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ABSTRACT

A group of agents voluntarily participates in a joint project, in which efforts are not
perfectly substitutable. The output is divided according to some given vector of shares.
A share vector is unimprovable if no other share vector yields a higher sum of payoffs.
When the elasticity of substitution across efforts is two or lower, only the perfectly equal
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A group of agents are engaged in a joint project, to which inputs are contributed on
a voluntary basis. The output of the project is divided according to some given vector
of shares. Define the social surplus generated by the joint activity to be the sum of net
individual payoffs (output received minus effort cost). We ask the following question:
how do share vectors compare in terms of the social surplus they generate?

Following Mancur Olson’s seminal analysis, it is often argued that such projects
work best when all the incentives to cooperate are concentrated in the hands of a single
agent. Indeed, “the greater the interest in the collective good of any single member, the
greater the likelihood that the member will get such a significant proportion of the total
benefit from the collective good that he will gain from seeing that the good is provided,
even if he has to pay all the cost himself.” (Olson, 1965:34). Other authors have extended
the Olson argument, arguing for this salubrious role of inequality in areas as varied as
military alliances, cooperatives, cartel stability, or the use of a local commons (see, e.g.,
Sandler and Forbes (1980), Sandler (1992), or Braverman et al (1991), and, in sociology,
Oliver et al (1985), Oliver and Marwell (1988) or Heckathorn (1993)).1

At the same time, it is well-known that this observation rests upon a specific set
of assumptions. For instance, Hirshleifer (1983) shows with the help of some examples
that Olson’s conclusion is particularly dependent on individual contributions being per-
fect substitutes in the joint project. This assumption may be particularly cogent in the
case of financial lobbying, where the effectiveness of lobbying is typically a function of
the sum of monetary contributions. But in many (if not in most) other cases the perfect-
substitutes postulate is problematic. If we go to the opposite extreme and study a case
in which individual resources are perfect complements, it is fairly trivial to see that the
production of the common good (and indeed, the social surplus) is the highest if all
agents have an equal interest in the good.2

These are extreme examples of substitution or complementarity. Many situations
of common property resources and local public goods display intermediate degrees of
substitution or complementarity across individual efforts. This is particularly true for
the management of irrigation or watershed infrastructures, in which the proper main-
tenance of the scheme requires the stabilization of the rims (e.g. through the planting of
soil-fixing grass) or the desilting of minor channels over the land of participating farm-

1We focus here on the inequality in the distribution of the shares in the joint output, as distinct from the
distribution of income between agents (for more details, see Bergstrom et al (1986) and Warr (1983)). It is
also possible to study the effect of egalitarian attitudes on efficiency, as in Ray and Ueda (1996).

2Cornes (1993) and Cornes and Sandler (1996) also propose a number of examples under which “more
equality” between the agents leads to a larger amount of public good produced, because individual con-
tributions are partially complementary. See also Bliss and Nalebuff (1984) and Baland and Platteau (1997,
2002)). Bardhan et al. (2005) explore a related issue where the public good to which agents voluntarily con-
tribute is complementary to a private input agents own, but where voluntary contributions to the common
good are perfect substitutes. Finally, a sister argument by Olson — that small groups are more effective
than their larger counterparts — has been critically examined in Esteban and Ray (2001).
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ers. It is obvious that the maintenance effort of one farmer needs to be complemented
by similar efforts elsewhere in the network for the entire system to function effectively.3

Similarly, in the fight against water or wind erosion, each farmer expends effort in
the construction and maintenance of wind-breakers and terraces on his own plot. How-
ever, the end results are complementary to similar efforts made by the other farmers.
The same is true for weed and pest control in agriculture, as weeds can spread quickly,
so that efforts at removing them on an isolated parcel are bound to yield disappointing
results relative to what could be achieved if a large number of cultivators were to weed
their fields in a coordinated way. For the same reason, pest control does not make much
sense as an isolated investment. As a last example, in fisheries, the preservation of the
resource requires that fishermen abstain from operating in certain areas (e.g. mangrove
areas) or during certain seasons, or from using certain techniques (cyanure or dyna-
mite). Such preservation efforts by fishermen are complementary. The same argument
applies to the choice of nets with large meshes to avoid catching immature fishes.

To our knowledge, nothing is known about the outcome of joint projects when the
degree of complementarity between individual contributions takes on intermediate val-
ues. Suppose that we were to parametrically vary the elasticity of substitution across
individual inputs. How does the relationship between share vectors and generated
social surplus vary as elasticity moves from high to low? In particular, if we focus at-
tention on share vectors that are best for social surplus, at what precise point does the
argument for the efficacy of high inequality begin to fail?

In the model we study, there are n agents who contribute to a joint project. The
output is divided according to some share vector λ ≡ (λ1, . . . , λn). Payoffs are just
output received net of effort cost and social surplus is the distribution-neutral sum of
payoffs. The production function is symmetric across individual contributions, and
exhibits a constant elasticity of substitution. For each possible value of the elasticity
of substitution, we attempt to describe the relationship between share vectors and the
resulting social surplus. To this end, say that a share vector is improvable if there is
another share vector with higher social surplus; otherwise, it is unimprovable.

We begin by showing (Proposition 1) that there is a threshold value of the elastic-
ity of substition below every share vector not exhibiting perfect equality is improvable.
Indeed, any Lorenz-improvement in the share vector always raises social surplus. This
threshold value is an elasticity of two, and it is uniform over all CES production func-
tions with diminishing returns to scale, and over all constant elasticities of effort supply.
[Note for comparison purposes that the Cobb-Douglas production function has elastic-
ity of substitution equal to one, and so lies well in this range.] In particular, perfect

3As a relevant aside, a number of empirical studies of irrigation schemes in developing countries con-
clude that higher inequality in landholdings (or farm income) tends to reduce the overall level of main-
tenance, even though it simultaneously induces larger agents to expend larger efforts (see Tang (1992),
Dayton-Johnson (1998) and Bardhan (2000)).
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equality of shares maximizes social surplus over all share vectors.
The proposition has two implications. First, perfect equality has good incentive

properties “long before” the point of perfect complementarity is reached. To be sure,
how “long” is “long before” will depend on a comparison of our predicted value with
empirical estimates. Second — and perhaps of greater interest to the theorist — perfect
equality becomes fully unimprovable in this range of values for the elasticity of substi-
tution. (It isn’t that — as is usual in many maximization contexts where the maximizer
changes sensitively with respect to the parameters — the best λ comes closer and closer
to perfect equality, finally attaining this configuration with the elasticity of substitution
equal to zero.)

Next, Proposition 2 provides a converse. If the elasticity of substitution exceeds the
threshold identified in the previous paragraph, then perfect equality is improvable, at
least for a range of values of n. In this sense, the threshold of Proposition 1 is a “tight”
description.

Thus an elasticity of substitution that exceeds two represents a zone in which there
is some support for the Olson argument, but there are subtleties in obtaining a more
precise description. Proposition 3 states that if a share vector exhibits four or more
distinct values, then it is improvable, and there are local perturbations of that vector
that exhibit higher social surplus. Indeed, this assertion is valid as long as the share
vector has three or more distinct positive values. [That is, if an unimprovable share
vector exhibits three distinct values, one of them must be zero.] Finally, even if a share
vector exhibits just two positive values, it is improvable whenever the lower of the two
positive values has more than one individual associated with it.

This proposition significantly narrows down the possible configurations, but it fails
to describe the situation completely. Might all the possibilities left open by the propo-
sition conceivably occur? For instance, it is certainly possible to have an unimprovable
share vector with just one positive value and lots of zero values: this is the Olson case
and will occur when the elasticity of substitution is infinitely high. It is also possible
to have one (identical) positive value: this is the case of perfect equality. But is it pos-
sible to have an un improvable share vector with two positive values of the share at
some solution, something that proposition 3 does not eliminate? We could not settle
this question analytically, and turned to numerical simulations. As will be discussed at
the end of the paper, it appears that the answer is in the affirmative.

All proofs are collected in an appendix.
We view this short paper as a contribution to a longstanding debate on inequality

and incentives (in which, to be sure, there are many dimensions). Our results are per-
tinent to issues such as land reform, the preservation of the local commons, the decen-
tralized contribution to a local public good (e.g. the joint maintenance of an irrigation
network) or the design of incentive schemes between partners cooperating in a joint
project (such as the joint monitoring of a CEO by his shareholders).
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It should also be noted that our paper does not deal with the question of mechanism
design. It simply restricts the analysis to cases in which outputs are distributed ac-
cording to exogenous, linear shares, and defines improvability or unimprovability fully
within this context. We do this in part because such situations are of intrinsic interest.
For instance, in the examples above, the distribution of output is often “naturally” de-
termined by the corresponding distribution of productive assets. Thus in the case of
joint fishing, the benefits enjoyed are typically proportional to the capacity of each fish-
ing unit. Likewise, in the agricultural examples, a farmer’s interest is proportional to
the amount of land he cultivates under the scheme. Nevertheless, we briefly comment
on this issue in Section 3.

1 Joint Production with Shares

A group of n agents engage in the joint production of a particular output. The agents
are all identical except for their share in output. Let λi be the share of agent i in Y , so
that ci = λiY . We will use λ to stand for the entire vector of shares which add to unity;4

it reflects the inequality of access in the system as a whole.
The production of output Y is given by

Y = F (e) (1)

where e = (e1, ..., en) is a (nonnegative) vector of individual efforts.
Individual payoffs are simply given by ci − ei. The linearity in consumption is es-

sential to our thinking in terms of output shares: it ensures that the joint output is fully
transferable. The linearity in effort is essentially a normalization: convex disutilities can
be folded into the production function by a renaming of variables.5

The implied game, then, is very simple: given the contributions e−i made by the
others, i chooses ei to maximize her own payoff:

max
ei

λiF (ei, e−i)− ei. (2)

An equilibrium is an effort vector e∗ with the property that for every i, e∗i solves (2),
given e∗−i.

4It is easy to accommodate cases in which the shares sum to some constant different from unity; for
instance, if there is a public-good component to the output. However, this would place some natural
bounds on the extent of inequality in λ.

5However, the CES assumption that we shall presently impose on F would require such effort disutili-
ties to exhibit constant elasticity as well; see below.
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An effort vector e generates aggregate social surplus, given by

S ≡ F (e)−
n∑

i=1

ei. (3)

A share vector λ is improvable if for any social surplus generated by some equilib-
rium effort (under λ), there is another share vector and equilibrium (for that vector)
with higher social surplus.

Social surplus, as defined, corresponds to the utilitarian criterion in which payoffs
are simply added up across all agents. We focus on this criterion simply because a more
egalitarian perspective would make the case for perfect equality even easier.

As discussed in the Introduction, we are particularly interested in the relationship
between improvability of certain share vectors (such as perfect equality) and the de-
gree of complementarity in production. To this end, we parameterize the production
function by using a CES structure for the vector of efforts:

F (e) =

[
n∑

i=1

e1−σ
i

] α
1−σ

(4)

where σ > 0 measures the degree of complementarity between individual efforts, and
α ∈ (0, 1) is a scale parameter.

The elasticity of substitution corresponding to this formulation is, of course, just the
reciprocal 1/σ.

By studying the interior first-order conditions to (2), it is easy enough to show that
there is a unique equilibrium with the property that efforts are positive whenever shares
are positive. In this equilibrium effort levels are given by

e∗i = λ
1
σ
i α

1
1−α

 n∑
j=1

λ
1−σ

σ
j


α+σ−1

(1−α)(1−σ)

(5)

for all i. Indeed, this is the unique equilibrium — interior or not — as long as σ ∈ (0, 1).
When σ ≥ 1, there is another equilibrium which involves ei = 0 for all i, which we
ignore.6

6Additional nonuniqueness is also possible at the very edges σ = 0 (perfect substitutability) and σ =∞
(perfect complementarity). The former occurs when λ gives the largest share value to more than one
person: there is a continuum of equilibria, but they all have the same social surplus. The latter case has
a continuum with varying social surpluses: our equilibrium selection picks out the one with the largest
surplus in this case.

5



Substituting these effort values into (3), we obtain a closed-form expression for the
social surplus, given λ:

S∗ (λ) = α
α

1−α

 n∑
j=1

λ
1−σ

σ
j


α+σ−1

(1−α)(1−σ)
 n∑

j=1

λ
1−σ

σ
j − α

n∑
j=1

λ
1
σ
j

 (6)

Thus improvability (or lack of it) reduces to the exercise of checking whether S∗ (λ) is
at a maximum or not.

By taking appropriate limits in the maximization exercise, it is possible to verify
both the Olson intuition as well as the counterexamples in the case of perfect comple-
mentarities. [Alternatively, one may wish to work directly with the limits σ = 0 and
σ = ∞, which is easy enough modulo the caveats expressed in footnote 6.]

The more challenging issue is to describe the surplus-maximizing λ for intermediate
problems. Technically, the difficulties are manifested in the fact that the equilibrium
surplus, as described in (6) is neither quasiconcave not quasiconvex in λ, but exhibits
both these elements in different components. Complementarity in production favors
quasiconcavity in (6), and therefore equal division, but the incentive effect identified
by Olson manifests itself in the tendency for S∗(λ) to be quasiconvex — which favors
inequality.

2 A Threshold Degree of Complementarity

We first provide a threshold for the elasticity of substitution below which equality is
conducive to efficiency.

PROPOSITION 1 If σ ≥ 1
2 , every unequal share vector is improvable, and indeed every Lorenz-

improvement of that vector raises social surplus. In particular, perfect equality of shares is
unimprovable.

This proposition states that as long as the elasticity of substitution between inputs is
no more than two, Lorenz-improvements in the share vector are “efficiency-enhancing”
in the sense of raising aggregate surplus. Whether two is a “mild” or “restrictive”
threshold is, of course, an empirical matter. We make two remarks that may be relevant
here. First, the Cobb-Douglas production function falls well inside the range described
above. Second, to the extent that effort costs are convex, the relevant zone for our obser-
vation is broadened even further. To see this, suppose that the disutility of effort — call
it d — is not linear in e but is an isoelastic convex function: d = eβ , where β > 1. Rewrite
the production function (4) so that it is now defined on the domain of disutilities. We
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see that

F (d) =

[
n∑

i=1

d1−σ̃
i

] α̃
1−σ̃

(7)

where 1−σ̃ ≡ (1−σ)/β and α̃/(1−σ̃) ≡ α/(1−σ). It is now easy to see that the threshold
value of the elasticity of substitution is lowered below 2, so that perfect equality is even
more likely to be the maximizer of social surplus. In the context of this model, therefore,
Proposition 1 may be viewed, therefore, as making the least aggressive case for the
equalization of shares.

While we do not make a formal argument, it is also intuitive that the identified
threshold should be robust to all convex disutilities, not just the ones with constant
elasticity. After all, if perfect equality is unimprovable for the case of linear costs, it
should continue to stay that way when costs are convex, for this is an additional reason
to keep efforts symmetric.7

When effort costs are linear, however, the bound described in Proposition 1 is tight.
If σ fails this condition, there will be situations in which the result of Proposition 1 is
overturned.

PROPOSITION 2 If σ < 1
2 , there exist population sizes for which perfect equality of shares is

improvable.

The proposition is established by restricting attention to distributions such that if
the shares are positive for more than one agent, they are identical. Call this the equal
minority case. Notice (at some risk of semantic confusion) that perfect equality — as
well as perfect inequality — belongs to the equal minority case. In the proof, we simply
show that there are population sizes n for which an equal minority of m < n generates
a higher social surplus than perfect equality.

The equal minority case is particularly tractable, because it significantly reduces the
dimensionality of the problem. [All one needs to consider is the size of the equal mi-
nority.] The social surplus function described in (6) acquires a particularly elementary
form:

S∗ (λm) = α
α

1−α mb [m− α] , (8)

where b = ασ+σ−1
(1−α)(1−σ) . It is easy enough to describe the share vectors with highest sur-

plus in this class; just maximize S∗ with respect to b. Then, by simply observing how b
changes with σ, we would obtain a clean monotonicity result: as the degree of comple-
mentarity between individual efforts in the joint project increases, the number of agents
receiving a positive share (under the surplus-maximizing vector) must also increase.

7A similar argument can also be made for strictly concave utilities of consumption.
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Indeed, we would dwell at greater length on equal minorities if we could be sure
that all unimprovable share vectors must come from this class. We will presently re-
port the analytical progress we made on this problem, but several simulation exercises
convinced us that the restriction to equal minorities would not be justifiable. In what
follows, we first report on the analytical result, and then discuss the simulations.

PROPOSITION 3 Every share vector with four or more distinct values (or three or more positive
distinct values) is improvable. A share vector with two positive values is also improvable if there
is more than one person endowed with the lower of the two positive values of the shares.

The proposition is intriguing. While restriction to the equal minority class may not
be justified, an unimprovable share vector cannot be “too far” from this class. It can
have some zeros, and it can have some positive values, but barring just one such positive
share, all the other values must be the same. To be sure, when the number of individuals
is small, this possibility represents a significant deviation from the equal-minority case.

This much can be obtained analytically. To obtain further insights, we turned to
simulations. In the simulations, we vary n, the scale parameter α, and (of course) the
complementarity parameter σ. Figure 1 is a useful accompaniment to the remarks that
follow. This figure is drawn for various values of the scale parameter, but for values of
σ no bigger than 0.5. This is because we already know what the unimprovable share
vector is for σ > 0.5.

Four observations were obtained from the simulations.

(i) The area in the parameter space (α, σ) such that unimprovable share vectors come
from the equal-minority class is “large”. For numerous values of the parameters, equal
sharing among a limited number of agents represents the least inefficient distribution
of shares. [Recall that the zone σ > 0.5 also falls into this class, but is excluded from
Figure 1.]

(ii) There is a non-trivial area in the parameter space (α, σ) such that the unimprovable
share vector must be constructed by distributing positive shares unequally, and that too
between only two agents. This area is named “Unequal Pair” in Figure 1. The two
shares tend to be more equal as the degree of complementarity increases, taking us
back into the equal minority case at the upper edge of the Unequal Pair region. This is
a sharp finding which challenges the intuitive asertion that conditional on shares being
positive, they should generally be equal for unimprovability. The finding also suggests
that Proposition 3 cannot be tightened much further.

(iii) It is true, however, that once the equal minority solution is unimprovable (with not
all agents getting positive shares), it continues to be so when the number of agents is
increased, keeping all other parameters the same. Thus, for instance, if (1/2, 1/2, 0) is
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Figure 1: UNIMPROVABLE SHARE VECTORS FROM SIMULATIONS

unimprovable for three agents, it is the case that (1/2, 1/2, 0, . . . , 0) is also unimprov-
able for more than three agents, under the same values of the scale and substitution
parameters.

(iv) Finally, we consider simulations close to the “Olson limit” in which efforts are
highly substitutable. How much substitutability one needs depends on the scale para-
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meter, the actual threshold varying from σ ' 0.22 (for small values of α) to σ ' 0.35 (for
values of α close to unity). Below these thresholds an unimprovable share distribution
appears to correspond to perfect inequality, in which one agent obtains all the access.
It is an intriguing question (but really a technical one) as to whether perfect inequality
becomes unimprovable only “in the limit” as σ → 0 or before that limit is reached, at
strictly positive values of σ.8 [As we have seen, the latter is the corresponding case with
the perfect equality result.] The simulations (being approximate) cannot be expected to
throw much light on this matter, but in any case do suggest that the Olson limit is for
all intents and purposes reached when σ ' 0.2 or smaller.

As already noted, Figure 1 focusses on σ ∈ (0, 0.5) and α ∈ (0, 1). We distinguish
between three main regions, divided by bold lines. In the upper left of the diagram,
we find the area of the parameter values for which “Equal Minority” is applicable. At
the bottom of the diagram, we find the “Olson Case” with perfect inequality in the
distribution of shares. In the upper right, we find the “Unequal Pair” area. The bold
lines intersect at Point A (corresponding to α = 2/3 and σ = 1/3), a borderline case in
which any distribution of shares between two agents, with all others getting nothing, is
unimprovable.

3 Nonlinear Shares and Mechanism Design

We have been careful not to cast our results as an exercise in surplus maximization. A
share vector is given, and we simply ask whether such a vector is improvable or not by
another share vector.

In principle, the absence of such improvability would not imply full efficiency with
respect to all conceivable incentive schemes, only surplus maximization within a class
of linear division rules. This is to be contrasted with existing literature on moral hazard
in teams which studies the implementation of efficient outcomes (see, e.g., Holmstrom
(1982), Legros and Matsushima (1991) and Legros and Matthews (1993)).

Sometimes (as in Holmstrom (1982)) this literature considers forcing contracts to
generate efficiency, in which output is effectively destroyed unless the first-best is pro-
duced. Such contracts may be unrealistic on more than one . count: they are not
renegotiation-proof, and there may be stochastic shocks to output that make it impossi-
ble to stipulate a particular target. But if we restrict ourselves to differentiable sharing
rules that exhaust output ex post, then no improvement is possible over linear sharing
rules.

8The Inada conditions on the production function (for σ > 0) suggest that the latter should not be the
case. But this is misleading: while a small effort input (evaluated at zero) has a high marginal effect on
output, a small assignment of the share to generate that effort has a small marginal effect on the effort
input. For instance, this is why equal minority solutions (with m < n) may dominate perfect equality.
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To see this, consider a variant of our model in which the production function is
given by θF (e), where θ is some random variable with mean normalized to one. Let
output be distributed using the increasing, differentiable family of reward functions
c = {ci(y)}, where

∑n
i=1 ci(y) = y for every y. Then the following observation is very

easy to establish.

OBSERVATION 1 Suppose that the vector e is an equilibrium for the family c of increasing,
differentiable reward functions. Then there exists a share vector λ with precisely the same equi-
librium.

To prove this, observe that necessary conditions for e to be an equilibrium under c are
given by

Fi(e)c′i(y) ≤ 1 (9)

for all i, with equality holding whenever ei > 0, where ŷ is equilibrium output. Define
λ by λi ≡ c′i(ŷ) for all i, and note that

∑
i λi = 1 by (??). We therefore have, using (9),

that
λiFi(e) ≤ 1

for all i, with equality holding whenever ei > 0. But now, given that each implied indi-
vidual optimization problem is concave, we have sufficient conditions for an equilibrium
under λ, and the proof is complete.

This assertion is similar to the main result in Nandeibam (2002), who shows that
a similar replacement can be made in a team problem. However, Nandeibam works
with more general concave utilities and obtains a weaker result: the sufficiency of the
broader class of all affine functions. Nandeibam’s results would also not hold for the
stochastic case, which it does here.

Indeed, for these very reasons, we do not assert that nonlinear incentive schemes
play no role in a more general model. In a world in which individual utilities are strictly
concave in consumption, nonlinear schemes may come into their own for reasons of
risk-sharing. While it is not entirely obvious how such schemes would work in the
problem at hand, a detailed analysis of such issues is beyond the scope of the current
paper.

4 Summary and Discussion

We study the efficiency of collective action when the benefits of that action may be
distributed in some given way among the members of the community. Mancur Olson’s
celebrated observation for collective activity is that unequally distributed benefits from
that activity may be best from the viewpoint of aggregate social surplus.

11



The purpose of this paper is to study a model of joint activity in which all forms
of substitution between the individual inputs can be considered, not just the extreme
cases. This turns out to yield new insights. With a CES production function, we can
describe a threshold value for the elasticity of substitution below which every unequal
share vector is improvable, and indeed generates lower surplus than any other vector
that Lorenz-dominates it. In particular, perfect equality is unimprovable. The required
threshold is an elasticity of two. Whether this is low or high is an empirical question,
but it certainly allows for sigificantly greater substitution than, say, the Cobb-Douglas
production function.

While the particular threshold that we isolate depends on our assumption that the
cost of effort provision is linear, the result holds a fortiori if costs are convex (and isoleas-
tic). That is, the zone for which the assertions of the previous paragraph hold only
expands.

The paper then studies the case in which the elasticity of substitution is “low”; i.e.,
below the threshold. While we are unable to fully describe unimprovable share vectors,
we show that it can never exhibit four or more distinct values (of the shares). Indeed, if
there are three distinct values, one of them must be zero. In addition, whenever there
are two positive values, the lower of the two positive values cannot have more than one
individual associated with it.

This is a significant narrowing of the possibilities. Indeed, simulations support the
analytical results, in the sense that all the possibilities left open by this proposition can
occur for nondegenerate parametric specifications.

A reasonable bottom line is that our results are not very supportive of the efficiency
of perfect inequality, even when we treat it as an approximation. Fairly low levels of
complementarity appear to be sufficient to turn the tables in favor of perfect equality of
shares, in the space of all possible share vectors. Even below this threshold, simulations
reveal that the most efficient situations obtain for distributions where some of group
of agents get positive, (and possibly unequal) shares in the benefits of the joint project,
the remainder getting nothing. For perfect inequality to exhibit good efficiency prop-
erties, we need elasticities of substitution of around 3 or even higher, the exact value
depending on the degree of returns to scale in joint production.

Appendix

Proof of Proposition 1: Begin by rewriting equilibrium surplus S∗(λ) as

S∗(λ) = α
α

1−α

∑n
j=1 λθ

j(1− αλj)(∑n
j=1 λθ

j

)γ , (10)
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where θ ≡ 1−σ
σ , and γ ≡ 1−α−σ

(1−α)(1−σ) . Notice that γ is only well-defined if σ 6= 1, which we
shall assume in what follows. A footnote deals with the Cobb-Douglas case separately.9

Now compute the partial derivative of S∗(λ) with respect to any one of the shares,
say λi. This derivative is given by

∂α
−α
1−α S∗(λ)
∂λi

=
∆(λi)(∑n
j=1 λθ

j

)γ ,

where (after some tedious computation) it can be seen that

∆ (λi) = θλθ−1
i

{∑n
j=1 λθ

j [1− γ (1− αλj)]∑n
j=1 λθ

j

}
− α (θ + 1) λθ

i (11)

Now we will show that whenever λi < λk, then ∆ (λi) > ∆ (λk). This would mean that
a small transfer from the higher share to the lower share would raise total surplus, and
complete the proof. Because the terms within curly brackets in (11) are unchanged in
this comparison, it will suffice to show that the function

∆ (x) ≡ θxθ−1

{∑n
j=1 λθ

j [1− γ (1− αλj)]∑n
j=1 λθ

j

}
− α (θ + 1) xθ (12)

is strictly decreasing in x as x varies over [0, 1]. To this end, differentiate ∆ (x) to see
that

∆′ (x) = θ (θ − 1) xθ−2

{∑n
j=1 λθ

j [1− γ (1− αλj)]∑n
j=1 λθ

j

}
− αθ (θ + 1) xθ−1 (13)

It will suffice to show that this expression is strictly negative for x ∈ (0, 1).
We distinguish between two cases.

CASE 1. σ ∈ (1
2 , 1). In this case it is easy to see that θ ∈ (0, 1) and that γ < 1. Using this

information in (13), it follows right away that ∆′ (x) < 0.

CASE 2. σ > 1. In this case, θ < 0. Using part this information, we see from (13) that
∆′ (x) < 0 if

(θ − 1)

{∑n
j=1 λθ

j [1− γ (1− αλj)]∑n
j=1 λθ

j

}
> α (θ + 1) x

9The logarithmic case σ = 1 is just a Cobb-Douglas production function. In this case, it is easy to see that

S∗ (λ) = (1 − α)α
α

1−α

[
n∏

i=1

λα
j

]1/(1−α)

. This expression is concave in λ, which implies that an equalizing

redistribution of shares among agents will always increase social surplus.
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or equivalently, if we can establish the inequality{∑n
j=1 λθ

j [1− γ (1− αλj)]∑n
j=1 λθ

j

}
<

θ + 1
θ − 1

αx =
1

1− 2σ
αx (14)

However, notice that∑n
j=1 λθ

j [1− γ (1− αλj)]∑n
j=1 λθ

j

≤ 1− γ (1− α) = − α

σ − 1

where use is made of the fact that λj ≤ 1 for each j. With (14), this means that it will
suffice to establish the inequality

− α

σ − 1
<

1
1− 2σ

αx

which follows from direct inspection, and brings the proof to its end.

Proof of Proposition 2. Recall the expression (8) for the social surplus in the equal
minority case. Now define m∗ by the smallest integer such that

m∗ ≥ 1− ασ − σ

1− 2σ

We will show that S∗ (λm) > S∗ (λn) for any n > m∗, which proves that perfect equal-
ity is impossible when n exceeds m∗. To this end, we pretend that m is a continuous
variable in (8). It will suffice to show that the derivative of S(λm) with respect to m is
negative for all m > m∗. Differentiating S∗ (λm) with respect to m, we need to show
that

(b + 1) m− αb < 0

for all m > m∗. Using the definition of b and m∗, this is a matter of simple algebra.

Proof of Proposition 3. To prove this, recall ∆ (λi) from (11), and note the following:

LEMMA 1 Let λ be a share vector. If ∆ (λi) and ∆ (λk) are different for two positive values λi

and λk in the share vector, then that share vector is improvable.

The proof of this lemma is trivial. Simply transfer shares from the one with lower ∆-
value to the one with the higher ∆-value. Since the shares in question are both positive,
there is no constraint to doing this in any direction we please.
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Given Lemma 1, our question boils down to this: for how many distinct and positive
values of x can ∆(x) have the same value? Recall that ∆(x) is defined in (12); it may be
written as

∆(x) ' θxθ−1 − C(λ)xθ

where

C(λ) ≡
α(θ + 1)

∑n
j=1 λθ

j∑n
j=1 λθ

j [1− γ(1− αλj)]
> 0. (15)

Now we make the following observation: for x ≥ 0, the function ∆(x) is “single-peaked”
(though not necessarily concave10): first rising, then falling. We omit the proof, which in-
volves routine computation.

The first part of the proof is now completed. Such a function can exhibit the same
value for at most two distinct points in the domain.

To complete the proof, let a denote the smaller of the two positive values of the share.
We will show that if two (or more) persons are given a, we can improve the surplus by
transferring some share from one of them to the other. To this end, think of the share of
these two individuals as variables w and y. ”Initially”, w = y = a. Holding all other
shares constant, we may think of the aggregate surplus simply as a function S (w, y).
For some ε > 0, we know from the mean value theorem for multivariate functions (see,
e.g., Hoffman (1975, Section 8.4, Theorem 6)) that

S (a + ε, a− ε)− S (a, a) = ε [S1 (ŵ, ŷ)− S2 (ŵ, ŷ)] (16)

where subscripts denote the appropriate partial derivatives, and ŵ can be chosen to be
strictly larger than ŷ.11 Now we know that

S1 (ŵ, ŷ) ' θŵθ−1 − C (ŵ, ŷ) ŵθ (17)

and

S2 (ŵ, ŷ) ' θŷθ−1 − C (ŵ, ŷ) ŷθ (18)

where C (ŵ, ŷ) is exactly the same C(λ) as before (see (15)), but with only two of the
share arguments kept explicit to remind the reader that ŵ and ŷ enter there as well.
Recall now that

θzθ−1 − C (a, a) zθ

10For instance, try θ > 2.
11The reason for this is that it is possible to take ŵ ∈ (a, a + ε) and ŷ ∈ (a− ε, a). While the statement of

the theorem in Hoffman (1975) does not make this clear, the proof — see the last two lines — does.

15



is strictly increasing in z around z = a. It follows that the same is true of the slightly
perturbed function

θzθ−1 − C (ŵ, ŷ) zθ

around z = a. Using this information in (17) and (18); it is therefore easy to see that for
ε > 0 but small enough,

S1 (ŵ, ŷ) > S2 (ŵ, ŷ) .

Applying this inequality to (16), we may conclude that S (a + ε, a− ε) > S (a, a): sur-
plus is increased by a small transfer between two persons with the same lower share,
and the proof is complete.
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