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Equilibrium search algorithm of a perturbed

quasi-integrable system: NAFFO

Namur Algorithm For Forced Oscillations

Benôıt Noyelles1, Nicolas Delsate, Timoteo Carletti

University of Namur – Dpt of Mathematics & NAXYS

Rempart de la Vierge 8 – B-5000 Namur – BELGIUM

Abstract

We hereby introduce and study an algorithm able to search for initial con-
ditions corresponding to orbits presenting forced oscillations terms only,
namely to completely remove the free or proper oscillating part, hereby
named Namur Algorithm For Forced Oscillations, NAFFO for short.

NAFFO is based on the Numerical Analysis of the Fundamental Frequen-
cies algorithm by J. Laskar, for the identification of the free and forced
oscillations, the former being iteratively removed from the solution by care-
fully choosing the initial conditions.

We proved the convergence of the algorithm under suitable assumptions,
satisfied in the Hamiltonian framework whenever the d’Alembert charac-
teristic holds true. We provided two relevant applications: the spin-orbit
problem and the forced prey-predator problem.

Keywords: Numerical method
Frequency analysis
Numerical computation of equilibria

1. Introduction

A large number of low-dissipative problems can be conveniently modelled
over a quite short time interval as if they were conservative systems, and
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moreover to evolve close to an equilibrium because the oscillations around,
it can be assumed to have been damped in the past. This is often the case
in celestial mechanics, where for instance the resonant rotation of planetary
satellites is assumed to be at an equilibrium, and thus only depending on an
external torque, without any free oscillation. However, the problem is more
general being applicable to a large class of periodically forced systems, for
instance we will provide an application to a prey-predator system subjected
to an external periodic forcing, accounting for the seasonal changes.

More precisely we consider systems having stable equilibria and quasi-
periodic orbits in their neighborhoods. The latter can be expressed as a
convergent infinite sum of quasi-periodic trigonometric monomials, such as:

x(t) =
∑

l

al exp (ıνlt) , (1)

where al are complex amplitudes and νl are real frequencies: free, or proper
frequencies of the “unperturbed”system, and forced frequencies due to the
external force.

This decomposition holds for quasi-integrable systems in the Hamil-
tonian framework thanks to the Kolmogorov-Arnold-Moser (KAM) theo-
rem [1, 19], that ensures the existence of quasi-periodic invariant tori un-
der suitable hypotheses: the non–degeneracy of the integrable part of the
Hamiltonian function, the Diophantine condition on the frequencies and the
smallness of the perturbation. On the other hand, the theorem by Nekhoro-
shev [22, 23] proves that if the quasi-periodic invariant tori are not stable,
there are trajectories that remain close to them over an exponentially long
time and thus (1) is a good approximation for any realistic physical times.

For example, in the context of the resonant rotation of the Moon around
the Earth, we can split the frequencies νj into two groups: the frequencies nj

that are forced perturbations displacing the equilibrium, and the frequencies
ωj that are free librations of the system around the equilibrium. The fre-
quencies nj are due to an external forcing (in our example, the gravitational
perturbations of the Sun and the planets on the rotation of the Moon), while
ωj depend on the intrinsic properties of the system (in our example, on the
gravity field of the Moon). Slow dissipative processes acting since the origin
of the system (4.5 Gyr in the present case) are expected to have damped
the free librations.

The numerical computation of the wanted orbits, namely whose free
librations have negligible amplitudes, requires the accurate knowledge of the
initial conditions corresponding to the equilibrium, this task can be tricky
whenever the system is subject to several different sinusoidal perturbations.
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A straightforward way to overcome this difficulty is to use an algorithm
that iteratively corrects the initial conditions by identifying and then remov-
ing the free oscillations around the equilibrium. Such idea is not completely
new in the literature, in fact it has already been used by Locatelli & Giorgili
[18] for a computer-assisted proof of the KAM theorem, by Noyelles et al.
(see e.g. [11, 25, 26]) and Robutel et al. [29] for representing the resonant
spin-orbit rotation 3:2 or 1:1 in the Solar System, and by Couetdic et al. [8]
in the framework of (exo)planetary systems. The aim of the our paper is
to clearly state the algorithm, its applicability domains and moreover prove
under suitable hypotheses its convergence.

The paper is organized as follows. Section 2 is devoted to the presenta-
tion of the algorithm and the numerical tools needed. Then in Section 3 we
will present a convergence proof of the method and we discuss its applica-
bility to the Hamiltonian framework. In Sections 4 and 5 two applications
of the algorithm will be presented: in the former to the spin–orbit problem
while in the latter to a problem from mathematical biology. Finally we sum
up and draw our conclusions in Section 6.

2. The algorithm: NAFFO (Namur Algorithm For Forced Oscillations)

The goal of this section is to present our algorithm to search for the
equilibrium of a periodically forced system: NAFFO. Let observe that the aim
of NAFFO is not to prove the existence of the wanted orbit that should be
assumed to exist a priori, but to determine the initial condition providing
the wanted orbit.

The algorithm requires hence the existence of quasi-periodic orbits around
the equilibrium and thus it relies on a method able to reconstruct these
quasi-periodic orbits by identifying the forced and the free term in the fre-
quency space. To accomplish this task, in the following we decided to use
the NAFF algorithm, Numerical Analysis of the Fundamental Frequencies,
by Laskar [15, 16].

Let us consider a system described by the differential equation

ẋ = f(x) , (2)

in a neighborhood of a periodic solution with frequency ω, hereby named
the equilibrium of the free motion, and let us then modify the system by
adding a periodic forced term:

ẋ = f(x) + g(x, t) , (3)
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where g(x, t) is 2π/ν periodic.
Let us assume that ω and ν are rationally independent and thus secular

terms are not allowed in the solution. Let us also denote the solution with
a generic initial condition x by φ(t;x). Using NAFF we can identify the
contribution of each frequency and thus obtain the decomposition

φ (t;x) =
∑

l,m∈Z

φlm (x) eı(ωl+νm)t , (4)

that can be rewritten by separating free from forced oscillating terms, as
follows

φ (t;x) =
∑

m∈Z

φ0m (x) eıνmt +
∑

l 6=0,m∈Z

φlm (x) eı(ωl+νm)t =: S(t;x) + L(t;x) ,

(5)
where the functions S and L have been here defined by identifying left and
right hand sides.

The assumption of the existence of a 2π/ν periodic orbit, namely com-
posed only by forced oscillating terms, translates into the existence of a
isolated initial condition x∞ such that the solution with initial condition
x∞ is 2π/ν periodic, namely:

φ (t;x∞) = S(t;x∞) ,

or equivalently L(t;x∞) ≡ 0.

Then NAFFO algorithm can be formulated as follows:

1. Take x0 sufficiently close to x∞;

2. Integrate the ODE (3), thus determine the solution φ (t;x0) and then,
using NAFF, get the decomposition φ (t;x0) = S(t;x0) + L(t;x0);

3. Define x1 = S(0;x0) and iterate point (1) using x1 instead of x0;

4. In this way the algorithm will produce a sequence xn, iteratively de-
fined by

xn+1 = S(0;xn) , (6)

such that, when n → ∞, xn → x∞, or equivalently L(t;xn) → 0.

Remark 1. Once numerically implemented, we can define at least two ways
to define a stopping criterion for NAFFO : we can consider the convergence
as reached when the largest amplitude associated with the free oscillations is
too small to be detected, or when it is small enough to not significantly alter
the determination of the forced oscillations.
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The convergence of NAFFO will be proved in the next section, before that
we will shortly present the NAFF method used to reconstruct the quasi-
periodic decomposition of the orbit.

2.1. The NAFF algorithm

Since NAFFO requires an accurate quasi-periodic representation of the or-
bit, we hereby shortly present the method we used: the NAFF (Numerical
Analysis of the Fundamental Frequencies) algorithm due to J. Laskar (see
e.g. [15, 16] where its convergence has been proved under suitable Diophan-
tine hypothesis for the frequency vector). The good accuracy properties of
the NAFF, allows to use it for instance to characterize the chaotic diffu-
sion in dynamical systems 2 [14], in particles accelerator [21] or in celestial
mechanics [24, 17].

The algorithm aims at numerically identifying the coefficients al and νl
of the quasi–periodic complex signal x(t) known over a finite, but large, time
span [−T, T ], of the form (1), thus providing an approximation

x(t) ≈
N∑

l=1

a•l exp (ıν
•
l t) , (7)

where ν•l , respectively a•l , are the numerically determined real frequencies,
respectively complex coefficients, i.e. amplitudes. If the signal x(t) is real,
its frequency spectrum is symmetric and the complex amplitudes associated
with the frequencies ν•l and −ν•l are complex conjugates.

The frequencies and associated amplitudes are found with an iterative
scheme. To determine the first frequency ν•1 , one searches for the maximum
of the amplitude of

φ(ν) = 〈x(t), exp(ıνt)〉 , (8)

where the scalar product 〈f(t), g(t)〉 is defined by

〈f(t), g(t)〉 = 1

2T

∫ T

−T
f(t) g(t)χ(t) dt, (9)

and where χ(t) is a weight function, i.e. a positive function verifying

1

2T

∫ T

−T
χ(t) dt = 1. (10)

2In this framework, it is also known as FMA for Frequency Map Analysis.
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Laskar advises to use

χ(t) =
2p(p!)2

(2p)!

(

1 + cos(πt)
)p

, (11)

where p is a positive integer. In practice, the algorithm is the most efficient
with p = 1 or p = 2. We used p = 2 in the numerical applications presented
later in the paper.

Once the first periodic term exp(ıν•1 t) is found, its complex amplitude
a•1 is obtained by orthogonal projection, and the process is started again on
the remainder f1(t) = f(t) − a•1 exp(ıν

•
1 t). The algorithm stops when two

detected frequencies are too close to each other, because this alters their
determinations, or when the number of detected terms reaches a maximum
set by the user. When the difference between two frequencies is larger than
twice the frequency associated with the length of the total time interval, the
determination of each fundamental frequency is not perturbed by the other
ones. Once the frequencies have been determined, it is also possible to refine
their determination iteratively, numerically [7] or analytically [30].

3. Convergence of NAFFO

The convergence of the algorithm can be proved by showing the conver-
gence of the sequence (xn)n defined by (6). In fact, let us assume xn → p
for some p, then by rewriting (6) as follows

xn+1 = S(0;xn) = φ(0;xn)− L(0;xn) = xn − L(0;xn) , (12)

we straightforwardly get by continuity of L and the convergence hypothesis
of xn

0 = lim
n→∞

(xn+1 − xn) = − lim
n→∞

L(0;xn) = −L(0; p) ,

then by uniqueness of the 2π/ν–periodic orbit we can conclude that p = x∞.
We provide a proof of the convergence of NAFFO assuming the following

hypothesis: the functions S and L do satisfy

lim
x→x∞

∂xS(0;x)

∂xL(0;x)
= 0 . (13)

3.1. The proof

¿From the definition (6) of xn+1 and the very definition of xn+1 as initial
condition of the orbit we get:

S(0;xn) = xn+1 = φ(0;xn+1) = S(0;xn+1) + L(0;xn+1) . (14)
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This relation defines implicitly the map that associates to xn the next iter-
ation xn+1. Let us denote it for short by f , namely xn+1 = f(xn).

We already know that f admits x∞ as a fixed point, then to prove that
xn converges to x∞ we have to prove that this fixed point is indeed an
attractor, namely |f ′(x∞)| < 1. The derivative of f can be computed by
rewriting (14) as

S(0; f(xn)) + L(0; f(xn)) = S(0;xn) , (15)

and then differentiate it with respect to xn

[∂xS(0; f(xn)) + ∂xL(0; f(xn))] f
′(xn) = ∂xS(0;xn) . (16)

We can finally get

f ′(x∞) = lim
x→x∞

f ′(x) = lim
x→x∞

∂xS(0;x)

∂xS(0; f(x)) + ∂xL(0; f(x))
. (17)

Finally using the assumption (13) we can conclude

f ′(x∞) = lim
x→x∞

∂xS(0;x)/∂xL(0; f(x))

∂xS(0; f(x))/∂xL(0; f(x)) + 1
= 0 , (18)

hence the fixed point x∞ is an attractor and the orbit xn converges to x∞
provided the initial point x0 is close enough to x∞.

Remark 2 (On the hypothesis (13)). Let us observe that the hypothesis (13)
is satisfied in the framework of Hamiltonian systems in the case of period-
ically forced harmonic oscillators. In fact, thank to the d’Alembert charac-
teristic that roughly states that, for x close to x∞ we have:

S(0;x) ∼ x∞ + a|x− x∞|+ . . . and L(0;x) ∼ b
√

|x− x∞|+ . . . ,

where ”. . . ” means high order terms. Thus ∂xS(0;x) is finite while ∂xL(0;x)
diverges, as

√

|x− x∞|, and condition (13) is satisfied.
More generally in the case

S(0;x) ∼ x∞ + a(x− x∞)α + . . . and L(0;x) ∼ b(x− x∞)β + . . . , (19)

for some positive α and β, such that α > β to satisfies the condition (13),
one can provide also the rate of convergence of NAFFO . In fact, let us define
θn = xn − x∞, then using (19), Eq. (14) rewrites:

aθαn+1 + bθβn+1 ∼ aθαn ,
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that can be approximately solved for θn+1, for instance using the Lagrange
inversion formula [5], to get

θn+1 ∼
(a

b

)1/β
θα/βn + . . . ,

and thus providing a convergence rate α/β. In the above mentioned Hamil-
tonian framework this results into a quadratic convergence rate.

In the next paragraph we will come back on this remark and we will
discuss it with more details.

3.2. The Hamiltonian framework

The aim of this paragraph is to prove the claim presented in the Remark 2
and thus the quadratic convergence of NAFFO in the case of the spin-orbit
problems, or in the more general framework hereby described.

Let us consider a (i1 + i2)-DOF Hamiltonian H(yj , xj ,Λl, λl), yj (1 ≤
j ≤ i1) and Λl (1 ≤ l ≤ i2) being the momenta and xj and λl the variables.
We assume that the forcing is due to Λl, λl and that they are respectively
actions and angles variables. Moreover, we hypothesize that the Hamiltonian
system can be locally described by a forced perturbed harmonic oscillator:

H(Uj , uj ,Λl, λl) =
∑

j

ωjUj + ǫH1(Uj , uj ,Λl, λl) , (20)

where ω is the frequency of the free oscillations and ǫH1 is a small pertur-
bation. This is a degenerate setting where existence of invariant tori can be
studied thanks to Birkhoff theory (see e.g. [20]). The Hamiltonian H has
been obtained after canonical transformations among which an untangling
one that removes the second-order cross terms alike yjyk with j 6= k [13],
and the classical canonical polar transformation:

{

xj =
√
2UjZj sinuj ,

yj =
√
2Uj/Zj cosuj ,

where Zj is a constant term, suitably chosen so that the first order terms in
√
Uj disappear. The transformation (21) can be seen as the expression of the

variables xj and yj after averaging with respect to the forced perturbation,
i.e.

{

xj(Uj , uj ,Λl = 0, λl = 0) =
√
2UjZj sinuj ,

yj(Uj , uj ,Λl = 0, λl = 0) =
√
2Uj/Zj cosuj .
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There are several perturbative methods, based on the hypotheses that
the perturbation is small and far enough from resonances with the proper
frequencies ωj , that allow to derive the complete expression of xj and yj , i.e.
including their dependencies on Λl and λl. We hereby propose to use the
method of the Lie transforms (see [9] or [10] for detailed explanations). In
general, the formal series does not converge [31], nevertheless, such pertur-
bation techniques can be justified through Poincaré’s theory of asymptotic
approximations [28]. Without any loose of generality, in the following we
simplify the presentation by assuming i1 = 1 and i2 = 1, i.e. there is one
proper frequency ω, and the system is forced by a one-dimensional pertur-
bation, with variables Λ and λ.

Let us quickly reminder on how the Lie transforms work. This pertur-
bation theory can be visualized through a Lie triangle:

H0
0

H0
1 H1

0

− H1
1 H2

0

− H1
2 H2

1 H3
0

...
...

...
...

. . .

(21)

In the function H0
0 we put the Hamiltonian H after first-order averaging

over the angles u and λ, i.e.

H0
0 =

1

2π

∫ 2π

λ=0

( 1

2π

∫ 2π

u=0
Hdu

)

dλ.

In H0
1 we put what remains, i.e. the perturbation containing the higher

order terms in U (there is no higher order term in Λ, since the rotation has
no influence on the orbit in our model) and the short-period terms.

In the main diagonal we will find the M -th order approximation of the
averaged Hamiltonian: H̄ ∼ ∑M

i=0Hi
0/i!, that can be computed by solving

the following homological equation:

Hn
0 = Hn−1

1 +
(
Hn−1

0 ;W1

)
(22)

with the intermediate Hn
j computed as follows:

Hn
j = Hn−1

j+1 +

j
∑

i=0

(
j
i

)
(
Hn−1

j−i ;W1+i

)
, (23)

where Wi is the generator of the ith floor of the Lie triangle, ( ; ) designates

the Poisson bracket and

(
j
i

)

is the binomial coefficient.
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Let us now show how to get the generator of the first floor. We consider
the first homological equation: H1

0 = H0
1 + (H0

0;W1). In this equation H0
1 is

known and we choose H1
0 to be the average of H0

1. In other words, H1
0 will

contain only terms without short periods and of order larger or equal to 3
in

√
U , H0

0 being a quadratic approximation in
√
U of the total Hamiltonian

of the system. So, expanding the Poisson bracket, we have the following
equation to solve:

∂H0
0

∂u
︸ ︷︷ ︸

0

∂W1

∂U
− ∂H0

0

∂U
︸ ︷︷ ︸

ω

∂W1

∂u
+ 0− ∂H0

0

∂Λ

∂W1

∂λ
= H1

0 −H0
1. (24)

Because of the previous assumptions the right-hand side term of the previ-
ous equation only contains short period terms; on can thus easily compute
W1 and show that it is also only composed by short period terms. The
computation of the other orders can be done in a similar way. With these
generators, we can now compute the evolution of any function of the vari-
ables, for instance x and y themselves.

Let f denotes x or y, then its computation can be represented by a Lie
triangle, for instance up to the second order:

f0
0

− f1
0

− f1
1 f2

0
...

...
...

. . .

(25)

with

f0
0 = f̄
f1
0 = f0

1 + (f0
0 ;W1) = (f̄ ;W1)

f1
1 = f0

2 + C0
1 (f

0
1 ;W1) + C1

1 (f
0
0 ;W2) = (f̄ ;W2)

f2
0 = f1

1 + (f1
0 ;W1) = (f̄ ;W2) + ((f̄ ;W1);W1),

(26)
and the function f can be expressed with

f ∼ f̄ +
M∑

i

[f i
0

i!

]

, (27)

where x̄ =
√
2UZ sinu and ȳ =

√

2U/Z cosu, the bar meaning that the
quantity is averaged over the angle λ.
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Under the assumption of an analytic Hamiltonian H, Henrard [12] has
proved that at every step of the Lie transforms, the functions x and y follow
the d’Alembert characteristic for (U, u), i.e. they can be written as

x(U, u,Λ, λ) =
∑

k,p∈Z

αk,pU
|k|
2

(

1 +
∑

m≥1

γm,k,p

)

exp [ı(ku+ pλ)] (28)

and

y(U, u,Λ, λ) =
∑

k,p∈Z

βk,pU
|k|
2

(

1 +
∑

m≥1

δm,k,p

)

exp [ı(ku+ pλ)], (29)

where αk,p, βk,p, γm,k,p and δm,k,p are complex constants, and m, k and p
are integers. The right-hand members are assumed to converge absolutely
for U ≤ U0 for some positive U0.

So we have

x(t) =
∑

k,p∈Z αk,p

√

U(t)
|k|
(

1 +
∑

m≥1 γm,k,p[U(t)]m
)

exp
(

ı
(
ku(t) + pλ(t)

))

,

y(t) =
∑

k,p∈Z βk,p
√

U(t)
|k|
(

1 +
∑

m≥1 δm,k,p[U(t)]m
)

exp
(

ı
(
ku(t) + pλ(t)

))

.(30)

Assuming that the truncation orderM is large enough such that the function
U(t) ∼ U ′ is almost constant, as it would be in the limit M → ∞, we can
obtain the decomposition of x(t), and similarly for y(t), into forced and free
oscillating terms as follows

x(t) =
∑

p∈Z

α0,p

(

1 +
∑

m≥1

γm,k,p[U
′]m

)

exp
(

ıpλ(t)
)

︸ ︷︷ ︸

S

+
∑

k 6=0,p∈Z

αk,p

√
U ′

|k|
(

1 +
∑

m≥1

γm,k,p[U
′]m

)

exp
(

ı
(
ku(t) + pλ(t)

))

︸ ︷︷ ︸

L

.

Then as already stated the S term behaves as S ∼ A+BU + . . . while the
L terms as L ∼ C

√
U + . . . .

4. Application of NAFFO to the spin-orbit problems

The models of spin-orbit resonances in the Solar System belong to the
class of problems where NAFFO can be fruitfully applied, in fact the damping
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times due to low-dissipation forces, can be assumed to be very short in com-
parison with the age of the involved bodies. To be concrete we applied NAFFO

to a one-dimensional modeling of this problem, inspired from Celletti [6].
Like the Moon, most of the planetary satellites are in spin-orbit 1:1 reso-

nance with their parent planet, this implies that they always have the same
orientation with respect to the satellite-planet direction, with the exception
of some forced librations due to the variations of the planet-satellite distance
(i.e. the orbital eccentricity). This is an equilibrium state reached after slow
dissipation since the formation of the Solar System. NAFFO can be applied
to obtain the rotational dynamics of the satellite without the presence of
the free oscillations.

4.1. The model

The system can be represented by the following Hamiltonian H [6]:

H(y, x,Λ, λ) =
y2

2
− ǫ

(

α1(e) cos(2x− λ) + α2(e) cos(2x− 2λ)

+α3(e) cos(2x− 3λ) + α4(e) cos(2x− 4λ) + α5(e) cos(2x− 5λ)
)

+ Λ

(31)

where

α1(e) = −e

4
+

e3

32
, α2(e) =

1

2
− 5

4
e2 +

13

32
e4 , α3(e) =

7

4
e− 123

32
e3

α4(e) =
17

4
e2 − 115

12
e4 and α5(e) =

845

96
e3 − 32 525

1 536
e5 .

The Hamiltonian represents the orientation x of the long axis of an
elongated body (a satellite) orbiting around a central massive one (a planet),
at the frequency 1, the orbital period being 2π. Its orbit is assumed to be
keplerian with eccentricity e, while ǫ represents the equatorial ellipticity
of the satellite. λ is the mean longitude of the satellite, y and Λ are the
momenta associated respectively to x and λ. The Hamilton equations are
straightforwardly obtained:

12



dy

dt
= −∂H

∂x
= −2ǫ

(

α1(e) sin(2x− λ) + α2(e) sin(2x− 2λ) + α3(e) sin(2x− 3λ)

+ α4(e) sin(2x− 4λ) + α5(e) sin(2x− 5λ)
)

(32)

dx

dt
=

∂H
∂y

= y, (33)

dΛ

dt
= −∂H

∂λ
, (34)

dλ

dt
=

∂H
∂Λ

= 1 . (35)

Since we are interested in approaching the equilibrium corresponding to
the 1:1 spin-orbit resonance, x should be considered to be close to λ and y
to 1. Finally the parameters e and ǫ are assumed to have “realistic values
”derived from real cases (see Table 1). We also consider a fictitious case,
reported in the last line of the Table 1, whose aim is to test the algorithm
in “difficult conditions”, i.e. when the forcing frequency is close to the
free one: This induces a condition of quasi-resonance that has interesting
dynamical effects such as a raise of the amplitude associated with the forcing
period. The difficulties due to this particular mathematical configuration
have already been met in [27].

Table 1: Realistic values of e and ǫ taken from [6], that we will use to integrate the
spin-orbit model and to test NAFFO.

ǫ e

Earth-Moon 3.45× 10−4 5.49× 10−2

Saturn-Enceladus 4.35× 10−2 4.44× 10−3

Saturn-Dione 9.795× 10−3 2.21× 10−3

Saturn-Rhea 3.45× 10−3 9.8× 10−4

Quasi-resonant 0.3 5.49× 10−2

4.2. Analytical study

Since we are interested in the behavior close to the equilibrium, we first
perform a canonical change of coordinates (y, x,Λ, λ) 7→ (y, σ, L, λ), aimed
at centering the Hamiltonian on this equilibrium position:

σ = x− λ and L = Λ+ y , (36)
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so the Hamiltonian H becomes, still denoting it with the same letter:

H(y, σ, L, λ) =
y2

2
− ǫ

[
α1(e) cos(2σ + λ) + α2(e) cos(2σ) + α3(e) cos(2σ − λ)

+ α4(e) cos(2σ − 2λ) + α5(e) cos(2σ − 3λ)
]
+ L− y (37)

and the Hamilton equations for the relevant variables (y, σ), now read:







dy
dt = −∂H

∂σ = −2ǫ
[

α1(e) sin(2σ + λ) + α2(e) sin(2σ)

+α3(e) sin(2σ − λ) + α4(e) sin(2σ − 2λ) + α5(e) sin(2σ − 3λ)
]

dσ
dt = ∂H

∂y = y − 1 .

(38)
These equations can be easily averaged over the precessing angle λ and thus
straightforwardly provide the equilibrium of the averaged system described
by the Hamiltonian

H̄(y, σ, L,−) =
(y − 1)2

2
− ǫα2(e) cos(2σ) + L , (39)

Let us introduce y∗ = y − 1 and develop the averaged Hamiltonian (39)
in a neighborhood of the equilibrium (y∗, σ∗) = (0, 0):

K =
y∗2

2
+ 2ǫα2(e)σ

2 + L , (40)

namely, the system reduces to a simple pendulum swinging at the free fre-
quency ω that can be determined by introducing the following polar canon-
ical change of coordinates

σ =
√
2UZ sinu y∗ =

√

2U/Z cosu (41)

with Z = 1

2
√

ǫα2(e)
, allowing to rewrite the Hamiltonian function as follows

(still using the same letter)

K(U,L,−,−) = 2
√

ǫα2(e)U + L , (42)

and finally to determine the free, or proper, frequency ω = 2
√

ǫα2(e).
To compute the evolution of the variables (y, x) in the complete system,

namely without any averaging approximation, we can use a perturbation
theory by Lie transforms as explained above.

Applied to the Earth-Moon system, this procedure truncated up to the
second stage of the Lie triangle, gives the 3/2-order approximations:
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σ = (−7.537 065 371 0× 10−5 + 5.764 302 331 1× 10−3U) sinλ

+(−2.196 049 923 5× 10−6 + 1.681 105 103 1× 10−4U) sin 2λ

+(−1.109 490 166 2× 10−7 + 8.498 044 138 0× 10−6U) sin 3λ

+(−6.295 036 130 3× 10−12 + 1.765 125 346 9× 10−9U) sin 4λ

+(−1.265 279 862 2× 10−13 + 3.868 880 677 1× 10−11U) sin 5λ

+(−3.072 406 092 4× 10−15 + 9.393 651 091 7× 10−13U) sin 6λ

+8.742 263 881 8
√
U sinu (43)

+4.684 244 441 7× 10−4
√
U sin(λ+ u)− 5.201 644 080 7× 10−4

√
U sin(λ− u)

+1.871 520 497 0× 10−5
√
U sin(2λ+ u)− 1.972 177 133 9× 10−5

√
U sin(2λ− u)

+9.538 437 810 4× 10−7
√
U sin(3λ+ u)− 9.877 737 403 4× 10−7

√
U sin(3λ− u)

+9.772 213 122 4× 10−11
√
U sin(4λ+ u)− 1.042 617 620 5× 10−10

√
U sin(4λ− u)

−2.602 421 260 9× 10−3U sin(λ+ 2u)− 3.209 543 693 4× 10−3U sin(λ− 2u)

−7.981 435 672 1× 10−5U sin(2λ+ 2u)− 8.864 361 378 4× 10−5U sin(2λ− 2u)

−4.104 009 476 1× 10−6U sin(3λ+ 2u)− 4.401 888 557 0× 10−6U sin(3λ− 2u)

+O
(

U3/2
)

,

and

y = 1 + (−7.537 065 371 0× 10−5 + 5.764 302 331 1× 10−3U) cosλ

+(−4.392 099 847 1× 10−6 + 3.362 210 206 2× 10−4U) cos 2λ

+(−3.328 470 498 5× 10−7 + 2.549 413 241 4× 10−5U) cos 3λ

+(−2.518 014 452 1× 10−11 + 7.060 501 387 5× 10−9U) cos 4λ

+(−6.328 136 064 8× 10−13 + 1.934 440 338 5× 10−10U) cos 5λ

+(−1.843 724 269 1× 10−14 + 5.637 048 806 2× 10−12U) cos 6λ

+0.228 773 698 1
√
U cosu (44)

+4.806 825 484 0× 10−4
√
U cos(λ+ u)− 5.065 523 312 3× 10−4

√
U cos(λ− u)

+3.792 016 434 2× 10−5
√
U cos(2λ+ u)− 3.892 744 764 6× 10−5

√
U cos(2λ− u)

+2.886 492 287 5× 10−6
√
U cos(3λ+ u)− 2.937 472 370 5× 10−6

√
U cos(3λ− u)

+3.934 457 955 2× 10−10
√
U cos(4λ+ u)− 4.143 186 433 2× 10−10

√
U cos(4λ− u)

−2.738 625 728 7× 10−3U cos(λ+ 2u)− 3.041 563 898 1× 10−3U cos(λ− 2u)

−1.638 060 048 5× 10−4U cos(2λ+ 2u)− 1.726 478 340 8× 10−4U cos(2λ− 2u)

−1.252 682 241 1× 10−5U cos(3λ+ 2u)− 1.297 528 141 4× 10−5U cos(3λ− 2u)

+O
(

U3/2
)

,
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where
ω = 2.616 860 687 4× 10−2, (45)

We can observe that the decomposition (5) is explicitely obtained by for
the variable y:

Sy(0; ξ) = 1 + (−7.537 065 371 0× 10−5 + 5.764 302 331 1× 10−3U) cosλ

+(−4.392 099 847 1× 10−6 + 3.362 210 206 2× 10−4U) cos 2λ

+(−3.328 470 498 5× 10−7 + 2.549 413 241 4× 10−5U) cos 3λ

+(−2.518 014 452 1× 10−11 + 7.060 501 387 5× 10−9U) cos 4λ

+(−6.328 136 064 8× 10−13 + 1.934 440 338 5× 10−10U) cos 5λ

+(−1.843 724 269 1× 10−14 + 5.637 048 806 2× 10−12U) cos 6λ+O
(
U2

)

and

Ly(0; ξ) = 0.228 773 698 1
√
U cosu

+4.806 825 484 0× 10−4
√
U cos(λ+ u)− 5.065 523 312 3× 10−4

√
U cos(λ− u)

+3.792 016 434 2× 10−5
√
U cos(2λ+ u)− 3.892 744 764 6× 10−5

√
U cos(2λ− u)

+2.886 492 287 5× 10−6
√
U cos(3λ+ u)− 2.937 472 370 5× 10−6

√
U cos(3λ− u)

+3.934 457 955 2× 10−10
√
U cos(4λ+ u)− 4.143 186 433 2× 10−10

√
U cos(4λ− u)

−2.738 625 728 7× 10−3U cos(λ+ 2u)− 3.041 563 898 1× 10−3U cos(λ− 2u)

−1.638 060 048 5× 10−4U cos(2λ+ 2u)− 1.726 478 340 8× 10−4U cos(2λ− 2u)

−1.252 682 241 1× 10−5U cos(3λ+ 2u)− 1.297 528 141 4× 10−5U cos(3λ− 2u)

+O
(

U3/2
)

,

being ξ a shorthand for (U, u, L, λ), and thus as previously stated we have:

Sy(0; ξ) ∼ A+BU + . . . and Ly(0; ξ) ∼ C
√
U + . . . .

Let us observe that setting U(0) = 0, λ(0) = 0 and any u(0), in the
above formulas (43) and (44), we obtain the initial condition in the original
variables (y, σ):

σ(0) = 0 and y(0) = 0.999 919 904 374 . (46)

The goal of NAFFO will be to obtain the same initial conditions without
any use of perturbation theory. Before doing that, let us consider the quasi-
resonant case.
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As long as a non resonant condition is satisfied, the Lie method can be
used, and for instance in the case of the quasi-resonant model we similarly
obtain:

σ = (−0.159 123 574 4 + 1.015 533 370 53U) sinλ

+(−4.534 205 108 9× 10−3 + 1.511 041 447 4× 10−2U) sin 2λ

+(−2.633 611 235 0× 10−4 + 1.140 088 778 3× 10−3U) sin 3λ

+(−1.055 803 449 5× 10−5 + 5.937 715 684 7× 10−5U) sin 4λ

+(−1.119 934 051 6× 10−7 + 1.662 371 309 3× 10−6U) sin 5λ

+(−2.529 386 593 9× 10−9 + 2.976 143 466 0× 10−8U) sin 6λ

+1.627 894 406 3
√
U sinu+ 2.058 034 419 5× 10−3U sin 2u (47)

+2.976 133 410 8× 10−2
√
U sin(λ+ u) + 0.142 827 674 7

√
U sin(λ− u)

+4.307 322 556 6× 10−3
√
U sin(2λ+ u)− 2.413 618 838 8× 10−2

√
U sin(2λ− u)

+2.894 153 267 5× 10−4
√
U sin(3λ+ u)− 7.262 346 758 6× 10−4

√
U sin(3λ− u)

+1.396 981 339 3× 10−5
√
U sin(4λ+ u)− 2.614 574 241 6× 10−5

√
U sin(4λ− u)

+2.043 814 088 9× 10−7
√
U sin(5λ+ u)− 1.071 171 099 1× 10−6

√
U sin(5λ− u)

−3.552 194 231 9× 10−2U sin(λ+ 2u) + 0.685 948 135 0U sin(λ− 2u)

−2.153 015 254 8× 10−3U sin(2λ+ 2u)− 1.915 010 434 9× 10−2U sin(2λ− 2u)

−1.827 299 625 4× 10−4U sin(3λ+ 2u) + 5.436 345 308 9× 10−4U sin(3λ− 2u)

−1.021 550 300 5× 10−5U sin(4λ+ 2u) + 3.627 801 352 9× 10−5U sin(4λ− 2u)

+O
(

U3/2
)

,
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and

y = 1 + (−0.159 123 574 4 + 1.015 533 370 5U) cosλ

+(−9.068 410 217 8× 10−3 + 3.022 082 894 8× 10−2U) cos 2λ

+(−7.900 833 705 0× 10−4 + 3.420 266 334 9× 10−3U) cos 3λ

+(−4.223 213 798 0× 10−5 + 2.375 086 273 9× 10−4U) cos 4λ

+(−5.599 670 257 8× 10−7 + 8.311 856 546 6× 10−6U) cos 5λ

+(−1.517 631 956 3× 10−8 + 1.392 351 957 2× 10−7U) cos 6λ

+1.230 493 609 0
√
U cosu+ 3.176 270 376 2× 10−3U cos 2u (48)

+5.272 743 297 2× 10−2
√
U cos(λ+ u) + 3.261 102 628 6× 10−2

√
U cos(λ− u)

+1.193 850 133 9× 10−2
√
U cos(2λ+ u)− 2.964 706 627 5× 10−2

√
U cos(2λ− u)

+1.091 580 760 3× 10−3
√
U cos(3λ+ u)− 1.618 286 362 7× 10−3

√
U cos(3λ− u)

+6.665 941 935 1× 10−5
√
U cos(4λ+ u)− 8.440 693 511 6× 10−5

√
U cos(4λ− u)

+1.179 623 214 9× 10−6
√
U cos(5λ+ u)− 4.529 258 768 5× 10−6

√
U cos(5λ− u)

−9.034 478 299 8× 10−2U cos(λ+ 2u)− 0.372 710 904 0U cos(λ− 2u)

−7.628 889 694 2× 10−3U cos(2λ+ 2u)− 8.744 867 655 8× 10−2U cos(2λ− 2u)

−8.302 064 376 5× 10−4U cos(3λ+ 2u) + 7.918 844 588 8× 10−4U cos(3λ− 2u)

−5.662 812 324 8× 10−5U cos(4λ+ 2u) + 8.912 232 984 8× 10−5U cos(4λ− 2u)

+O
(

U3/2
)

,

where
ω = 0.739 732 052 1 . (49)

In this case the initial conditions in the original variables are found to be

σ(0) = 0 and y(0) = 0.830 975 124 73 . (50)

4.3. Numerical analysis

The aim of this section is to present the numerical application of NAFFO
to the above introduced spin-orbit problems: the Earth-Moon and the quasi-
resonant cases.

To reconstruct the orbits, we adopt the variable step size Bulirsh-Stoer
algorithm [4, 32] to numerically integrate the differential equations (32)
and (33). The first initial conditions, namely the first step x0 of NAFFO ,
are fixed to σ = 0 and y = 1, namely the equilibrium of the simplified aver-
aged system. Let us observe that, for the purpose of validation, we also use
an Adams-Bashforth-Moulton 10th order predictor-corrector integrator.
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We numerically integrate over a time span equal to 238 fundamental
periods 2π with a entry-level step size of 10−3. NAFFO has been imple-
mented in Fortran 90 compiled using the Intel(R) Ifort Compiler (11.0)3 on
a 2xIntel(R) Pentium(R) D CPU 3.40GHz.

To reconstruct the quasi-periodic orbit, step two of NAFFO ,we apply the
NAFF algorithm to the variables y and σ. We did not limit the maximum
number of detected terms, so the algorithm will stop when two detected
frequencies are too close to each other. Once this decomposition is known
we can determine the next entry, x1, for NAFFO , by fixing the new initial
conditions by identifying the forced frequency terms. Thus the algorithm
is iterated until the free oscillating term is small enough to be considered
zero up to the required precision. Actually we compute only the amplitude
associated to the mode exp (ıωt), see later and Table 3.

4.3.1. Earth-Moon

Let us first consider the case of the Earth-Moon system, with ǫ = 3.45×
10−4 and e = 5.49×10−2 (see Table 1). The results are reported in Table 2.

Table 2: Results of NAFFO applied to the Earth-Moon system. The columns are respec-
tively: number of iterations of the algorithm, variables, initial conditions (I.C.), number of
detected frequencies, and rank of the free terms in the determination, with the amplitude
and the associated frequency ω•.

n I.C. #freq. Rank Ampl. ω•

0
y 1.000 000 000 10 2 4.005 250× 10−5 2.616 864× 10−2

σ 0.000 000 000 6 1 1.530 553× 10−3 2.616 864× 10−2

1
y 0.999 919 905 13 4 3.885 438× 10−10 2.616 870× 10−2

σ 3.106 991 059× 10−10 7 4 1.484 766× 10−8 2.616 870× 10−2

2
y 0.999 919 904 7 7 6.320 982× 10−16 2.616 860× 10−2

σ 3.490 283 085× 10−15 7 7 2.415 488× 10−14 2.616 860× 10−2

We can observe that in the setting we chosed, the algorithm very rapidly
converges to the wanted initial conditions, in fact after only 2 iterations
of NAFFO, namely 3 numerical integrations, the amplitude associated with
the free frequency ω becomes small enough to be considered zero and thus
neglected.

The accuracy of NAFFO, even after few iterations, is confirmed by compar-
ing the numerical results with the analytical ones presented in Section 4.2.

3Available at http://software.intel.com/en-us/articles/intel-compilers/.
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We also note that the initial conditions and the frequency ω• found by
NAFF are relatively accurate already from the first iteration (Tab. 2 with
n = 1 compared with Eqs. (45) and (46)).

The Table 3 gives an example of a frequency analysis for the Earth-Moon
system, terms that do not contain u, that should be kept in the new initial
conditions, have been written in bold. Let us note that this is a complex
quasi-periodic decomposition of a real signal, so the spectrum is expected to
be symmetric. An asymmetry in the representation (e.g. a difference in the
amplitude associated with 2 opposite frequencies) is an indication on the
internal accuracy of the frequency analysis. Let us observe that among the
terms not containing λ alone, the one with the largest amplitude is the one
associated to exp (±ıu); thus the stopping criterium for the NAFFO , on the
smallness of this term, will ensure that the remaining terms will be small,
too.

In Figure 1 (upper panels), we plot the evolution (ynum and σnum) of the
variables y and σ with the initial condition (1, 0). In lower panels we present
the error obtains by rebuilding the signal (ynaff and σnaff) by frequency anal-
ysis: Eq. 7 with amplitudes, frequencies and phases of Table 3. We note the
good (10−7) and very good (10−9) accuracies of the rebuilding respectively
of the σ and y signal. The residuals exhibit a period of ≈ 120, probably due
to the frequency 2ω, that has not been found in the frequency analysis.

For the other systems whose parameters are still in the realistic cases (see
Table 1), the NAFFO behaves similarly, we thus decide to skip these results
and to apply the algorithm to the quasi-resonant case, where it should meet
some difficulties.

4.3.2. Quasi-resonant case

The second application refers to the quasi-resonant case, namely for
parameters values e = 5.49× 10−2 and ǫ = 0.3. Results reported in Table 4
confirm once again the accuracy of NAFFO.
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Table 3: Frequency analysis (step 2 of NAFFO ) of the first numerical integration of the
Earth-Moon system (Iteration 0), with the initial conditions σ = 0 and y = 1. The series
are in complex exponentials, and the phases are given at t = 0.
N Ampl. Freq. Phase (rad) Period Id.
y
1 1.000 000 000 0 0.000 00 2.462× 10−14 ∞
2 3.768 497 236 2× 10−4 −1.000 00 −3.141 588 7 −6.283 19 −λ

3 3.768 497 236 2× 10−4 1.000 00 3.141 588 7 6.283 19 λ

4 4.005 250 726 1× 10−5 2.616 86× 10−2 −0.000 008 4 240.103 99 u
5 4.005 250 771 3× 10−5 −2.616 86× 10−2 0.000 000 1 −240.103 99 −u
6 2.196 029 238 3× 10−6 −2.000 00 −3.141 587 4 −3.141 59 −2λ
7 2.196 029 238 3× 10−6 2.000 00 3.141 587 4 3.141 59 2λ
8 1.664 220 011 0× 10−7 −3.000 00 −3.141 587 4 −2.094 40 −3λ
9 1.664 220 011 0× 10−7 3.000 00 3.141 587 0 2.094 40 3λ
10 8.868 448 631 5× 10−8 0.973 83 3.141 592 6 6.452 03 λ− u
11 8.868 448 631 5× 10−8 −0.973 83 −3.141 592 6 −6.452 03 −λ+ u
12 8.415 534 400 7× 10−8 1.026 17 0.000 005 6 6.122 96 λ+ u
13 8.415 534 400 7× 10−8 −1.026 17 −0.000 005 6 −6.122 96 −λ− u
14 6.815 211 850 4× 10−9 1.973 83 3.141 591 8 3.183 24 2λ− u
15 6.815 211 851 8× 10−9 −1.973 83 −3.141 592 3 −3.183 24 −2λ+ u
16 6.638 862 030 6× 10−9 2.026 17 0.000 005 0 3.101 02 2λ+ u
17 6.638 862 032 1× 10−9 −2.026 17 −0.000 005 8 −3.101 02 −2λ− u
18 5.142 773 560 1× 10−10 −2.973 83 3.141 592 2 −2.112 83 −3λ+ u
19 5.142 773 520 8× 10−10 2.973 83 −3.141 574 8 2.112 83 3λ− u
20 5.053 522 103 4× 10−10 3.026 17 0.000 006 0 2.076 28 3λ+ u
21 5.053 522 143 7× 10−10 −3.026 17 −0.000 006 1 −2.076 28 −3λ− u
σ
1 1.530 553 623 5× 10−3 −2.616 86× 10−2 1.570 787 7 −240.103 99 −u
2 1.530 553 623 4× 10−3 2.616 86× 10−2 −1.570 796 3 240.103 99 u
3 3.768 497 303 3× 10−5 −1.000 00 −1.570 792 4 −6.283 19 −λ

4 3.768 497 303 3× 10−5 1.000 00 1.570 792 4 6.283 19 λ

5 1.098 014 729 6× 10−6 −2.000 00 −1.570 791 5 −3.141 59 −2λ
6 1.098 014 729 6× 10−6 2.000 00 1.570 791 5 3.141 59 2λ
7 9.106 743 814 0× 10−8 −0.973 83 −1.570 796 0 −6.452 03 −λ+ u
8 9.106 743 814 6× 10−8 0.973 83 1.570 796 0 6.452 03 λ− u
9 8.200 932 320 1× 10−8 −1.026 17 1.570 790 2 −6.122 96 −λ− u
10 8.200 932 320 1× 10−8 1.026 17 −1.570 790 2 6.122 96 λ+ u
11 5.547 391 897 0× 10−8 −3.000 00 −1.570 791 8 −2.094 40 −3λ
12 5.547 391 897 0× 10−8 3.000 00 1.570 790 4 2.094 40 3λ
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Figure 1: Evolution (upper panels) of the Earth-Moon system with the initial condition
(1, 0). Difference (lower panels) between the “real” evolution and the rebuilding by fre-
quency analysis of the variables y and σ.
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Table 4: Results of NAFFO applied to the quasi-resonant system. The columns are respectively: number of iterations of the algo-
rithm, variables, initial conditions (I.C.), number of detected frequencies, rank of the proper terms (whose argument is ±u) in the
determination, with the amplitude and the associated frequency ω• and the ratios Un+1/U

2
n, determined independently for y and σ.

n I.C. #freq. Rank Ampl. ω• Un+1/U
2
n(y) Un+1/U

2
n(σ)

0
y 1.000 000 000 30 1 7.368 530× 10−2 0.741 860

0.481 3 0.456 3
σ 0.000 000 000 30 1 9.932 502× 10−2 0.741 860

1
y 0.851 607 082 21 2 6.122 476× 10−3 0.747 751
σ −3.170 672 140× 10−9 16 2 8.187 849× 10−3 0.747 751

0.506 6 0.495 7
2

y 0.838 740 063 26 4 4.336 535× 10−5 0.747 791
σ −9.855 863 550× 10−10 22 4 5.799 125× 10−5 0.747 791

0.527 4 0.516 1
3

y 0.838 648 575 23 9 2.219 788× 10−9 0.747 791
σ −1.102 439 070× 10−9 20 8 2.968 459× 10−9 0.747 791

2.091 5× 106 2.047 0× 106

4
y 0.838 648 571 13 13 1.158 263× 10−14 0.747 791
σ −1.638 333 711× 10−14 12 12 1.548 912× 10−14 0.747 791
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So the algorithm stops after 4 iterations because it reached the con-
vergence criterium, and we can see that the ratio Un+1/U

2
n seems to be

quite constant, supporting the quadratic convergence. The quantities Un

have been computed by equating the numerically determined amplitudes
(thanks to NAFF) related to sinu in σ and to cosu in y, with the analyt-
ical formulas of the same amplitudes determined with Lie transforms, i.e.
1.6278944063

√
U for σ and 1.2304936090

√
U for y (see Eqs. (47) and (48)).

During the process of convergence, several phenomena has been brought
to the fore:

• The frequency analysis detects less and less sinusoidal terms. The
amplitudes of the forced terms (not containing the frequency ω) remain
quite constant, while the amplitudes associated with the free solutions
are decreasing. As a consequence, their detection becomes harder.

• The rank of the frequency ω decreases. As its amplitude is decreasing,
it becomes smaller than the ones of some forced terms.

• The proper frequency tends to decrease when the process converges. In
fact, the proper frequencies determined by our analytical studies have
been computed for U = 0. When the amplitude of the free oscillations
increases (∝

√
U), their period gets longer, and so their frequency gets

higher. This variation remains small.

Finally, we can see some discrepancy between the amplitudes, the proper
frequency and the initial conditions computed in the analytical study (Eqs. 47
to 50), and the ones obtained numerically. The condition of quasi-resonance
implies in particular a difficulty of convergence of the algorithm of Lie trans-
forms, so several additional floors of the Lie triangles would probably lead
to a convergence of the analytical values to the numerical ones.

In Figure 2, we plot the evolution of y and σ for the initial conditions
(1, 0) and I.C. n = 3 (Tab. 4) respectively in black and grey curves. We
notice that these last initial conditions are very close to the equilibrium
because we do not see the libration due to the ω frequency (period equal to
8.402).

5. Application of NAFFO to a problem in mathematical biology

In this section we want to investigate the applicability of NAFFO beyond
the Hamiltonian framework. We thus chose an example from mathematical
biology, a prey-predator system, derived from the Lotka-Volterra equations,
periodically forced by a sinusoidal term, accounting for the seasonal changes.

24



0 50 100 150 200 250 300
0.6

0.7

0.8

0.9

1

1.1

1.2

1.3

1.4
y

t

 

 

0 50 100 150 200 250 300
−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

σ

t

 

 

I.C. (n=0)

I.C. (n=3)

Figure 2: Illustration of the convergence of NAFFO in the quasi-resonant case. The black
curves result from a numerical integration of the equations of the system with the initial
conditions (y = 1, σ = 0), while the grey curves are obtained after 3 iterations of NAFFO
(n = 3). We can see that the oscillations are smaller, because of the removal of the free
librations with the frequency ω.

5.1. Forced prey-predator systems

This example has been already presented in Blom et al. [3]. The model
aims at representing the densities of preys x1 and predators x2 as a function
of time; beside the standard interactions among predator and prey and
the logistic growth rate for the prey, we also take into account an external
periodic forcing term, that can represent the one-year-periodic density of
food availability due to the seasonal alternation.

The equations ruling the densities of the populations read:

dx1
dt

= αx1
(
1 + γ cos(2πt)− x2 − ηx1

)
, (51)

dx2
dt

= βx2(−1 + x1), (52)

where α, β, γ, δ and η are non negative constants. When γ = 0 (autonomous
system) and η = 0 around the non trivial equilibrium (x1, x2) = (1, 1) there
are T = 2π/

√
αβ periodic solutions. If η > 0 the non trivial equilibrium

moves to (x1, x2) = (1, 1−η) and moreover these oscillations are damped; for
γ > 0 the system is subjected to 2π-periodic forced oscillations (see Fig. 3
left panels).

Using NAFFO, we can determine the initial conditions corresponding to the
solution with zero amplitude (see Fig. 3 right panels, black curves) associated
to the proper period T , without using any damping (i.e. with η = 0).
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Figure 3: Numerical integration of the system of Blom et al. for α = 4.539, β = 1.068
and γ = 0.25, the initial conditions being x1 = 1 and x2 = 1 − η (in black). We can
see a damping of the oscillations for η = 0.025. On the right, the grey curves result from
numerical integrations of the equations of the system with initial conditions obtained after
2 iterations of NAFFO (n = 2). The resulting behavior is very similar to the one obtained
after damping.

5.2. Numerical analysis

We performed a numerical analysis of the above forced predator-prey
model using the following parameters values: α = 4.539, β = 1.068, γ =
0.25 and η = 0. The proper frequency, for the case γ = 0, is given by√
αβ = 2.201 74. Results are reported in Table 5.
We see variations of the detected proper frequency ω•, before converging

to 2.207 4, that is close to the predicted value of 2.201 74 (with γ = 0).
In right panels of Figure 3, we plot (grey curves) the evolution of the

variables x1 and x2 for the initial condition corresponding to the iteration
n = 2 of NAFFO (Table 5). We notice that, with these initial conditions, we
removes the free libration parts of the signal. The resulting behavior is very
similar to the damping case (η 6= 0) but with the damping the equilibrium
is shifted from (1, 1) to (1, 1− η).
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Table 5: Results of NAFFO applied to the forced prey-predator system, with α = 4.539,
β = 1.068, γ = 0.25 and η = 0. The data given are the same as for the Earth-Moon
spin-orbit problem (Tab.2).

n I.C. #freq. Rank Ampl. ω•

0
x1 1.000 000 000 000 000 50 2 3.831 163× 10−2 2.206 634
x2 1.000 000 000 000 000 50 1 1.854 280× 10−2 2.206 634

1
x1 0.989 166 714 745 100 22 4 3.573 335× 10−5 2.207 483
x2 0.965 514 795 157 481 21 3 1.729 063× 10−5 2.207 483

2
x1 0.989 186 585 234 344 297 1 26 6 4.508 632× 10−9 2.207 483
x2 0.965 545 142 090 197 513 7 26 6 2.181 634× 10−9 2.207 483

3
x1 0.989 186 576 347 806 470 6 14 11 6.524 090× 10−17 2.207 483
x2 0.965 545 142 191 326 750 5 14 11 3.156 872× 10−17 2.207 483

4
x1 0.989 186 576 347 806 470 2 14 11 6.503 088× 10−17 2.207 483
x2 0.965 545 142 191 326 750 4 14 11 3.146 710× 10−17 2.207 483

6. Conclusion

We hereby presented an algorithm able to determine the initial condi-
tions corresponding to forced oscillating equilibria, namely removing free
proper librations. Given an initial condition, the algorithm iteratively pro-
duce better and better approximated initial conditions, by integrating the
system, identifying the free and forced frequency terms and eventually re-
moving the former ones. In the present paper this step has been performed
using the NAFF method by Laskar.

Under suitable conditions, we proved the convergence of the algorithm,
under the assumptions of exact numerical integration and frequency iden-
tification. We shown that in the Hamiltonian framework the required hy-
pothesis are satisfied, whenever the d’Alembert characteristic holds true.
Moreover, in using polar canonical variables, NAFFO converges quadratically.

We provided two relevant applications to benchmark the proposed algo-
rithm: one in the field of celestial mechanics and the other one in mathemat-
ical biology, illustrating the good convergence of NAFFO . As a summary, we
plot in the Fig.4 the convergence of NAFFO in the two more interesting prob-
lems: the quasi-resonant spin-orbit problem and the forced prey-predator
problem.

To the best of our knowledge, the only alternative algorithm for systems
without the use of any control device has been proposed by Bois & Ram-
baux [2] for simulating the variations of Mercury’s obliquity. The authors
proposed to fit a center of the free librations of the system, before removing
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Figure 4: Convergence of NAFFO in the quasi-resonant spin-orbit problem and in the prey-
predator problem. The left panel displays the Euclidian norm of Ln =: L(0;xn), while the
right one shows the amplitudes An associated with the proper mode ω in every variables.
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it from the initial conditions.
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