Therefore the synchronised state is stable if the maximum Lyapunov 
exponent  of the above equation obeys 

δxr = xr − x⋆

dδxr

dt
= Jf(x⋆)δxr − σ

N

∑
s=1

L[0](r, s)Jh(x⋆)δxs

ηi

dηi

dt
= [Jf(x⋆) − σλiJh(x⋆)] ηi

Λmax(λi) < 0∀i



Global synchronisation  
of higher-order topological 

signals



Uncoupled dynamics of 
topological signals

Consider coupled identical oscillators defined on the -simplices, 
captured by the -cochain  with  and values  
on each -simplex  .


In absence of interactions these simplices obey the same dynamics


 To insure invariance of the uncoupled equations upon change of 
orientation of each simplex we must impose  that  is an odd 
function, i.e. .


n
n X ∈ Cn n > 0 xr ∈ ℝd

n r

f(x)
f(x) = − f(−x)

dxr

dt
= f(xr)



Proof
Consider the uncoupled dynamics


Upon change of orientation of the simplex  we have .


Therefore the dynamics becomes 


Imposing invariance of the dynamics under this change of 
orientation implies that the function  must be odd, i.e.  




r xr → − xr

dxr

dt
= − f(−xr)

f(x)
f(x) = − f(−x) .

dxr

dt
= f(xr)



Coupled identical 
topological signals

• The coupled dynamics obeys


• where in order to ensure invariance under change of 
orientation of the simplifies  should be an odd 
function.

h(x)

dxr

dt
= f(xr) − σ∑

β

[L[n]]rq h(xq)



Global synchronisation 
state of topological signals
Recall that for higher order topological signals, the signs of 

the signal is determined by the orientation of the simplex, i.e. 



For instance a positive sign of an edge flux is relative to the 
orientation chosen for that edge.


It follows that the state of global synchronisation is a 
state in which 

x(αr) = − x(−αr)

xr = urx̄ with ur ∈ {1, − 1} ∀r ∈ Qn(𝒦)



Global topological 
synchronisation

• It follows that the coupled dynamics


• can lead to global synchronisation  only if the kernel of the 
Hodge Laplacian  admits an eigenvector  with elements 
of constant absolute value. 

• Therefore for identical higher-order oscillators there are not 
only dynamical but also topological constraints to global 
synchronisation

L[n] u

dxr

dt
= f(xr) − σ∑

q

[L[n]]rq h(xq)



Topological conditions for  
global synchronisation

• Assume  is a vector of elements .


• Global synchronisation can only happen if there is one 
such vector  in the kernel of the Hodge Laplacian .


• Therefore we must have 

u |ur | = 1

u L[n]

B[n]u = 0, u⊤B[n+1] = 0



Topological constraints for 
global synchronisation

Assume  is a vector of elements .


The condition 


This implies that:


The simplicial or cell complex must  

be balanced

u |ur | = 1

B[n]u = 0

4

<latexit sha1_base64="yMZOoTRM8mR7j94tUGUqnnWL7Ss="></latexit>

B2 =
⇣

1
�1
�1

⌘

<latexit sha1_base64="QL618e9RMeA+JD/YJzE+N+u0c/k=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahgpakFHUjlLpxWcE+oAllMp20QyeTODMRSujGjb/ixoUibv0Hd/6NkzYLbT3DwOGce7n3Hi9iVCrL+jZyS8srq2v59cLG5tb2jrm715JhLDBp4pCFouMhSRjlpKmoYqQTCYICj5G2N7pO/fYDEZKG/E6NI+IGaMCpTzFSWuqZhyX7VL8TJ0Bq6PlJfdKrXJ3ZDif30OqZRatsTQEXiZ2RIsjQ6JlfTj/EcUC4wgxJ2bWtSLkJEopiRiYFJ5YkQniEBqSrKUcBkW4yvWICj7XSh34o9OcKTtXfHQkKpBwHnq5Ml5XzXir+53Vj5V+6CeVRrAjHs0F+zKAKYRoJ7FNBsGJjTRAWVO8K8RAJhJUOrqBDsOdPXiStStk+L1dvq8VaPYsjDw7AESgBG1yAGrgBDdAEGDyCZ/AK3own48V4Nz5mpTkj69kHf2B8/gCxQJYs</latexit>

(1, 1, 1)B2 = �1 6= 0

a)

b)
<latexit sha1_base64="8ffgruYtXtnlCClfKN9NE/A9Uf0=">AAAB83icbVBNSwMxEJ31s9avqkcvwSLUS9nVoh6LXjxWsB/QXUs2zbahSXZJskJZ+je8eFDEq3/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhS8epIrRJYh6rTog15UzSpmGG006iKBYhp+1wdDv1209UaRbLBzNOaCDwQLKIEWys5PuaDQR+zCoXZ5NeqexW3RnQMvFyUoYcjV7py+/HJBVUGsKx1l3PTUyQYWUY4XRS9FNNE0xGeEC7lkosqA6y2c0TdGqVPopiZUsaNFN/T2RYaD0Woe0U2Az1ojcV//O6qYmug4zJJDVUkvmiKOXIxGgaAOozRYnhY0swUczeisgQK0yMjaloQ/AWX14mrfOqd1mt3dfK9Zs8jgIcwwlUwIMrqMMdNKAJBBJ4hld4c1LnxXl3PuatK04+cwR/4Hz+AF76kUI=</latexit>

�(3)

<latexit sha1_base64="D+PtKmjf7AHpef4wXpCvOtaq+9k=">AAAB9XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLiHokevGIiYAJLKRbutDQdjdtV0M2/A8vHjTGq//Fm//GAntQ8CWTvLw3k5l5QcyZNq777eTW1jc2t/LbhZ3dvf2D4uFRS0eJIrRJIh6phwBrypmkTcMMpw+xolgEnLaD8c3Mbz9SpVkk780kpr7AQ8lCRrCxUq+r2VDgXlqunk/7Xr9YcivuHGiVeBkpQYZGv/jVHUQkEVQawrHWHc+NjZ9iZRjhdFroJprGmIzxkHYslVhQ7afzq6fozCoDFEbKljRorv6eSLHQeiIC2ymwGellbyb+53USE175KZNxYqgki0VhwpGJ0CwCNGCKEsMnlmCimL0VkRFWmBgbVMGG4C2/vEpa1Yp3Uand1Ur16yyOPJzAKZTBg0uowy00oAkEFDzDK7w5T86L8+58LFpzTjZzDH/gfP4AiqSR5Q==</latexit>

�(2)
1

<latexit sha1_base64="D0ftQSnauT3Z6AgC/5+cVoniVmw=">AAAB9XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLiHokevGIiYAJLKRbutDQdjdtV0M2/A8vHjTGq//Fm//GAntQ8CWTvLw3k5l5QcyZNq777eTW1jc2t/LbhZ3dvf2D4uFRS0eJIrRJIh6phwBrypmkTcMMpw+xolgEnLaD8c3Mbz9SpVkk780kpr7AQ8lCRrCxUq+r2VDgXlqunk/71X6x5FbcOdAq8TJSggyNfvGrO4hIIqg0hGOtO54bGz/FyjDC6bTQTTSNMRnjIe1YKrGg2k/nV0/RmVUGKIyULWnQXP09kWKh9UQEtlNgM9LL3kz8z+skJrzyUybjxFBJFovChCMToVkEaMAUJYZPLMFEMXsrIiOsMDE2qIINwVt+eZW0qhXvolK7q5Xq11kceTiBUyiDB5dQh1toQBMIKHiGV3hznpwX5935WLTmnGzmGP7A+fwBjCiR5g==</latexit>

�(2)
2

<latexit sha1_base64="kx/a9cd1AVUXWNNjl1noD2cgb10=">AAAB9XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7KLRD0SvXjERD4SWEi3FGhou5u2qyEb/ocXDxrj1f/izX9jgT0o+JJJXt6bycy8IOJMG9f9djJr6xubW9nt3M7u3v5B/vCoocNYEVonIQ9VK8CaciZp3TDDaStSFIuA02Ywvp35zUeqNAvlg5lE1Bd4KNmAEWys1O1oNhS4mxTL59PeRS9fcEvuHGiVeCkpQIpaL//V6YckFlQawrHWbc+NjJ9gZRjhdJrrxJpGmIzxkLYtlVhQ7Sfzq6fozCp9NAiVLWnQXP09kWCh9UQEtlNgM9LL3kz8z2vHZnDtJ0xGsaGSLBYNYo5MiGYRoD5TlBg+sQQTxeytiIywwsTYoHI2BG/55VXSKJe8y1LlvlKo3qRxZOEETqEIHlxBFe6gBnUgoOAZXuHNeXJenHfnY9GacdKZY/gD5/MHjayR5w==</latexit>

�(2)
3

<latexit sha1_base64="MnkPu1tPHSc4nnQ2Rd35G5I67FQ=">AAAB9XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLiHokevGIiYAJLKRbutDQdjdtV0M2/A8vHjTGq//Fm//GAntQ8CWTvLw3k5l5QcyZNq777eTW1jc2t/LbhZ3dvf2D4uFRS0eJIrRJIh6phwBrypmkTcMMpw+xolgEnLaD8c3Mbz9SpVkk780kpr7AQ8lCRrCxUq+r2VDgXlqunk/7tX6x5FbcOdAq8TJSggyNfvGrO4hIIqg0hGOtO54bGz/FyjDC6bTQTTSNMRnjIe1YKrGg2k/nV0/RmVUGKIyULWnQXP09kWKh9UQEtlNgM9LL3kz8z+skJrzyUybjxFBJFovChCMToVkEaMAUJYZPLMFEMXsrIiOsMDE2qIINwVt+eZW0qhXvolK7q5Xq11kceTiBUyiDB5dQh1toQBMIKHiGV3hznpwX5935WLTmnGzmGP7A+fwBjzCR6A==</latexit>

�(2)
4

<latexit sha1_base64="cMqFZ+UerzXDzHdHM/bjyQxnyFM="></latexit>

B3 =

✓
1

�1
1

�1

◆

<latexit sha1_base64="9MqlYsimKi2QtdQgpsYd+HP0ilM=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFKokXdCKVuXFawD2hDmEwn7dDJJMxMhBKy8VfcuFDErZ/hzr9xkmah1TMMHM65l3vv8SJGpbKsL6O0tLyyulZer2xsbm3vmLt7XRnGApMODlko+h6ShFFOOooqRvqRICjwGOl505vM7z0QIWnI79UsIk6Axpz6FCOlJdc8qNmn+TsZBkhNPD9ppe75teWaVatu5YB/iV2QKijQds3P4SjEcUC4wgxJObCtSDkJEopiRtLKMJYkQniKxmSgKUcBkU6SH5DCY62MoB8K/bmCufqzI0GBlLPA05XZlnLRy8T/vEGs/CsnoTyKFeF4PsiPGVQhzNKAIyoIVmymCcKC6l0hniCBsNKZVXQI9uLJf0n3rG5f1Bt3jWqzVcRRBofgCNSADS5BE9yCNugADFLwBF7Aq/FoPBtvxvu8tGQUPfvgF4yPbyVHlDo=</latexit>

(1, 1, 1, 1)B3 = 0

<latexit sha1_base64="ruoP+SuZddQf+mUki8LsuOIBpzM=">AAAB83icbVBNSwMxEJ31s9avqkcvwSLUS9ktRT0WvXisYD+gu5Zsmm1Dk+ySZIWy9G948aCIV/+MN/+NabsHbX0w8Hhvhpl5YcKZNq777aytb2xubRd2irt7+weHpaPjto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh+Hbmd56o0iyWD2aS0EDgoWQRI9hYyfc1Gwr8mFVqF9N+qexW3TnQKvFyUoYczX7pyx/EJBVUGsKx1j3PTUyQYWUY4XRa9FNNE0zGeEh7lkosqA6y+c1TdG6VAYpiZUsaNFd/T2RYaD0Roe0U2Iz0sjcT//N6qYmug4zJJDVUksWiKOXIxGgWABowRYnhE0swUczeisgIK0yMjaloQ/CWX14l7VrVu6zW7+vlxk0eRwFO4Qwq4MEVNOAOmtACAgk8wyu8Oanz4rw7H4vWNSefOYE/cD5/AF10kUE=</latexit>

�(2) 2-simplex

3-simplex

c)

d)

<latexit sha1_base64="guu3fvDXxt/PHY5vdc255RV+M5I="></latexit>

B1 =

 
1 1 �1 �1 0 ... 0
� � � � � ... �
...

...
...

...
... ...

...

!
<latexit sha1_base64="UhUg6771Fz+WZs/dZfCgn9jx6vk=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2A7lqyabYNTbJLkhXK0r/hxYMiXv0z3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbC8e3M7zxRpVksH8wkoYHAQ8kiRrCxku9rNhT4Mau659N+ueLW3DnQKvFyUoEczX75yx/EJBVUGsKx1j3PTUyQYWUY4XRa8lNNE0zGeEh7lkosqA6y+c1TdGaVAYpiZUsaNFd/T2RYaD0Roe0U2Iz0sjcT//N6qYmug4zJJDVUksWiKOXIxGgWABowRYnhE0swUczeisgIK0yMjalkQ/CWX14l7Yuad1mr39crjZs8jiKcwClUwYMraMAdNKEFBBJ4hld4c1LnxXl3PhatBSefOYY/cD5/AFpokT8=</latexit>

�(0)

<latexit sha1_base64="lRna/N8lmHubdRn4WiDYJ1kT2lw=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2A7lqyabYNTbJLkhXK0r/hxYMiXv0z3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbC8e3M7zxRpVksH8wkoYHAQ8kiRrCxku9rNhT4Mat659N+ueLW3DnQKvFyUoEczX75yx/EJBVUGsKx1j3PTUyQYWUY4XRa8lNNE0zGeEh7lkosqA6y+c1TdGaVAYpiZUsaNFd/T2RYaD0Roe0U2Iz0sjcT//N6qYmug4zJJDVUksWiKOXIxGgWABowRYnhE0swUczeisgIK0yMjalkQ/CWX14l7Yuad1mr39crjZs8jiKcwClUwYMraMAdNKEFBBJ4hld4c1LnxXl3PhatBSefOYY/cD5/AFvukUA=</latexit>

�(1)

<latexit sha1_base64="J6kMZ87No7o6d6klSMv+nMWPIdM="></latexit>

B2 =

 
1 �1 0 ... 0
� � � ... �
...

...
...

...

!

1-simplex

0-simplex

<latexit sha1_base64="+aXc8HxvK5EsdDUdzQ4JsJ1GC9Q="></latexit>

B1

 
1
...
1

!
=

 
0
�
...

!

<latexit sha1_base64="/01n0WYQe3Vw3hdzmjiih6Hy4i0="></latexit>

B2

 
1
...
1

!
=

 
0
�
...

!

Condition i) Condition ii)

e)

f)

2-cell

3-cell

Condition i)

<latexit sha1_base64="AB7tAjhLMwoOgk1mIYU+KYBAJlk=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPUkBS8eK9gPaLclm2bb0CS7JFmlLP0fXjwo4tX/4s1/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NRRoghtkIhHqh1gTTmTtGGY4bQdK4pFwGkrGN/O/NYjVZpF8sFMYuoLPJQsZAQbK/W6mg0F7qVl73za9/rFkltx50CrxMtICTLU+8Wv7iAiiaDSEI617nhubPwUK8MIp9NCN9E0xmSMh7RjqcSCaj+dXz1FZ1YZoDBStqRBc/X3RIqF1hMR2E6BzUgvezPxP6+TmPDaT5mME0MlWSwKE45MhGYRoAFTlBg+sQQTxeytiIywwsTYoAo2BG/55VXSvKh4l5XqfbVUu8niyMMJnEIZPLiCGtxBHRpAQMEzvMKb8+S8OO/Ox6I152Qzx/AHzucPh+iR4A==</latexit>

�(1)
1

<latexit sha1_base64="WxxQmbfffUl/Rvx8DKu1S7cS2/A=">AAAB9XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLiHoyJF48YiJgAgvpli40tN1N29WQDf/DiweN8ep/8ea/scAeFHzJJC/vzWRmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NJRoghtkohH6iHAmnImadMww+lDrCgWAaftYHwz89uPVGkWyXsziakv8FCykBFsrNTrajYUuJeWvfNpv9ovltyKOwdaJV5GSpCh0S9+dQcRSQSVhnCsdcdzY+OnWBlGOJ0WuommMSZjPKQdSyUWVPvp/OopOrPKAIWRsiUNmqu/J1IstJ6IwHYKbEZ62ZuJ/3mdxIRXfspknBgqyWJRmHBkIjSLAA2YosTwiSWYKGZvRWSEFSbGBlWwIXjLL6+SVrXiXVRqd7VS/TqLIw8ncApl8OAS6nALDWgCAQXP8ApvzpPz4rw7H4vWnJPNHMMfOJ8/iWyR4Q==</latexit>

�(1)
2

<latexit sha1_base64="18rQzLtpluD57ySGBgwCUGAtfss=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSLUS9nVop6k4MVjBfsB7bZk02wbmmSXJKuUpf/DiwdFvPpfvPlvTNs9aOuDgcd7M8zMC2LOtHHdb2dldW19YzO3ld/e2d3bLxwcNnSUKELrJOKRagVYU84krRtmOG3FimIRcNoMRrdTv/lIlWaRfDDjmPoCDyQLGcHGSt2OZgOBu2nJO5v0LnqFolt2Z0DLxMtIETLUeoWvTj8iiaDSEI61bntubPwUK8MIp5N8J9E0xmSEB7RtqcSCaj+dXT1Bp1bpozBStqRBM/X3RIqF1mMR2E6BzVAvelPxP6+dmPDaT5mME0MlmS8KE45MhKYRoD5TlBg+tgQTxeytiAyxwsTYoPI2BG/x5WXSOC97l+XKfaVYvcniyMExnEAJPLiCKtxBDepAQMEzvMKb8+S8OO/Ox7x1xclmjuAPnM8fivCR4g==</latexit>

�(1)
3

<latexit sha1_base64="67uvF2Zy0QWi4R3Y6/uuzuXubws=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsqulOpJCl48VrAf0q4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN/M/PYTVZpF8t5MYuoLPJQsZAQbKz2Qx7TsnU/7Xr9YcivuHGiVeBkpQYZGv/jVG0QkEVQawrHWXc+NjZ9iZRjhdFroJZrGmIzxkHYtlVhQ7afzg6fozCoDFEbKljRorv6eSLHQeiIC2ymwGellbyb+53UTE175KZNxYqgki0VhwpGJ0Ox7NGCKEsMnlmCimL0VkRFWmBibUcGG4C2/vEpaFxWvVqneVUv16yyOPJzAKZTBg0uowy00oAkEBDzDK7w5ynlx3p2PRWvOyWaO4Q+czx+hTo+k</latexit>

c(1)
1

<latexit sha1_base64="hGkOPpqcfFVk+PDvJDG3L0PnBhA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuKepJCl48VrAf0q4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN/M/PYTVZpF8t5MYuoLPJQsZAQbKz2Qx7TsnU/71X6x5FbcOdAq8TJSggyNfvGrN4hIIqg0hGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKrGg2k/nB0/RmVUGKIyULWnQXP09kWKh9UQEtlNgM9LL3kz8z+smJrzyUybjxFBJFovChCMTodn3aMAUJYZPLMFEMXsrIiOsMDE2o4INwVt+eZW0qhXvolK7q5Xq11kceTiBUyiDB5dQh1toQBMICHiGV3hzlPPivDsfi9ack80cwx84nz+i0o+l</latexit>

c(1)
2

<latexit sha1_base64="f3KcoAKkEYA9aiXUrFwjUhqlFGQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquFvUkBS8eK9gPadeSTbNtaJJdkqxQlv4KLx4U8erP8ea/MW33oK0PBh7vzTAzL4g508Z1v53cyura+kZ+s7C1vbO7V9w/aOooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjG6mfuuJKs0ieW/GMfUFHkgWMoKNlR7IY1r2Tie9816x5FbcGdAy8TJSggz1XvGr249IIqg0hGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YKrGg2k9nB0/QiVX6KIyULWnQTP09kWKh9VgEtlNgM9SL3lT8z+skJrzyUybjxFBJ5ovChCMToen3qM8UJYaPLcFEMXsrIkOsMDE2o4INwVt8eZk0zyreRaV6Vy3VrrM48nAEx1AGDy6hBrdQhwYQEPAMr/DmKOfFeXc+5q05J5s5hD9wPn8ApFaPpg==</latexit>

c(1)
3

<latexit sha1_base64="Tf06emSeSWXQordfXYwqLbx2+2g=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsqulOpJCl48VrAf0q4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN/M/PYTVZpF8t5MYuoLPJQsZAQbKz2Qx7TsnU/71X6x5FbcOdAq8TJSggyNfvGrN4hIIqg0hGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKrGg2k/nB0/RmVUGKIyULWnQXP09kWKh9UQEtlNgM9LL3kz8z+smJrzyUybjxFBJFovChCMTodn3aMAUJYZPLMFEMXsrIiOsMDE2o4INwVt+eZW0LiperVK9q5bq11kceTiBUyiDB5dQh1toQBMICHiGV3hzlPPivDsfi9ack80cwx84nz+l2o+n</latexit>

c(1)
4

<latexit sha1_base64="yTR0Q2oWGO5eNNieI25sx/i1a3I="></latexit>

B2 =

✓ �1
�1
1
1

◆

<latexit sha1_base64="W0zPXhG89PQi1f4Xmopz/fv1+SM=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFKUoq6EUrduKxgH9CGMJlO2qGTSZiZCCVk46+4caGIWz/DnX/jJM1Cq2cYOJxzL/fe40WMSmVZX0ZpZXVtfaO8Wdna3tndM/cPejKMBSZdHLJQDDwkCaOcdBVVjAwiQVDgMdL3ZjeZ338gQtKQ36t5RJwATTj1KUZKS655VLPP83c2CpCaen7STt3GteWaVatu5YB/iV2QKijQcc3P0TjEcUC4wgxJObStSDkJEopiRtLKKJYkQniGJmSoKUcBkU6SH5DCU62MoR8K/bmCufqzI0GBlPPA05XZlnLZy8T/vGGs/CsnoTyKFeF4MciPGVQhzNKAYyoIVmyuCcKC6l0hniKBsNKZVXQI9vLJf0mvUbcv6s27ZrXVLuIog2NwAmrABpegBW5BB3QBBil4Ai/g1Xg0no03431RWjKKnkPwC8bHNyPBlDk=</latexit>

(1, 1, 1, 1)B2 = 0

<latexit sha1_base64="BkWbcHF3iCuQgZJuhtGkdPLQhS4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyGoB6DXjxGMA9IYpid9CZDZmeXmVkhLPkILx4U8er3ePNvnCR70MSChqKqm+4uPxZcG9f9dtbWNza3tnM7+d29/YPDwtFxU0eJYthgkYhU26caBZfYMNwIbMcKaegLbPnj25nfekKleSQfzCTGXkiHkgecUWOlFntMS5WLab9QdMvuHGSVeBkpQoZ6v/DVHUQsCVEaJqjWHc+NTS+lynAmcJrvJhpjysZ0iB1LJQ1R99L5uVNybpUBCSJlSxoyV39PpDTUehL6tjOkZqSXvZn4n9dJTHDdS7mME4OSLRYFiSAmIrPfyYArZEZMLKFMcXsrYSOqKDM2obwNwVt+eZU0K2Xvsly9rxZrN1kcOTiFMyiBB1dQgzuoQwMYjOEZXuHNiZ0X5935WLSuOdnMCfyB8/kDewKPBQ==</latexit>

c(2)

<latexit sha1_base64="XX0oGP4wAAcZI3P0OlsojXgzXNw=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJexqUI9BLx4jmAcka5idTJIhs7PLTK8QlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqd+84lrIyL1gOOY+yEdKNEXjKKVmuwxLV2cTbqFolt2ZyDLxMtIETLUuoWvTi9iScgVMkmNaXtujH5KNQom+STfSQyPKRvRAW9bqmjIjZ/Ozp2QU6v0SD/SthSSmfp7IqWhMeMwsJ0hxaFZ9Kbif147wf61nwoVJ8gVmy/qJ5JgRKa/k57QnKEcW0KZFvZWwoZUU4Y2obwNwVt8eZk0zsveZblyXylWb7I4cnAMJ1ACD66gCndQgzowGMEzvMKbEzsvzrvzMW9dcbKZI/gD5/MHfIiPBg==</latexit>

c(3)

<latexit sha1_base64="is3r8ZYzeD4kpM7iEMExeCXr0Lo=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuKepJCl48VrAf0q4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN/M/PYTVZpF8t5MYuoLPJQsZAQbKz2Qx7RcPZ/2vX6x5FbcOdAq8TJSggyNfvGrN4hIIqg0hGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKrGg2k/nB0/RmVUGKIyULWnQXP09kWKh9UQEtlNgM9LL3kz8z+smJrzyUybjxFBJFovChCMTodn3aMAUJYZPLMFEMXsrIiOsMDE2o4INwVt+eZW0qhXvolK7q5Xq11kceTiBUyiDB5dQh1toQBMICHiGV3hzlPPivDsfi9ack80cwx84nz+i1o+l</latexit>

c(2)
1

<latexit sha1_base64="KwXN3vB75cO8+iCgGHki3Rqat+8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuKepJCl48VrAf0q4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN/M/PYTVZpF8t5MYuoLPJQsZAQbKz2Qx7RcPZ/2q/1iya24c6BV4mWkBBka/eJXbxCRRFBpCMdadz03Nn6KlWGE02mhl2gaYzLGQ9q1VGJBtZ/OD56iM6sMUBgpW9Kgufp7IsVC64kIbKfAZqSXvZn4n9dNTHjlp0zGiaGSLBaFCUcmQrPv0YApSgyfWIKJYvZWREZYYWJsRgUbgrf88ippVSveRaV2VyvVr7M48nACp1AGDy6hDrfQgCYQEPAMr/DmKOfFeXc+Fq05J5s5hj9wPn8ApFqPpg==</latexit>

c(2)
2

<latexit sha1_base64="b+sBcHUxchug3itkypZe91QsAQA=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS9mtRT1JwYvHCvZD2rVk02wbmmSXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdb2dldW19YzO3ld/e2d3bLxwcNnWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRjdTv/VElWaRvDfjmPoCDyQLGcHGSg/kMS1Vzia9816h6JbdGdAy8TJShAz1XuGr249IIqg0hGOtO54bGz/FyjDC6STfTTSNMRnhAe1YKrGg2k9nB0/QqVX6KIyULWnQTP09kWKh9VgEtlNgM9SL3lT8z+skJrzyUybjxFBJ5ovChCMToen3qM8UJYaPLcFEMXsrIkOsMDE2o7wNwVt8eZk0K2Xvoly9qxZr11kcOTiGEyiBB5dQg1uoQwMICHiGV3hzlPPivDsf89YVJ5s5gj9wPn8Apd6Ppw==</latexit>

c(2)
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<latexit sha1_base64="uBNx6Mc+2rPxjQGfQC64YonhPBQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuKepJCl48VrAf0q4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN/M/PYTVZpF8t5MYuoLPJQsZAQbKz2Qx7RcPZ/2a/1iya24c6BV4mWkBBka/eJXbxCRRFBpCMdadz03Nn6KlWGE02mhl2gaYzLGQ9q1VGJBtZ/OD56iM6sMUBgpW9Kgufp7IsVC64kIbKfAZqSXvZn4n9dNTHjlp0zGiaGSLBaFCUcmQrPv0YApSgyfWIKJYvZWREZYYWJsRgUbgrf88ippVSveRaV2VyvVr7M48nACp1AGDy6hDrfQgCYQEPAMr/DmKOfFeXc+Fq05J5s5hj9wPn8Ap2KPqA==</latexit>

c(2)
4

<latexit sha1_base64="XbNAd5Ni+Gen4CAv5K62blgr15A=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyG+DhJwIvHCOYhyRpmJ7PJkJnZZWZWCEu+wosHRbz6Od78GyfJHjSxoKGo6qa7K4g508Z1v52V1bX1jc3cVn57Z3dvv3Bw2NRRoghtkIhHqh1gTTmTtGGY4bQdK4pFwGkrGN1M/dYTVZpF8t6MY+oLPJAsZAQbKz2Qx7RUOZv0znuFolt2Z0DLxMtIETLUe4Wvbj8iiaDSEI617nhubPwUK8MIp5N8N9E0xmSEB7RjqcSCaj+dHTxBp1bpozBStqRBM/X3RIqF1mMR2E6BzVAvelPxP6+TmPDKT5mME0MlmS8KE45MhKbfoz5TlBg+tgQTxeytiAyxwsTYjPI2BG/x5WXSrJS9i3L1rlqsXWdx5OAYTqAEHlxCDW6hDg0gIOAZXuHNUc6L8+58zFtXnGzmCP7A+fwBqOaPqQ==</latexit>

c(2)
5

<latexit sha1_base64="cCXje7DxL9f/dxKocp93+Fco1tM=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS9ktpXqSghePFeyHtGvJptk2NMkuSVYoS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF8ScaeO6387a+sbm1nZuJ7+7t39wWDg6bukoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjG9mfvuJKs0ieW8mMfUFHkoWMoKNlR7IY1qqXEz7tX6h6JbdOdAq8TJShAyNfuGrN4hIIqg0hGOtu54bGz/FyjDC6TTfSzSNMRnjIe1aKrGg2k/nB0/RuVUGKIyULWnQXP09kWKh9UQEtlNgM9LL3kz8z+smJrzyUybjxFBJFovChCMTodn3aMAUJYZPLMFEMXsrIiOsMDE2o7wNwVt+eZW0KmWvVq7eVYv16yyOHJzCGZTAg0uowy00oAkEBDzDK7w5ynlx3p2PReuak82cwB84nz+qao+q</latexit>

c(2)
6

<latexit sha1_base64="TxUgsItDuvQq58603w9ImJOtkyo="></latexit>

B3 =

�

�
1

�1
1

�1
1

�1

�

�

<latexit sha1_base64="lduRrt0It/fR7VifxpGFFcokS+8=">AAACBHicbVDLSgMxFL3js9bXqMtugkWoIGVGi7oRSt24rGAf0A5DJs20oZkHSUYoQxdu/BU3LhRx60e482/MtEW09YTA4Zx7ufceL+ZMKsv6MpaWV1bX1nMb+c2t7Z1dc2+/KaNEENogEY9E28OSchbShmKK03YsKA48Tlve8DrzW/dUSBaFd2oUUyfA/ZD5jGClJdcslOyTn3fcDbAaeH5aG7tnV5ZrFq2yNQFaJPaMFGGGumt+dnsRSQIaKsKxlB3bipWTYqEY4XSc7yaSxpgMcZ92NA1xQKWTTo4YoyOt9JAfCf1DhSbq744UB1KOAk9XZlvKeS8T//M6ifIvnZSFcaJoSKaD/IQjFaEsEdRjghLFR5pgIpjeFZEBFpgonVteh2DPn7xImqdl+7xcua0Uq7VZHDkowCGUwIYLqMIN1KEBBB7gCV7g1Xg0no03431aumTMeg7gD4yPb+W+lRw=</latexit>

(1, 1, 1, 1, 1, 1)B3 = 0

FIG. 1. Geometrical description of conditions i) and ii). In panels a) and b) we consider condition i) for signals of
dimension 1 and 2 in the simplicial complex case; in the former the condition does not hold true because the signal has odd
dimension, while in the latter, being the dimension of the signal even, condition i) can be satisfied. In panels c) and
d) we consider condition ii) again for signals of dimension 1 and 2 defined on simplicial complexes. In both cases, regardless
of the simplicial dimension, the condition can be satisfied if the simplexes are balanced. In panels e) and f) we consider a
cell-complex and we show that condition i) holds true regardless of the dimension of the signal.[IN THE FIGURE I
THINK THE INDICATION OF THE SIMPLEX AS TITLE OF THE PANELS IS DISTRACTIVE: BETTER
TO REMOVE THAT ALL TOGETHER ALSO BECAUSE ACCORDING TO PRL GUIDELINES I THINK
THAT TITLES OF FIGURES ARE NOT ALLOWED.(MAYBE ALSO REMOVED FROM FIGURE 2)]

character of the reference solution by looking at its spec-
trum.

In the particular case when Eq. (??) is autonomous,
one can compute its eigenvalues and define the largest
real part of the eigenvalues of (??), �, named in the lit-
erature dispersion relation. One can thus conclude that if
� < 0 the reference solution is stable and thus the system
globally synchronizes. A similar result can be obtained
if s(t) is a periodic solution by resorting to Floquet anal-
ysis; calling again � the largest real part of the Floquet
eigenvalues we can show that if � < 0 then the reference
solution is stable and the system globally synchronizes.
In the general case, one has to (numerically) compute the
Lyapunov exponent of (??) and infer about the stability
of the reference solution using the Lyapunov theory. Let
us observe that to stress the dependence on the simplex

eigenvalues we will also write � = �(⇤(↵)
k ).

Simplicial Stuart-Landau model.– As an application of
the general theory above introduced, let us consider the
Stuart-Landau (SL) model [? ? ? ] defined on top of a
k-simplex, namely the complex amplitudes w are topo-
logical signals defined on �k that interact with adjacent
faces of lower and upper simplices. More precisely let us
define the “local reaction” function f(w) = �w��w|w|2,
where � = �< + i�= and � = �< + i�= are complex con-
trol parameters. Then the evolution of the topological
signals on the i-th k-simplex is governed by the by SL

dynamics

dwi

dt
= �wi � �wi|wi|2 ,

and we can prove that each simplex admits a limit cycle
solution ẑ(t) =

p
�</�<ei!t, where ! = �= � �=�</�<,

that is stable provided �< > 0 and �< > 0, conditions
that we hereby assume. Hence the topological signal de-
fined each isolated k-simplex will periodically oscillate in
time with frequency ! and amplitude

p
�</�<.

In the spirit of Eq. (??) let us consider the nonlin-
ear coupling function h(w) = w|w|m�1, being m a pos-
itive integer, obtaining thus the following systems de-
scribing the evolution of topological SL oscillators for all
i = 1, . . . , Nk

dwi

dt
= �wi � �wi|wi|2 � µ

NkX

j=1

Lk(i, j)wj |wj |m�1 , (7)

where µ = µ< + iµ= is a complex parameter that sets the
coupling strength.

To study the stability of the reference limit cycle so-
lution ẑ(t) we can adapt to the present case the gen-
eral method above developed (see Supplemental Material
(SM)) and prove that the system globally synchronizes,
i.e., the relation dispersion is negative, if and only if the
model parameters do satisfy

µ< + µ=
�=
�<

> 0 ,
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<latexit sha1_base64="yMZOoTRM8mR7j94tUGUqnnWL7Ss="></latexit>

B2 =
⇣

1
�1
�1

⌘

<latexit sha1_base64="QL618e9RMeA+JD/YJzE+N+u0c/k=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahgpakFHUjlLpxWcE+oAllMp20QyeTODMRSujGjb/ixoUibv0Hd/6NkzYLbT3DwOGce7n3Hi9iVCrL+jZyS8srq2v59cLG5tb2jrm715JhLDBp4pCFouMhSRjlpKmoYqQTCYICj5G2N7pO/fYDEZKG/E6NI+IGaMCpTzFSWuqZhyX7VL8TJ0Bq6PlJfdKrXJ3ZDif30OqZRatsTQEXiZ2RIsjQ6JlfTj/EcUC4wgxJ2bWtSLkJEopiRiYFJ5YkQniEBqSrKUcBkW4yvWICj7XSh34o9OcKTtXfHQkKpBwHnq5Ml5XzXir+53Vj5V+6CeVRrAjHs0F+zKAKYRoJ7FNBsGJjTRAWVO8K8RAJhJUOrqBDsOdPXiStStk+L1dvq8VaPYsjDw7AESgBG1yAGrgBDdAEGDyCZ/AK3own48V4Nz5mpTkj69kHf2B8/gCxQJYs</latexit>

(1, 1, 1)B2 = �1 6= 0

a)

b)
<latexit sha1_base64="8ffgruYtXtnlCClfKN9NE/A9Uf0=">AAAB83icbVBNSwMxEJ31s9avqkcvwSLUS9nVoh6LXjxWsB/QXUs2zbahSXZJskJZ+je8eFDEq3/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhS8epIrRJYh6rTog15UzSpmGG006iKBYhp+1wdDv1209UaRbLBzNOaCDwQLKIEWys5PuaDQR+zCoXZ5NeqexW3RnQMvFyUoYcjV7py+/HJBVUGsKx1l3PTUyQYWUY4XRS9FNNE0xGeEC7lkosqA6y2c0TdGqVPopiZUsaNFN/T2RYaD0Woe0U2Az1ojcV//O6qYmug4zJJDVUkvmiKOXIxGgaAOozRYnhY0swUczeisgQK0yMjaloQ/AWX14mrfOqd1mt3dfK9Zs8jgIcwwlUwIMrqMMdNKAJBBJ4hld4c1LnxXl3PuatK04+cwR/4Hz+AF76kUI=</latexit>

�(3)

<latexit sha1_base64="D+PtKmjf7AHpef4wXpCvOtaq+9k=">AAAB9XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLiHokevGIiYAJLKRbutDQdjdtV0M2/A8vHjTGq//Fm//GAntQ8CWTvLw3k5l5QcyZNq777eTW1jc2t/LbhZ3dvf2D4uFRS0eJIrRJIh6phwBrypmkTcMMpw+xolgEnLaD8c3Mbz9SpVkk780kpr7AQ8lCRrCxUq+r2VDgXlqunk/7Xr9YcivuHGiVeBkpQYZGv/jVHUQkEVQawrHWHc+NjZ9iZRjhdFroJprGmIzxkHYslVhQ7afzq6fozCoDFEbKljRorv6eSLHQeiIC2ymwGellbyb+53USE175KZNxYqgki0VhwpGJ0CwCNGCKEsMnlmCimL0VkRFWmBgbVMGG4C2/vEpa1Yp3Uand1Ur16yyOPJzAKZTBg0uowy00oAkEFDzDK7w5T86L8+58LFpzTjZzDH/gfP4AiqSR5Q==</latexit>

�(2)
1

<latexit sha1_base64="D0ftQSnauT3Z6AgC/5+cVoniVmw=">AAAB9XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLiHokevGIiYAJLKRbutDQdjdtV0M2/A8vHjTGq//Fm//GAntQ8CWTvLw3k5l5QcyZNq777eTW1jc2t/LbhZ3dvf2D4uFRS0eJIrRJIh6phwBrypmkTcMMpw+xolgEnLaD8c3Mbz9SpVkk780kpr7AQ8lCRrCxUq+r2VDgXlqunk/71X6x5FbcOdAq8TJSggyNfvGrO4hIIqg0hGOtO54bGz/FyjDC6bTQTTSNMRnjIe1YKrGg2k/nV0/RmVUGKIyULWnQXP09kWKh9UQEtlNgM9LL3kz8z+skJrzyUybjxFBJFovChCMToVkEaMAUJYZPLMFEMXsrIiOsMDE2qIINwVt+eZW0qhXvolK7q5Xq11kceTiBUyiDB5dQh1toQBMIKHiGV3hznpwX5935WLTmnGzmGP7A+fwBjCiR5g==</latexit>

�(2)
2

<latexit sha1_base64="kx/a9cd1AVUXWNNjl1noD2cgb10=">AAAB9XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7KLRD0SvXjERD4SWEi3FGhou5u2qyEb/ocXDxrj1f/izX9jgT0o+JJJXt6bycy8IOJMG9f9djJr6xubW9nt3M7u3v5B/vCoocNYEVonIQ9VK8CaciZp3TDDaStSFIuA02Ywvp35zUeqNAvlg5lE1Bd4KNmAEWys1O1oNhS4mxTL59PeRS9fcEvuHGiVeCkpQIpaL//V6YckFlQawrHWbc+NjJ9gZRjhdJrrxJpGmIzxkLYtlVhQ7Sfzq6fozCp9NAiVLWnQXP09kWCh9UQEtlNgM9LL3kz8z2vHZnDtJ0xGsaGSLBYNYo5MiGYRoD5TlBg+sQQTxeytiIywwsTYoHI2BG/55VXSKJe8y1LlvlKo3qRxZOEETqEIHlxBFe6gBnUgoOAZXuHNeXJenHfnY9GacdKZY/gD5/MHjayR5w==</latexit>

�(2)
3

<latexit sha1_base64="MnkPu1tPHSc4nnQ2Rd35G5I67FQ=">AAAB9XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLiHokevGIiYAJLKRbutDQdjdtV0M2/A8vHjTGq//Fm//GAntQ8CWTvLw3k5l5QcyZNq777eTW1jc2t/LbhZ3dvf2D4uFRS0eJIrRJIh6phwBrypmkTcMMpw+xolgEnLaD8c3Mbz9SpVkk780kpr7AQ8lCRrCxUq+r2VDgXlqunk/7tX6x5FbcOdAq8TJSggyNfvGrO4hIIqg0hGOtO54bGz/FyjDC6bTQTTSNMRnjIe1YKrGg2k/nV0/RmVUGKIyULWnQXP09kWKh9UQEtlNgM9LL3kz8z+skJrzyUybjxFBJFovChCMToVkEaMAUJYZPLMFEMXsrIiOsMDE2qIINwVt+eZW0qhXvolK7q5Xq11kceTiBUyiDB5dQh1toQBMIKHiGV3hznpwX5935WLTmnGzmGP7A+fwBjzCR6A==</latexit>

�(2)
4

<latexit sha1_base64="cMqFZ+UerzXDzHdHM/bjyQxnyFM="></latexit>

B3 =
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1

�1
1

�1

◆

<latexit sha1_base64="9MqlYsimKi2QtdQgpsYd+HP0ilM=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFKokXdCKVuXFawD2hDmEwn7dDJJMxMhBKy8VfcuFDErZ/hzr9xkmah1TMMHM65l3vv8SJGpbKsL6O0tLyyulZer2xsbm3vmLt7XRnGApMODlko+h6ShFFOOooqRvqRICjwGOl505vM7z0QIWnI79UsIk6Axpz6FCOlJdc8qNmn+TsZBkhNPD9ppe75teWaVatu5YB/iV2QKijQds3P4SjEcUC4wgxJObCtSDkJEopiRtLKMJYkQniKxmSgKUcBkU6SH5DCY62MoB8K/bmCufqzI0GBlLPA05XZlnLRy8T/vEGs/CsnoTyKFeF4PsiPGVQhzNKAIyoIVmymCcKC6l0hniCBsNKZVXQI9uLJf0n3rG5f1Bt3jWqzVcRRBofgCNSADS5BE9yCNugADFLwBF7Aq/FoPBtvxvu8tGQUPfvgF4yPbyVHlDo=</latexit>

(1, 1, 1, 1)B3 = 0

<latexit sha1_base64="ruoP+SuZddQf+mUki8LsuOIBpzM=">AAAB83icbVBNSwMxEJ31s9avqkcvwSLUS9ktRT0WvXisYD+gu5Zsmm1Dk+ySZIWy9G948aCIV/+MN/+NabsHbX0w8Hhvhpl5YcKZNq777aytb2xubRd2irt7+weHpaPjto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh+Hbmd56o0iyWD2aS0EDgoWQRI9hYyfc1Gwr8mFVqF9N+qexW3TnQKvFyUoYczX7pyx/EJBVUGsKx1j3PTUyQYWUY4XRa9FNNE0zGeEh7lkosqA6y+c1TdG6VAYpiZUsaNFd/T2RYaD0Roe0U2Iz0sjcT//N6qYmug4zJJDVUksWiKOXIxGgWABowRYnhE0swUczeisgIK0yMjaloQ/CWX14l7VrVu6zW7+vlxk0eRwFO4Qwq4MEVNOAOmtACAgk8wyu8Oanz4rw7H4vWNSefOYE/cD5/AF10kUE=</latexit>

�(2) 2-simplex

3-simplex

c)

d)

<latexit sha1_base64="guu3fvDXxt/PHY5vdc255RV+M5I="></latexit>
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...

!
<latexit sha1_base64="UhUg6771Fz+WZs/dZfCgn9jx6vk=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2A7lqyabYNTbJLkhXK0r/hxYMiXv0z3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbC8e3M7zxRpVksH8wkoYHAQ8kiRrCxku9rNhT4Mau659N+ueLW3DnQKvFyUoEczX75yx/EJBVUGsKx1j3PTUyQYWUY4XRa8lNNE0zGeEh7lkosqA6y+c1TdGaVAYpiZUsaNFd/T2RYaD0Roe0U2Iz0sjcT//N6qYmug4zJJDVUksWiKOXIxGgWABowRYnhE0swUczeisgIK0yMjalkQ/CWX14l7Yuad1mr39crjZs8jiKcwClUwYMraMAdNKEFBBJ4hld4c1LnxXl3PhatBSefOYY/cD5/AFpokT8=</latexit>

�(0)

<latexit sha1_base64="lRna/N8lmHubdRn4WiDYJ1kT2lw=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2A7lqyabYNTbJLkhXK0r/hxYMiXv0z3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbC8e3M7zxRpVksH8wkoYHAQ8kiRrCxku9rNhT4Mat659N+ueLW3DnQKvFyUoEczX75yx/EJBVUGsKx1j3PTUyQYWUY4XRa8lNNE0zGeEh7lkosqA6y+c1TdGaVAYpiZUsaNFd/T2RYaD0Roe0U2Iz0sjcT//N6qYmug4zJJDVUksWiKOXIxGgWABowRYnhE0swUczeisgIK0yMjalkQ/CWX14l7Yuad1mr39crjZs8jiKcwClUwYMraMAdNKEFBBJ4hld4c1LnxXl3PhatBSefOYY/cD5/AFvukUA=</latexit>

�(1)

<latexit sha1_base64="J6kMZ87No7o6d6klSMv+nMWPIdM="></latexit>
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<latexit sha1_base64="+aXc8HxvK5EsdDUdzQ4JsJ1GC9Q="></latexit>
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<latexit sha1_base64="/01n0WYQe3Vw3hdzmjiih6Hy4i0="></latexit>
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1
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=

 
0
�
...

!

Condition i) Condition ii)

e)

f)

2-cell

3-cell

Condition i)

<latexit sha1_base64="AB7tAjhLMwoOgk1mIYU+KYBAJlk=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPUkBS8eK9gPaLclm2bb0CS7JFmlLP0fXjwo4tX/4s1/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NRRoghtkIhHqh1gTTmTtGGY4bQdK4pFwGkrGN/O/NYjVZpF8sFMYuoLPJQsZAQbK/W6mg0F7qVl73za9/rFkltx50CrxMtICTLU+8Wv7iAiiaDSEI617nhubPwUK8MIp9NCN9E0xmSMh7RjqcSCaj+dXz1FZ1YZoDBStqRBc/X3RIqF1hMR2E6BzUgvezPxP6+TmPDaT5mME0MlWSwKE45MhGYRoAFTlBg+sQQTxeytiIywwsTYoAo2BG/55VXSvKh4l5XqfbVUu8niyMMJnEIZPLiCGtxBHRpAQMEzvMKb8+S8OO/Ox6I152Qzx/AHzucPh+iR4A==</latexit>

�(1)
1

<latexit sha1_base64="WxxQmbfffUl/Rvx8DKu1S7cS2/A=">AAAB9XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLiHoyJF48YiJgAgvpli40tN1N29WQDf/DiweN8ep/8ea/scAeFHzJJC/vzWRmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NJRoghtkohH6iHAmnImadMww+lDrCgWAaftYHwz89uPVGkWyXsziakv8FCykBFsrNTrajYUuJeWvfNpv9ovltyKOwdaJV5GSpCh0S9+dQcRSQSVhnCsdcdzY+OnWBlGOJ0WuommMSZjPKQdSyUWVPvp/OopOrPKAIWRsiUNmqu/J1IstJ6IwHYKbEZ62ZuJ/3mdxIRXfspknBgqyWJRmHBkIjSLAA2YosTwiSWYKGZvRWSEFSbGBlWwIXjLL6+SVrXiXVRqd7VS/TqLIw8ncApl8OAS6nALDWgCAQXP8ApvzpPz4rw7H4vWnJPNHMMfOJ8/iWyR4Q==</latexit>

�(1)
2

<latexit sha1_base64="18rQzLtpluD57ySGBgwCUGAtfss=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSLUS9nVop6k4MVjBfsB7bZk02wbmmSXJKuUpf/DiwdFvPpfvPlvTNs9aOuDgcd7M8zMC2LOtHHdb2dldW19YzO3ld/e2d3bLxwcNnSUKELrJOKRagVYU84krRtmOG3FimIRcNoMRrdTv/lIlWaRfDDjmPoCDyQLGcHGSt2OZgOBu2nJO5v0LnqFolt2Z0DLxMtIETLUeoWvTj8iiaDSEI61bntubPwUK8MIp5N8J9E0xmSEB7RtqcSCaj+dXT1Bp1bpozBStqRBM/X3RIqF1mMR2E6BzVAvelPxP6+dmPDaT5mME0MlmS8KE45MhKYRoD5TlBg+tgQTxeytiAyxwsTYoPI2BG/x5WXSOC97l+XKfaVYvcniyMExnEAJPLiCKtxBDepAQMEzvMKb8+S8OO/Ox7x1xclmjuAPnM8fivCR4g==</latexit>

�(1)
3

<latexit sha1_base64="67uvF2Zy0QWi4R3Y6/uuzuXubws=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsqulOpJCl48VrAf0q4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN/M/PYTVZpF8t5MYuoLPJQsZAQbKz2Qx7TsnU/7Xr9YcivuHGiVeBkpQYZGv/jVG0QkEVQawrHWXc+NjZ9iZRjhdFroJZrGmIzxkHYtlVhQ7afzg6fozCoDFEbKljRorv6eSLHQeiIC2ymwGellbyb+53UTE175KZNxYqgki0VhwpGJ0Ox7NGCKEsMnlmCimL0VkRFWmBibUcGG4C2/vEpaFxWvVqneVUv16yyOPJzAKZTBg0uowy00oAkEBDzDK7w5ynlx3p2PRWvOyWaO4Q+czx+hTo+k</latexit>
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<latexit sha1_base64="hGkOPpqcfFVk+PDvJDG3L0PnBhA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuKepJCl48VrAf0q4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN/M/PYTVZpF8t5MYuoLPJQsZAQbKz2Qx7TsnU/71X6x5FbcOdAq8TJSggyNfvGrN4hIIqg0hGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKrGg2k/nB0/RmVUGKIyULWnQXP09kWKh9UQEtlNgM9LL3kz8z+smJrzyUybjxFBJFovChCMTodn3aMAUJYZPLMFEMXsrIiOsMDE2o4INwVt+eZW0qhXvolK7q5Xq11kceTiBUyiDB5dQh1toQBMICHiGV3hzlPPivDsfi9ack80cwx84nz+i0o+l</latexit>
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<latexit sha1_base64="f3KcoAKkEYA9aiXUrFwjUhqlFGQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquFvUkBS8eK9gPadeSTbNtaJJdkqxQlv4KLx4U8erP8ea/MW33oK0PBh7vzTAzL4g508Z1v53cyura+kZ+s7C1vbO7V9w/aOooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjG6mfuuJKs0ieW/GMfUFHkgWMoKNlR7IY1r2Tie9816x5FbcGdAy8TJSggz1XvGr249IIqg0hGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YKrGg2k9nB0/QiVX6KIyULWnQTP09kWKh9VgEtlNgM9SL3lT8z+skJrzyUybjxFBJ5ovChCMToen3qM8UJYaPLcFEMXsrIkOsMDE2o4INwVt8eZk0zyreRaV6Vy3VrrM48nAEx1AGDy6hBrdQhwYQEPAMr/DmKOfFeXc+5q05J5s5hD9wPn8ApFaPpg==</latexit>
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<latexit sha1_base64="Tf06emSeSWXQordfXYwqLbx2+2g=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsqulOpJCl48VrAf0q4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN/M/PYTVZpF8t5MYuoLPJQsZAQbKz2Qx7TsnU/71X6x5FbcOdAq8TJSggyNfvGrN4hIIqg0hGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKrGg2k/nB0/RmVUGKIyULWnQXP09kWKh9UQEtlNgM9LL3kz8z+smJrzyUybjxFBJFovChCMTodn3aMAUJYZPLMFEMXsrIiOsMDE2o4INwVt+eZW0LiperVK9q5bq11kceTiBUyiDB5dQh1toQBMICHiGV3hzlPPivDsfi9ack80cwx84nz+l2o+n</latexit>
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<latexit sha1_base64="W0zPXhG89PQi1f4Xmopz/fv1+SM=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFKUoq6EUrduKxgH9CGMJlO2qGTSZiZCCVk46+4caGIWz/DnX/jJM1Cq2cYOJxzL/fe40WMSmVZX0ZpZXVtfaO8Wdna3tndM/cPejKMBSZdHLJQDDwkCaOcdBVVjAwiQVDgMdL3ZjeZ338gQtKQ36t5RJwATTj1KUZKS655VLPP83c2CpCaen7STt3GteWaVatu5YB/iV2QKijQcc3P0TjEcUC4wgxJObStSDkJEopiRtLKKJYkQniGJmSoKUcBkU6SH5DCU62MoR8K/bmCufqzI0GBlPPA05XZlnLZy8T/vGGs/CsnoTyKFeF4MciPGVQhzNKAYyoIVmyuCcKC6l0hniKBsNKZVXQI9vLJf0mvUbcv6s27ZrXVLuIog2NwAmrABpegBW5BB3QBBil4Ai/g1Xg0no03431RWjKKnkPwC8bHNyPBlDk=</latexit>
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<latexit sha1_base64="BkWbcHF3iCuQgZJuhtGkdPLQhS4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyGoB6DXjxGMA9IYpid9CZDZmeXmVkhLPkILx4U8er3ePNvnCR70MSChqKqm+4uPxZcG9f9dtbWNza3tnM7+d29/YPDwtFxU0eJYthgkYhU26caBZfYMNwIbMcKaegLbPnj25nfekKleSQfzCTGXkiHkgecUWOlFntMS5WLab9QdMvuHGSVeBkpQoZ6v/DVHUQsCVEaJqjWHc+NTS+lynAmcJrvJhpjysZ0iB1LJQ1R99L5uVNybpUBCSJlSxoyV39PpDTUehL6tjOkZqSXvZn4n9dJTHDdS7mME4OSLRYFiSAmIrPfyYArZEZMLKFMcXsrYSOqKDM2obwNwVt+eZU0K2Xvsly9rxZrN1kcOTiFMyiBB1dQgzuoQwMYjOEZXuHNiZ0X5935WLSuOdnMCfyB8/kDewKPBQ==</latexit>
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<latexit sha1_base64="XX0oGP4wAAcZI3P0OlsojXgzXNw=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJexqUI9BLx4jmAcka5idTJIhs7PLTK8QlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqd+84lrIyL1gOOY+yEdKNEXjKKVmuwxLV2cTbqFolt2ZyDLxMtIETLUuoWvTi9iScgVMkmNaXtujH5KNQom+STfSQyPKRvRAW9bqmjIjZ/Ozp2QU6v0SD/SthSSmfp7IqWhMeMwsJ0hxaFZ9Kbif147wf61nwoVJ8gVmy/qJ5JgRKa/k57QnKEcW0KZFvZWwoZUU4Y2obwNwVt8eZk0zsveZblyXylWb7I4cnAMJ1ACD66gCndQgzowGMEzvMKbEzsvzrvzMW9dcbKZI/gD5/MHfIiPBg==</latexit>
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<latexit sha1_base64="is3r8ZYzeD4kpM7iEMExeCXr0Lo=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuKepJCl48VrAf0q4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN/M/PYTVZpF8t5MYuoLPJQsZAQbKz2Qx7RcPZ/2vX6x5FbcOdAq8TJSggyNfvGrN4hIIqg0hGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKrGg2k/nB0/RmVUGKIyULWnQXP09kWKh9UQEtlNgM9LL3kz8z+smJrzyUybjxFBJFovChCMTodn3aMAUJYZPLMFEMXsrIiOsMDE2o4INwVt+eZW0qhXvolK7q5Xq11kceTiBUyiDB5dQh1toQBMICHiGV3hzlPPivDsfi9ack80cwx84nz+i1o+l</latexit>
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<latexit sha1_base64="KwXN3vB75cO8+iCgGHki3Rqat+8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuKepJCl48VrAf0q4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN/M/PYTVZpF8t5MYuoLPJQsZAQbKz2Qx7RcPZ/2q/1iya24c6BV4mWkBBka/eJXbxCRRFBpCMdadz03Nn6KlWGE02mhl2gaYzLGQ9q1VGJBtZ/OD56iM6sMUBgpW9Kgufp7IsVC64kIbKfAZqSXvZn4n9dNTHjlp0zGiaGSLBaFCUcmQrPv0YApSgyfWIKJYvZWREZYYWJsRgUbgrf88ippVSveRaV2VyvVr7M48nACp1AGDy6hDrfQgCYQEPAMr/DmKOfFeXc+Fq05J5s5hj9wPn8ApFqPpg==</latexit>
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<latexit sha1_base64="b+sBcHUxchug3itkypZe91QsAQA=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS9mtRT1JwYvHCvZD2rVk02wbmmSXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdb2dldW19YzO3ld/e2d3bLxwcNnWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRjdTv/VElWaRvDfjmPoCDyQLGcHGSg/kMS1Vzia9816h6JbdGdAy8TJShAz1XuGr249IIqg0hGOtO54bGz/FyjDC6STfTTSNMRnhAe1YKrGg2k9nB0/QqVX6KIyULWnQTP09kWKh9VgEtlNgM9SL3lT8z+skJrzyUybjxFBJ5ovChCMToen3qM8UJYaPLcFEMXsrIkOsMDE2o7wNwVt8eZk0K2Xvoly9qxZr11kcOTiGEyiBB5dQg1uoQwMICHiGV3hzlPPivDsf89YVJ5s5gj9wPn8Apd6Ppw==</latexit>
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<latexit sha1_base64="uBNx6Mc+2rPxjQGfQC64YonhPBQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuKepJCl48VrAf0q4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN/M/PYTVZpF8t5MYuoLPJQsZAQbKz2Qx7RcPZ/2a/1iya24c6BV4mWkBBka/eJXbxCRRFBpCMdadz03Nn6KlWGE02mhl2gaYzLGQ9q1VGJBtZ/OD56iM6sMUBgpW9Kgufp7IsVC64kIbKfAZqSXvZn4n9dNTHjlp0zGiaGSLBaFCUcmQrPv0YApSgyfWIKJYvZWREZYYWJsRgUbgrf88ippVSveRaV2VyvVr7M48nACp1AGDy6hDrfQgCYQEPAMr/DmKOfFeXc+Fq05J5s5hj9wPn8Ap2KPqA==</latexit>
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<latexit sha1_base64="XbNAd5Ni+Gen4CAv5K62blgr15A=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyG+DhJwIvHCOYhyRpmJ7PJkJnZZWZWCEu+wosHRbz6Od78GyfJHjSxoKGo6qa7K4g508Z1v52V1bX1jc3cVn57Z3dvv3Bw2NRRoghtkIhHqh1gTTmTtGGY4bQdK4pFwGkrGN1M/dYTVZpF8t6MY+oLPJAsZAQbKz2Qx7RUOZv0znuFolt2Z0DLxMtIETLUe4Wvbj8iiaDSEI617nhubPwUK8MIp5N8N9E0xmSEB7RjqcSCaj+dHTxBp1bpozBStqRBM/X3RIqF1mMR2E6BzVAvelPxP6+TmPDKT5mME0MlmS8KE45MhKbfoz5TlBg+tgQTxeytiAyxwsTYjPI2BG/x5WXSrJS9i3L1rlqsXWdx5OAYTqAEHlxCDW6hDg0gIOAZXuHNUc6L8+58zFtXnGzmCP7A+fwBqOaPqQ==</latexit>
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<latexit sha1_base64="cCXje7DxL9f/dxKocp93+Fco1tM=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS9ktpXqSghePFeyHtGvJptk2NMkuSVYoS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF8ScaeO6387a+sbm1nZuJ7+7t39wWDg6bukoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjG9mfvuJKs0ieW8mMfUFHkoWMoKNlR7IY1qqXEz7tX6h6JbdOdAq8TJShAyNfuGrN4hIIqg0hGOtu54bGz/FyjDC6TTfSzSNMRnjIe1aKrGg2k/nB0/RuVUGKIyULWnQXP09kWKh9UQEtlNgM9LL3kz8z+smJrzyUybjxFBJFovChCMTodn3aMAUJYZPLMFEMXsrIiOsMDE2o7wNwVt+eZW0KmWvVq7eVYv16yyOHJzCGZTAg0uowy00oAkEBDzDK7w5ynlx3p2PReuak82cwB84nz+qao+q</latexit>
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<latexit sha1_base64="lduRrt0It/fR7VifxpGFFcokS+8=">AAACBHicbVDLSgMxFL3js9bXqMtugkWoIGVGi7oRSt24rGAf0A5DJs20oZkHSUYoQxdu/BU3LhRx60e482/MtEW09YTA4Zx7ufceL+ZMKsv6MpaWV1bX1nMb+c2t7Z1dc2+/KaNEENogEY9E28OSchbShmKK03YsKA48Tlve8DrzW/dUSBaFd2oUUyfA/ZD5jGClJdcslOyTn3fcDbAaeH5aG7tnV5ZrFq2yNQFaJPaMFGGGumt+dnsRSQIaKsKxlB3bipWTYqEY4XSc7yaSxpgMcZ92NA1xQKWTTo4YoyOt9JAfCf1DhSbq744UB1KOAk9XZlvKeS8T//M6ifIvnZSFcaJoSKaD/IQjFaEsEdRjghLFR5pgIpjeFZEBFpgonVteh2DPn7xImqdl+7xcua0Uq7VZHDkowCGUwIYLqMIN1KEBBB7gCV7g1Xg0no03431aumTMeg7gD4yPb+W+lRw=</latexit>

(1, 1, 1, 1, 1, 1)B3 = 0

FIG. 1. Geometrical description of conditions i) and ii). In panels a) and b) we consider condition i) for signals of
dimension 1 and 2 in the simplicial complex case; in the former the condition does not hold true because the signal has odd
dimension, while in the latter, being the dimension of the signal even, condition i) can be satisfied. In panels c) and
d) we consider condition ii) again for signals of dimension 1 and 2 defined on simplicial complexes. In both cases, regardless
of the simplicial dimension, the condition can be satisfied if the simplexes are balanced. In panels e) and f) we consider a
cell-complex and we show that condition i) holds true regardless of the dimension of the signal.[IN THE FIGURE I
THINK THE INDICATION OF THE SIMPLEX AS TITLE OF THE PANELS IS DISTRACTIVE: BETTER
TO REMOVE THAT ALL TOGETHER ALSO BECAUSE ACCORDING TO PRL GUIDELINES I THINK
THAT TITLES OF FIGURES ARE NOT ALLOWED.(MAYBE ALSO REMOVED FROM FIGURE 2)]

character of the reference solution by looking at its spec-
trum.

In the particular case when Eq. (??) is autonomous,
one can compute its eigenvalues and define the largest
real part of the eigenvalues of (??), �, named in the lit-
erature dispersion relation. One can thus conclude that if
� < 0 the reference solution is stable and thus the system
globally synchronizes. A similar result can be obtained
if s(t) is a periodic solution by resorting to Floquet anal-
ysis; calling again � the largest real part of the Floquet
eigenvalues we can show that if � < 0 then the reference
solution is stable and the system globally synchronizes.
In the general case, one has to (numerically) compute the
Lyapunov exponent of (??) and infer about the stability
of the reference solution using the Lyapunov theory. Let
us observe that to stress the dependence on the simplex

eigenvalues we will also write � = �(⇤(↵)
k ).

Simplicial Stuart-Landau model.– As an application of
the general theory above introduced, let us consider the
Stuart-Landau (SL) model [? ? ? ] defined on top of a
k-simplex, namely the complex amplitudes w are topo-
logical signals defined on �k that interact with adjacent
faces of lower and upper simplices. More precisely let us
define the “local reaction” function f(w) = �w��w|w|2,
where � = �< + i�= and � = �< + i�= are complex con-
trol parameters. Then the evolution of the topological
signals on the i-th k-simplex is governed by the by SL

dynamics

dwi

dt
= �wi � �wi|wi|2 ,

and we can prove that each simplex admits a limit cycle
solution ẑ(t) =

p
�</�<ei!t, where ! = �= � �=�</�<,

that is stable provided �< > 0 and �< > 0, conditions
that we hereby assume. Hence the topological signal de-
fined each isolated k-simplex will periodically oscillate in
time with frequency ! and amplitude

p
�</�<.

In the spirit of Eq. (??) let us consider the nonlin-
ear coupling function h(w) = w|w|m�1, being m a pos-
itive integer, obtaining thus the following systems de-
scribing the evolution of topological SL oscillators for all
i = 1, . . . , Nk

dwi

dt
= �wi � �wi|wi|2 � µ

NkX

j=1

Lk(i, j)wj |wj |m�1 , (7)

where µ = µ< + iµ= is a complex parameter that sets the
coupling strength.

To study the stability of the reference limit cycle so-
lution ẑ(t) we can adapt to the present case the gen-
eral method above developed (see Supplemental Material
(SM)) and prove that the system globally synchronizes,
i.e., the relation dispersion is negative, if and only if the
model parameters do satisfy

µ< + µ=
�=
�<

> 0 ,

Assume  is a vector of elements .


The condition 


This implies that:


On simplicial complexes topological signals  

of odd dimension can never achieve  

global synchronisation 

u |ur | = 1

u⊤B[n+1] = 0



Topological constraints for 
global synchronisation4
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<latexit sha1_base64="8ffgruYtXtnlCClfKN9NE/A9Uf0=">AAAB83icbVBNSwMxEJ31s9avqkcvwSLUS9nVoh6LXjxWsB/QXUs2zbahSXZJskJZ+je8eFDEq3/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhS8epIrRJYh6rTog15UzSpmGG006iKBYhp+1wdDv1209UaRbLBzNOaCDwQLKIEWys5PuaDQR+zCoXZ5NeqexW3RnQMvFyUoYcjV7py+/HJBVUGsKx1l3PTUyQYWUY4XRS9FNNE0xGeEC7lkosqA6y2c0TdGqVPopiZUsaNFN/T2RYaD0Woe0U2Az1ojcV//O6qYmug4zJJDVUkvmiKOXIxGgaAOozRYnhY0swUczeisgQK0yMjaloQ/AWX14mrfOqd1mt3dfK9Zs8jgIcwwlUwIMrqMMdNKAJBBJ4hld4c1LnxXl3PuatK04+cwR/4Hz+AF76kUI=</latexit>
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<latexit sha1_base64="D+PtKmjf7AHpef4wXpCvOtaq+9k=">AAAB9XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLiHokevGIiYAJLKRbutDQdjdtV0M2/A8vHjTGq//Fm//GAntQ8CWTvLw3k5l5QcyZNq777eTW1jc2t/LbhZ3dvf2D4uFRS0eJIrRJIh6phwBrypmkTcMMpw+xolgEnLaD8c3Mbz9SpVkk780kpr7AQ8lCRrCxUq+r2VDgXlqunk/7Xr9YcivuHGiVeBkpQYZGv/jVHUQkEVQawrHWHc+NjZ9iZRjhdFroJprGmIzxkHYslVhQ7afzq6fozCoDFEbKljRorv6eSLHQeiIC2ymwGellbyb+53USE175KZNxYqgki0VhwpGJ0CwCNGCKEsMnlmCimL0VkRFWmBgbVMGG4C2/vEpa1Yp3Uand1Ur16yyOPJzAKZTBg0uowy00oAkEFDzDK7w5T86L8+58LFpzTjZzDH/gfP4AiqSR5Q==</latexit>

�(2)
1

<latexit sha1_base64="D0ftQSnauT3Z6AgC/5+cVoniVmw=">AAAB9XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLiHokevGIiYAJLKRbutDQdjdtV0M2/A8vHjTGq//Fm//GAntQ8CWTvLw3k5l5QcyZNq777eTW1jc2t/LbhZ3dvf2D4uFRS0eJIrRJIh6phwBrypmkTcMMpw+xolgEnLaD8c3Mbz9SpVkk780kpr7AQ8lCRrCxUq+r2VDgXlqunk/71X6x5FbcOdAq8TJSggyNfvGrO4hIIqg0hGOtO54bGz/FyjDC6bTQTTSNMRnjIe1YKrGg2k/nV0/RmVUGKIyULWnQXP09kWKh9UQEtlNgM9LL3kz8z+skJrzyUybjxFBJFovChCMToVkEaMAUJYZPLMFEMXsrIiOsMDE2qIINwVt+eZW0qhXvolK7q5Xq11kceTiBUyiDB5dQh1toQBMIKHiGV3hznpwX5935WLTmnGzmGP7A+fwBjCiR5g==</latexit>

�(2)
2

<latexit sha1_base64="kx/a9cd1AVUXWNNjl1noD2cgb10=">AAAB9XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7KLRD0SvXjERD4SWEi3FGhou5u2qyEb/ocXDxrj1f/izX9jgT0o+JJJXt6bycy8IOJMG9f9djJr6xubW9nt3M7u3v5B/vCoocNYEVonIQ9VK8CaciZp3TDDaStSFIuA02Ywvp35zUeqNAvlg5lE1Bd4KNmAEWys1O1oNhS4mxTL59PeRS9fcEvuHGiVeCkpQIpaL//V6YckFlQawrHWbc+NjJ9gZRjhdJrrxJpGmIzxkLYtlVhQ7Sfzq6fozCp9NAiVLWnQXP09kWCh9UQEtlNgM9LL3kz8z2vHZnDtJ0xGsaGSLBYNYo5MiGYRoD5TlBg+sQQTxeytiIywwsTYoHI2BG/55VXSKJe8y1LlvlKo3qRxZOEETqEIHlxBFe6gBnUgoOAZXuHNeXJenHfnY9GacdKZY/gD5/MHjayR5w==</latexit>

�(2)
3

<latexit sha1_base64="MnkPu1tPHSc4nnQ2Rd35G5I67FQ=">AAAB9XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLiHokevGIiYAJLKRbutDQdjdtV0M2/A8vHjTGq//Fm//GAntQ8CWTvLw3k5l5QcyZNq777eTW1jc2t/LbhZ3dvf2D4uFRS0eJIrRJIh6phwBrypmkTcMMpw+xolgEnLaD8c3Mbz9SpVkk780kpr7AQ8lCRrCxUq+r2VDgXlqunk/7tX6x5FbcOdAq8TJSggyNfvGrO4hIIqg0hGOtO54bGz/FyjDC6bTQTTSNMRnjIe1YKrGg2k/nV0/RmVUGKIyULWnQXP09kWKh9UQEtlNgM9LL3kz8z+skJrzyUybjxFBJFovChCMToVkEaMAUJYZPLMFEMXsrIiOsMDE2qIINwVt+eZW0qhXvolK7q5Xq11kceTiBUyiDB5dQh1toQBMIKHiGV3hznpwX5935WLTmnGzmGP7A+fwBjzCR6A==</latexit>

�(2)
4

<latexit sha1_base64="cMqFZ+UerzXDzHdHM/bjyQxnyFM="></latexit>

B3 =

✓
1

�1
1

�1

◆

<latexit sha1_base64="9MqlYsimKi2QtdQgpsYd+HP0ilM=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFKokXdCKVuXFawD2hDmEwn7dDJJMxMhBKy8VfcuFDErZ/hzr9xkmah1TMMHM65l3vv8SJGpbKsL6O0tLyyulZer2xsbm3vmLt7XRnGApMODlko+h6ShFFOOooqRvqRICjwGOl505vM7z0QIWnI79UsIk6Axpz6FCOlJdc8qNmn+TsZBkhNPD9ppe75teWaVatu5YB/iV2QKijQds3P4SjEcUC4wgxJObCtSDkJEopiRtLKMJYkQniKxmSgKUcBkU6SH5DCY62MoB8K/bmCufqzI0GBlLPA05XZlnLRy8T/vEGs/CsnoTyKFeF4PsiPGVQhzNKAIyoIVmymCcKC6l0hniCBsNKZVXQI9uLJf0n3rG5f1Bt3jWqzVcRRBofgCNSADS5BE9yCNugADFLwBF7Aq/FoPBtvxvu8tGQUPfvgF4yPbyVHlDo=</latexit>

(1, 1, 1, 1)B3 = 0

<latexit sha1_base64="ruoP+SuZddQf+mUki8LsuOIBpzM=">AAAB83icbVBNSwMxEJ31s9avqkcvwSLUS9ktRT0WvXisYD+gu5Zsmm1Dk+ySZIWy9G948aCIV/+MN/+NabsHbX0w8Hhvhpl5YcKZNq777aytb2xubRd2irt7+weHpaPjto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh+Hbmd56o0iyWD2aS0EDgoWQRI9hYyfc1Gwr8mFVqF9N+qexW3TnQKvFyUoYczX7pyx/EJBVUGsKx1j3PTUyQYWUY4XRa9FNNE0zGeEh7lkosqA6y+c1TdG6VAYpiZUsaNFd/T2RYaD0Roe0U2Iz0sjcT//N6qYmug4zJJDVUksWiKOXIxGgWABowRYnhE0swUczeisgIK0yMjaloQ/CWX14l7VrVu6zW7+vlxk0eRwFO4Qwq4MEVNOAOmtACAgk8wyu8Oanz4rw7H4vWNSefOYE/cD5/AF10kUE=</latexit>

�(2) 2-simplex

3-simplex

c)

d)

<latexit sha1_base64="guu3fvDXxt/PHY5vdc255RV+M5I="></latexit>

B1 =

 
1 1 �1 �1 0 ... 0
� � � � � ... �
...

...
...

...
... ...

...

!
<latexit sha1_base64="UhUg6771Fz+WZs/dZfCgn9jx6vk=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2A7lqyabYNTbJLkhXK0r/hxYMiXv0z3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbC8e3M7zxRpVksH8wkoYHAQ8kiRrCxku9rNhT4Mau659N+ueLW3DnQKvFyUoEczX75yx/EJBVUGsKx1j3PTUyQYWUY4XRa8lNNE0zGeEh7lkosqA6y+c1TdGaVAYpiZUsaNFd/T2RYaD0Roe0U2Iz0sjcT//N6qYmug4zJJDVUksWiKOXIxGgWABowRYnhE0swUczeisgIK0yMjalkQ/CWX14l7Yuad1mr39crjZs8jiKcwClUwYMraMAdNKEFBBJ4hld4c1LnxXl3PhatBSefOYY/cD5/AFpokT8=</latexit>

�(0)

<latexit sha1_base64="lRna/N8lmHubdRn4WiDYJ1kT2lw=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2A7lqyabYNTbJLkhXK0r/hxYMiXv0z3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbC8e3M7zxRpVksH8wkoYHAQ8kiRrCxku9rNhT4Mat659N+ueLW3DnQKvFyUoEczX75yx/EJBVUGsKx1j3PTUyQYWUY4XRa8lNNE0zGeEh7lkosqA6y+c1TdGaVAYpiZUsaNFd/T2RYaD0Roe0U2Iz0sjcT//N6qYmug4zJJDVUksWiKOXIxGgWABowRYnhE0swUczeisgIK0yMjalkQ/CWX14l7Yuad1mr39crjZs8jiKcwClUwYMraMAdNKEFBBJ4hld4c1LnxXl3PhatBSefOYY/cD5/AFvukUA=</latexit>

�(1)

<latexit sha1_base64="J6kMZ87No7o6d6klSMv+nMWPIdM="></latexit>

B2 =

 
1 �1 0 ... 0
� � � ... �
...

...
...

...

!

1-simplex

0-simplex

<latexit sha1_base64="+aXc8HxvK5EsdDUdzQ4JsJ1GC9Q="></latexit>

B1

 
1
...
1

!
=

 
0
�
...

!

<latexit sha1_base64="/01n0WYQe3Vw3hdzmjiih6Hy4i0="></latexit>

B2

 
1
...
1

!
=

 
0
�
...

!

Condition i) Condition ii)

e)

f)

2-cell

3-cell

Condition i)

<latexit sha1_base64="AB7tAjhLMwoOgk1mIYU+KYBAJlk=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPUkBS8eK9gPaLclm2bb0CS7JFmlLP0fXjwo4tX/4s1/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NRRoghtkIhHqh1gTTmTtGGY4bQdK4pFwGkrGN/O/NYjVZpF8sFMYuoLPJQsZAQbK/W6mg0F7qVl73za9/rFkltx50CrxMtICTLU+8Wv7iAiiaDSEI617nhubPwUK8MIp9NCN9E0xmSMh7RjqcSCaj+dXz1FZ1YZoDBStqRBc/X3RIqF1hMR2E6BzUgvezPxP6+TmPDaT5mME0MlWSwKE45MhGYRoAFTlBg+sQQTxeytiIywwsTYoAo2BG/55VXSvKh4l5XqfbVUu8niyMMJnEIZPLiCGtxBHRpAQMEzvMKb8+S8OO/Ox6I152Qzx/AHzucPh+iR4A==</latexit>

�(1)
1

<latexit sha1_base64="WxxQmbfffUl/Rvx8DKu1S7cS2/A=">AAAB9XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLiHoyJF48YiJgAgvpli40tN1N29WQDf/DiweN8ep/8ea/scAeFHzJJC/vzWRmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NJRoghtkohH6iHAmnImadMww+lDrCgWAaftYHwz89uPVGkWyXsziakv8FCykBFsrNTrajYUuJeWvfNpv9ovltyKOwdaJV5GSpCh0S9+dQcRSQSVhnCsdcdzY+OnWBlGOJ0WuommMSZjPKQdSyUWVPvp/OopOrPKAIWRsiUNmqu/J1IstJ6IwHYKbEZ62ZuJ/3mdxIRXfspknBgqyWJRmHBkIjSLAA2YosTwiSWYKGZvRWSEFSbGBlWwIXjLL6+SVrXiXVRqd7VS/TqLIw8ncApl8OAS6nALDWgCAQXP8ApvzpPz4rw7H4vWnJPNHMMfOJ8/iWyR4Q==</latexit>

�(1)
2

<latexit sha1_base64="18rQzLtpluD57ySGBgwCUGAtfss=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSLUS9nVop6k4MVjBfsB7bZk02wbmmSXJKuUpf/DiwdFvPpfvPlvTNs9aOuDgcd7M8zMC2LOtHHdb2dldW19YzO3ld/e2d3bLxwcNnSUKELrJOKRagVYU84krRtmOG3FimIRcNoMRrdTv/lIlWaRfDDjmPoCDyQLGcHGSt2OZgOBu2nJO5v0LnqFolt2Z0DLxMtIETLUeoWvTj8iiaDSEI61bntubPwUK8MIp5N8J9E0xmSEB7RtqcSCaj+dXT1Bp1bpozBStqRBM/X3RIqF1mMR2E6BzVAvelPxP6+dmPDaT5mME0MlmS8KE45MhKYRoD5TlBg+tgQTxeytiAyxwsTYoPI2BG/x5WXSOC97l+XKfaVYvcniyMExnEAJPLiCKtxBDepAQMEzvMKb8+S8OO/Ox7x1xclmjuAPnM8fivCR4g==</latexit>

�(1)
3

<latexit sha1_base64="67uvF2Zy0QWi4R3Y6/uuzuXubws=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsqulOpJCl48VrAf0q4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN/M/PYTVZpF8t5MYuoLPJQsZAQbKz2Qx7TsnU/7Xr9YcivuHGiVeBkpQYZGv/jVG0QkEVQawrHWXc+NjZ9iZRjhdFroJZrGmIzxkHYtlVhQ7afzg6fozCoDFEbKljRorv6eSLHQeiIC2ymwGellbyb+53UTE175KZNxYqgki0VhwpGJ0Ox7NGCKEsMnlmCimL0VkRFWmBibUcGG4C2/vEpaFxWvVqneVUv16yyOPJzAKZTBg0uowy00oAkEBDzDK7w5ynlx3p2PRWvOyWaO4Q+czx+hTo+k</latexit>

c(1)
1

<latexit sha1_base64="hGkOPpqcfFVk+PDvJDG3L0PnBhA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuKepJCl48VrAf0q4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN/M/PYTVZpF8t5MYuoLPJQsZAQbKz2Qx7TsnU/71X6x5FbcOdAq8TJSggyNfvGrN4hIIqg0hGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKrGg2k/nB0/RmVUGKIyULWnQXP09kWKh9UQEtlNgM9LL3kz8z+smJrzyUybjxFBJFovChCMTodn3aMAUJYZPLMFEMXsrIiOsMDE2o4INwVt+eZW0qhXvolK7q5Xq11kceTiBUyiDB5dQh1toQBMICHiGV3hzlPPivDsfi9ack80cwx84nz+i0o+l</latexit>

c(1)
2

<latexit sha1_base64="f3KcoAKkEYA9aiXUrFwjUhqlFGQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquFvUkBS8eK9gPadeSTbNtaJJdkqxQlv4KLx4U8erP8ea/MW33oK0PBh7vzTAzL4g508Z1v53cyura+kZ+s7C1vbO7V9w/aOooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjG6mfuuJKs0ieW/GMfUFHkgWMoKNlR7IY1r2Tie9816x5FbcGdAy8TJSggz1XvGr249IIqg0hGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YKrGg2k9nB0/QiVX6KIyULWnQTP09kWKh9VgEtlNgM9SL3lT8z+skJrzyUybjxFBJ5ovChCMToen3qM8UJYaPLcFEMXsrIkOsMDE2o4INwVt8eZk0zyreRaV6Vy3VrrM48nAEx1AGDy6hBrdQhwYQEPAMr/DmKOfFeXc+5q05J5s5hD9wPn8ApFaPpg==</latexit>

c(1)
3

<latexit sha1_base64="Tf06emSeSWXQordfXYwqLbx2+2g=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsqulOpJCl48VrAf0q4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN/M/PYTVZpF8t5MYuoLPJQsZAQbKz2Qx7TsnU/71X6x5FbcOdAq8TJSggyNfvGrN4hIIqg0hGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKrGg2k/nB0/RmVUGKIyULWnQXP09kWKh9UQEtlNgM9LL3kz8z+smJrzyUybjxFBJFovChCMTodn3aMAUJYZPLMFEMXsrIiOsMDE2o4INwVt+eZW0LiperVK9q5bq11kceTiBUyiDB5dQh1toQBMICHiGV3hzlPPivDsfi9ack80cwx84nz+l2o+n</latexit>

c(1)
4

<latexit sha1_base64="yTR0Q2oWGO5eNNieI25sx/i1a3I="></latexit>

B2 =

✓ �1
�1
1
1

◆

<latexit sha1_base64="W0zPXhG89PQi1f4Xmopz/fv1+SM=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFKUoq6EUrduKxgH9CGMJlO2qGTSZiZCCVk46+4caGIWz/DnX/jJM1Cq2cYOJxzL/fe40WMSmVZX0ZpZXVtfaO8Wdna3tndM/cPejKMBSZdHLJQDDwkCaOcdBVVjAwiQVDgMdL3ZjeZ338gQtKQ36t5RJwATTj1KUZKS655VLPP83c2CpCaen7STt3GteWaVatu5YB/iV2QKijQcc3P0TjEcUC4wgxJObStSDkJEopiRtLKKJYkQniGJmSoKUcBkU6SH5DCU62MoR8K/bmCufqzI0GBlPPA05XZlnLZy8T/vGGs/CsnoTyKFeF4MciPGVQhzNKAYyoIVmyuCcKC6l0hniKBsNKZVXQI9vLJf0mvUbcv6s27ZrXVLuIog2NwAmrABpegBW5BB3QBBil4Ai/g1Xg0no03431RWjKKnkPwC8bHNyPBlDk=</latexit>

(1, 1, 1, 1)B2 = 0

<latexit sha1_base64="BkWbcHF3iCuQgZJuhtGkdPLQhS4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyGoB6DXjxGMA9IYpid9CZDZmeXmVkhLPkILx4U8er3ePNvnCR70MSChqKqm+4uPxZcG9f9dtbWNza3tnM7+d29/YPDwtFxU0eJYthgkYhU26caBZfYMNwIbMcKaegLbPnj25nfekKleSQfzCTGXkiHkgecUWOlFntMS5WLab9QdMvuHGSVeBkpQoZ6v/DVHUQsCVEaJqjWHc+NTS+lynAmcJrvJhpjysZ0iB1LJQ1R99L5uVNybpUBCSJlSxoyV39PpDTUehL6tjOkZqSXvZn4n9dJTHDdS7mME4OSLRYFiSAmIrPfyYArZEZMLKFMcXsrYSOqKDM2obwNwVt+eZU0K2Xvsly9rxZrN1kcOTiFMyiBB1dQgzuoQwMYjOEZXuHNiZ0X5935WLSuOdnMCfyB8/kDewKPBQ==</latexit>

c(2)

<latexit sha1_base64="XX0oGP4wAAcZI3P0OlsojXgzXNw=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJexqUI9BLx4jmAcka5idTJIhs7PLTK8QlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqd+84lrIyL1gOOY+yEdKNEXjKKVmuwxLV2cTbqFolt2ZyDLxMtIETLUuoWvTi9iScgVMkmNaXtujH5KNQom+STfSQyPKRvRAW9bqmjIjZ/Ozp2QU6v0SD/SthSSmfp7IqWhMeMwsJ0hxaFZ9Kbif147wf61nwoVJ8gVmy/qJ5JgRKa/k57QnKEcW0KZFvZWwoZUU4Y2obwNwVt8eZk0zsveZblyXylWb7I4cnAMJ1ACD66gCndQgzowGMEzvMKbEzsvzrvzMW9dcbKZI/gD5/MHfIiPBg==</latexit>

c(3)

<latexit sha1_base64="is3r8ZYzeD4kpM7iEMExeCXr0Lo=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuKepJCl48VrAf0q4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN/M/PYTVZpF8t5MYuoLPJQsZAQbKz2Qx7RcPZ/2vX6x5FbcOdAq8TJSggyNfvGrN4hIIqg0hGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKrGg2k/nB0/RmVUGKIyULWnQXP09kWKh9UQEtlNgM9LL3kz8z+smJrzyUybjxFBJFovChCMTodn3aMAUJYZPLMFEMXsrIiOsMDE2o4INwVt+eZW0qhXvolK7q5Xq11kceTiBUyiDB5dQh1toQBMICHiGV3hzlPPivDsfi9ack80cwx84nz+i1o+l</latexit>

c(2)
1

<latexit sha1_base64="KwXN3vB75cO8+iCgGHki3Rqat+8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuKepJCl48VrAf0q4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN/M/PYTVZpF8t5MYuoLPJQsZAQbKz2Qx7RcPZ/2q/1iya24c6BV4mWkBBka/eJXbxCRRFBpCMdadz03Nn6KlWGE02mhl2gaYzLGQ9q1VGJBtZ/OD56iM6sMUBgpW9Kgufp7IsVC64kIbKfAZqSXvZn4n9dNTHjlp0zGiaGSLBaFCUcmQrPv0YApSgyfWIKJYvZWREZYYWJsRgUbgrf88ippVSveRaV2VyvVr7M48nACp1AGDy6hDrfQgCYQEPAMr/DmKOfFeXc+Fq05J5s5hj9wPn8ApFqPpg==</latexit>
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FIG. 1. Geometrical description of conditions i) and ii). In panels a) and b) we consider condition i) for signals of
dimension 1 and 2 in the simplicial complex case; in the former the condition does not hold true because the signal has odd
dimension, while in the latter, being the dimension of the signal even, condition i) can be satisfied. In panels c) and
d) we consider condition ii) again for signals of dimension 1 and 2 defined on simplicial complexes. In both cases, regardless
of the simplicial dimension, the condition can be satisfied if the simplexes are balanced. In panels e) and f) we consider a
cell-complex and we show that condition i) holds true regardless of the dimension of the signal.[IN THE FIGURE I
THINK THE INDICATION OF THE SIMPLEX AS TITLE OF THE PANELS IS DISTRACTIVE: BETTER
TO REMOVE THAT ALL TOGETHER ALSO BECAUSE ACCORDING TO PRL GUIDELINES I THINK
THAT TITLES OF FIGURES ARE NOT ALLOWED.(MAYBE ALSO REMOVED FROM FIGURE 2)]

character of the reference solution by looking at its spec-
trum.

In the particular case when Eq. (??) is autonomous,
one can compute its eigenvalues and define the largest
real part of the eigenvalues of (??), �, named in the lit-
erature dispersion relation. One can thus conclude that if
� < 0 the reference solution is stable and thus the system
globally synchronizes. A similar result can be obtained
if s(t) is a periodic solution by resorting to Floquet anal-
ysis; calling again � the largest real part of the Floquet
eigenvalues we can show that if � < 0 then the reference
solution is stable and the system globally synchronizes.
In the general case, one has to (numerically) compute the
Lyapunov exponent of (??) and infer about the stability
of the reference solution using the Lyapunov theory. Let
us observe that to stress the dependence on the simplex

eigenvalues we will also write � = �(⇤(↵)
k ).

Simplicial Stuart-Landau model.– As an application of
the general theory above introduced, let us consider the
Stuart-Landau (SL) model [? ? ? ] defined on top of a
k-simplex, namely the complex amplitudes w are topo-
logical signals defined on �k that interact with adjacent
faces of lower and upper simplices. More precisely let us
define the “local reaction” function f(w) = �w��w|w|2,
where � = �< + i�= and � = �< + i�= are complex con-
trol parameters. Then the evolution of the topological
signals on the i-th k-simplex is governed by the by SL

dynamics

dwi

dt
= �wi � �wi|wi|2 ,

and we can prove that each simplex admits a limit cycle
solution ẑ(t) =

p
�</�<ei!t, where ! = �= � �=�</�<,

that is stable provided �< > 0 and �< > 0, conditions
that we hereby assume. Hence the topological signal de-
fined each isolated k-simplex will periodically oscillate in
time with frequency ! and amplitude

p
�</�<.

In the spirit of Eq. (??) let us consider the nonlin-
ear coupling function h(w) = w|w|m�1, being m a pos-
itive integer, obtaining thus the following systems de-
scribing the evolution of topological SL oscillators for all
i = 1, . . . , Nk

dwi

dt
= �wi � �wi|wi|2 � µ

NkX

j=1

Lk(i, j)wj |wj |m�1 , (7)

where µ = µ< + iµ= is a complex parameter that sets the
coupling strength.

To study the stability of the reference limit cycle so-
lution ẑ(t) we can adapt to the present case the gen-
eral method above developed (see Supplemental Material
(SM)) and prove that the system globally synchronizes,
i.e., the relation dispersion is negative, if and only if the
model parameters do satisfy

µ< + µ=
�=
�<

> 0 ,

Assume  is a vector of elements .


The condition 


This implies that:


Cell complexes of any dimension can  

achieve global synchronisation  

overcoming topological obstruction

u |ur | = 1

u⊤B[n+1] = 0



Square lattice with periodic boundary 
conditions (torus)

• Consider a square lattice with periodic boundary 
conditions (a torus). 

• The eigenvector  defined on each link of 
the network is in the kernel of , i.e.

 

Indeed   

or  

 

(see figures)

u = 1
L[1]

1 ∈ ker(L[1])

B[1]u = 0, u⊤B[2] = 0

div u = 0, curl u = 0
1 1

1

1

1

11

1

1



Square lattice with periodic boundary 
conditions (torus)

• Consider a square lattice with periodic boundary 
conditions (a torus). 

• The eigenvector  defined on each link of the 
network and elements  on each x-type link 
and  on each y-type link is in the kernel 
of , i.e.  

Indeed   

or  

 

(see figures)

u
ur = 1

ur = − 1
L[1] u ∈ ker(L[1])

B[1]u = 0, u⊤B[2] = 0

div u = 0, curl u = 0-1 -1

1

1

1

11

-1

-1



Properties of global synchronisation 
of  topological signals

• The globally synchronised state is aligned with an harmonic 
eigenvector of the Hodge Laplacian, i.e. requires 
topologies with  holes that span the entire simplicial or 
cell complex.


• Since the Hodge Laplacian has an harmonic space with 
dimension given by the Betti number, the same simplicial or 
cell complex can sustain different globalised states (see 
tori)



Example of manifolds sustaining 
global synchronisation

-dimensional hypersphere


Betti numbers


n

β0 = βn−1 = 1
βk = 0 for 0 < k < n − 1

-dimensional torus (cell complex)


Betti numbers


n

βk = (n − 1
k )

Synchronisation of -dimensional  
topological signal

(n − 1) Synchronisation of any -dimensional  
topological signal

k



Master Stability Function for 
simplicial and cell complexes
• The Master Stability Function establishes the dynamical 

conditions ensuring the stability of global synchronisation.


• It depends on the non-zero spectrum of the Hodge 
Laplacian.


• It should account for the possible degeneracy of the zero 
eigenvalue (a dimension of the kernel greater than one)


• It is based on an expansion around a stable solution of the 
uncoupled dynamics.



Global Topological 
synchronisation 

• Simulation of Stuart-Landau coupled 
oscillators.


• On cell complexes forming square 
lattices topological signals of any 
dimension can achieve global 
synchronisation


• On simplicial complexes topological 
signals of odd dimension can never 
achieve global synchronisation

Carletti, Giambagli, Bianconi (2022)



The Dirac operator on 
simplicial complexes

The Dirac operator allows  
to study interacting topological signals of different dimensions  

coexisting in the same network topology

D =

0 B[1] 0

B⊤
[1] 0 B[2]

0 B⊤
[2] 0

, Φ =
x1
x2
x3

Dirac operator Topological signal “spinor” 

x1
x2
x3

Node signal 
Link signal 
Triangle signal

s = ⊕d
m=0 Cd



The action of the Dirac operator 

v [
1,
2]

t

[B
2w

+B
T 1
u]

[1
,2
]

[B
2T
v]

[1
,2
,3]
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u [
2]

[B
1
v]

[2
]

t

w
[1
,2
,3
]

t

    , acts on            D =

0 B[1] 0

B⊤
[1] 0 B[2]

0 B[2] 0
Φ =

x1
x2
x3

→ DΦ =

B[1]x2

B⊤
[1]x1 + B[2]x3

B⊤
[2]x2

The Dirac operator allows cross-talking  
between signals of different dimension



Dirac Turing patterns
Defining  describing topological 

signals on nodes and links, and 2-cells and the 
reaction-diffusion dynamics 





With the matrix of diffusion coefficients given by 


 

Φ = (x1, x2, x3)⊤

·Φ = F(Φ, DΦ) − γDΦ,

γ =
D0 0 0
0 D1 0
0 0 D2

Giambagli et al. (2022)



The homogeneous pattern
The homogenous pattern 

 is a solution of the 
considered dynamics





If and only if 


, 


Φ = (x1, x2, x3)⊤ = u⊤

·Φ = F(Φ, DΦ) − γDΦ,

u ∈ ker(D)

Giambagli et al. (2022)



The homogeneous pattern
The condition 


, 


In 2d implies that 





Which might be allowed only on some special 
topologies  

(e.g. square lattice with periodic boundary 
conditions, i.e. torus)

u ∈ ker(D)

u1 ∈ kerL[0] u2 ∈ kerL[1] u3 ∈ kerL[2]

Giambagli et al. (2022)



The homogeneous pattern
The condition 


, 


In 1d implies





Which implies that the networks have d even 
degree of the nodes 

u ∈ ker(D)

u1 = 1 ∈ kerL[0] u2 ∈ kerL[1]

Giambagli et al. (2022)



Dirac Turing patterns

Defining  describing topological 
signals on nodes and links and the reaction 

diffusion dynamics 





Turing patterns on nodes and links can set in 
provided suitable topological and dynamical 

conditions.

Ψ = (θ, ϕ)⊤

·Φ = F(Φ, DΦ) − γDΦ,

Giambagli et al. (2022)



Dirac Turing patterns

• Hypercubic tessellations of d-
dimensional torus admit Turing 
patterns on any dimension


• The figure show Turing patterns 
on nodes and links on a 2D 
Torus.



Higher-order structure and dynamics
Higher-order 

networks

Simplicial 
 Topology
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Geometry

Higher-order 
dynamics
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 Properties



Lesson IV: 
Dirac synchronization, Global Topological 

Synchronisation and more

Dirac synchronisation 
• Phenomenology and Theory 

Global topological synchronisation and Master Stability Function 

• Global synchronisation on graphs 
• Global synchronisation on simplicial and cell complexes  

Turing patterns coupled by the Dirac operator 

Addendum:  
Triadic percolation and non-linear dynamics of the giant component 
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Triadic interactions

A triadic interaction occurs  
when a node  

affects the interaction  
between other two nodes



Sign of triadic interactions

A triadic interactions can be positive or negative  
The presence of a third species can enhance or can inhibit the interaction 

between two species 
The presence of a glia can change the synaptic interactions between two 

neurons



Robustness of  a network

We assume that a fraction 1-p of links is damaged.
We evaluate the robustness of the network by calculating the fraction  R

of nodes in the giant component after this inflicted damage.



Robustness of  a network

×× ×

×

×

We assume that a fraction 1-p of links is damaged.
We evaluate the robustness of the network by calculating the fraction R 

of nodes in the giant component after this inflicted damage.



Robustness of  a network

×× ×

×

×

After the damage

We assume that a fraction 1-p of links is damaged.
We evaluate the robustness of the network by calculating the fraction R 

of nodes in the giant component after this inflicted damage.



Percolation transition
As links are damaged with probability f=1-p 


the fraction R of nodes in the giant component 


of an infinite network has a transition from a non-zero to a zero value


S = 1 − G1 (1 − pS)
R = 1 − G0(1 − pS)R



In brain and in climate networks 

however the giant component  

does not reach a steady state and is dynamical 

Can percolation be turned  

into a fully fledged dynamical process? 

H. Sun, F. Radicchi, J. Kurths, G. Bianconi  Nature Communications (2023)



Higher-order network with 
signed triadic interactions

Node 

Structural link 

Positive regulation 

Negative regulation H. Sun, F. Radicchi, J. Kurths, and G. Bianconi (2023)



Activity of nodes and 
structural links

Regulatory interactions  
determine which links are active. 

Structural links are active if they are connected to a 
least a active positive regulator node and they are 

not connected to any active negative regulator node 

Structural interactions  
determine which nodes are active. 

A node is active if it belongs to the giant component 
of the structural network 



Dynamic nature of 
percolation

• Agorithm:


• Step 1: Evaluate the nodes in the giant component of the 
structural network. Nodes are active if and only if they 
belong to the giant component of the network


• Step 2: Deactivate the links that are connected to at least 
one active negative regulator node or that are not 
connected to any active positive regulator node. All the 
other links are damaged with probability q=1-p.


• Repeat from Step 1



……

t=1 

t=2 

t=3 

t=4

Step 1                     Step 2



S(t) = 1 − G1 (1 − p(t−1)
L S(t))

R(t) = G0(1 − p(t−1)
L S(t))

p(t)
L = pG[−]

0 (1 − R(t)) [1 − G[+]
0 (1 − R(t))]

Theory
Step 1

Step 2

R(t) = f(p(t−1)
L )

p(t)
L = g(R(t))



Blinking of the network
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Blinking  



Chaotic pattern of the order 
parameter of percolation
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Chaos in connectivity of the 
network



Route to chaos in  
scale-free networks 
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interactions

In presence of triadic  
interactions



The map of triadic 
percolation
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Rmin

R̂
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a b
The map   

is in the universality class of the logistic map 
Rt+1 = h(Rt)



Blinking and chaos in 
mouse brain network

Mouse brain network+ random regulatory interactions
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Only positive regulations
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The dynamics always reaches a steady state The percolation transition is discontinuous and hybrid



Triadic percolation with 
time delays

a b
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Triadic interactions in more 
complex settings

Hypergraphs  

A

Multiplex networks 



Lesson IV: 
Dirac synchronization, Global Topological 

Synchronisation and more

Dirac synchronisation 
• Phenomenology and Theory 

Global topological synchronisation and Master Stability Function 

• Global synchronisation on graphs 
• Global synchronisation on simplicial and cell complexes  

Turing patterns coupled by the Dirac operator 
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The Dirac operator on 
simplicial complexes

The Dirac operator allows  
to study interacting topological signals of different dimensions  

coexisting in the same network topology

D =
0 B1 0

B⊤
1 0 B2

0 B⊤
2 0

, s =
s0
s1
s2

Dirac operator Topological signal “spinor” 

s0
s1
s2

Node signal 
Link signal 
Triangle signal



The action of the Dirac operator 
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u [
2]

[B
1
v]

[2
]

t

w
[1
,2
,3
]

t

    , acts on               

-

D =
0 B1 0

B⊤
1 0 B2

0 B⊤
2 0

s =
s0
s1
s2

→ Ds =
B1s1

B⊤
1 s0 + B1s2

B⊤
2 s1

The Dirac operator allows cross-talking  
between signals of different dimension



The Dirac as the square-root of the Laplacian

The Dirac operator  
can be interpreted as the  

“square-root” of the Laplacian  

   

 , acts on              D =
0 B1 0

B⊤
1 0 B2

0 B⊤
2 0

s =
s0
s1
s2

→ D2 = 𝓛 =
L[0] 0 0
0 L[1] 0
0 0 L[2]

→


