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Imprimé en Belgique

ISBN : 978-2-87037-939-4
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Hunting modifications of gravity:
from the lab to cosmology via compact objects

by Sandrine Schlögel

Abstract: Modifications of gravity have been considered to model the primor-
dial inflation and the late-time cosmic acceleration. Provided that modified
gravity models do not suffer from theoretical instabilities, they must be con-
fronted with observations, not only at the cosmological scales, but also with
the local tests of gravity, in the lab and in the Solar System, as well as at the
astrophysical scales. Considering in particular sub-classes of the Horndeski
gravity, we study their observational predictions at different scales. In order
to pass the local tests of gravity while allowing for long-range interactions in
cosmology, Horndeski gravity exhibits screening mechanisms, among them
the chameleon. The chameleon screening mechanism has been tested recently
using atom interferometry in a vacuum chamber. Numerical simulations are
provided in this thesis in order to refine the analytical predictions. At the as-
trophysical scale, Horndeski gravity predicts a variation of the gravitational
coupling inside compact stars. Focusing on Higgs inflation, we discuss to
what extent the Higgs vacuum expectation value varies inside stars and con-
clude whether the effect is detectable in gravitational and nuclear physics. Fi-
nally, the covariant Galileon model exhibits non-linearities in the scalar field
kinetic term such that it might pass the local tests of gravity thanks to the
Vainshtein screening mechanism. We discuss if a sub-class of the covariant
Galileon theory dubbed the Fab Four model leads to a viable inflationary
phase and provide combined analysis with neutron stars and Solar System
observables.

Ph.D. thesis in Physics
Date: October 7th, 2016
Department of Mathematics
Advisors: André FÜZFA (UNamur), Christophe RINGEVAL (UCLouvain)



À la poursuite de modifications de la gravitation:
du laboratoire à la cosmologie en passant par les objets compacts

par Sandrine Schlögel

Résumé : Dans le cadre de la cosmologie moderne, des modifications de la
théorie d’Einstein ont été étudiées pour expliquer l’inflation primordiale et
l’accélération actuelle de l’expansion de l’Univers. Pourvu que ces modèles
de gravitation modifiée soient bien posés théoriquement, ils sont confrontés
aux observations, non seulement en cosmologie, mais aussi en laboratoire
et dans le Système Solaire ainsi qu’en astrophysique. Nous étudions dans
cette thèse les prédictions de quelques sous-classes de la théorie d’Horndeski
à différentes échelles. Ces théories font en général appel à des mécanismes
d’écrantage afin de modéliser des interactions à longue portée tout en étant
conformes aux contraintes observationnelles aux échelles locales. Parmi
ces mécanismes d’écrantage, le caméléon a été récemment testé en labo-
ratoire grâce à l’interférométrie atomique. Des simulations numériques
de cette expérience sont développées dans cette thèse afin de raffiner les
prédictions dérivées analytiquement. Aux échelles astrophysiques, la théorie
d’Horndeski prévoit une variation du couplage gravitationnel à l’intérieur
des objets compacts. Nous nous attardons dans cette thèse sur la ’Higgs
inflation’ en particulier. Nous discutons les variations de la valeur moyenne
dans le vide du champ de Higgs prédites par ce modèle afin d’établir si
celles-ci sont détectables dans des objets astrophysiques. Finalement, nous
étudions une sous-classe du modèle du ’Galileon covariant’, le modèle des
’Fab Four’, qui fait appel au mécanisme d’écrantage de Vainshtein pour
passer les contraintes locales. Nous analysons si le modèle des ’Fab Four’
peut donner lieu à une phase d’inflation conforme aux observations. Nous
étudions également les prédictions de ce dernier modèle aux échelles astro-
physiques, en particulier dans les étoiles à neutron et le Système Solaire, et
mettont en évidence les déviations du couplage gravitationnel prédites par
les ’Fab Four’.

Thèse de doctorat en Sciences Physiques
Date: 07/10/2016
Département de Mathématique
Promoteurs: André FÜZFA (UNamur), Christophe RINGEVAL (UCLouvain)
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Merci à mes très-proches, mes amis de longue date et ma famille pour leur
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Introduction

Over the last century, general relativity has emerged as the theory of gravi-
tation. It not only allowed the explanation of phenomena that are not in the
Newton’s theory of gravitation, but also has opened up new perspectives in
predictions, especially in astrophysics and cosmology. Indeed, when the grav-
itational field is very strong, i.e. in compact objects like black holes and neu-
tron stars, relativistic effects are expected. The existence of compact objects
is favored by the observations today, using either electromagnetic or gravita-
tional wave signals.

During the last decades, the observations of the sky at large scales have
made the study of precision cosmology possible. According to our current
understanding, the Universe has a history and is expanding over time. Only
5% of its matter-energy content is described by the standard model of parti-
cle physics. Around 68% of the Universe is responsible for the late-time cos-
mic acceleration which can be modelled thanks to the cosmological constant
Λ. The remaining 27% of the matter-energy content of the Universe is com-
posed of cold (i.e. non-relativistic) dark matter (CDM) whose nature is still
unknown. The Λ−CDM concordance picture reproduces the current observa-
tions.

Despite of the successes of general relativity and the standard model of
particle physics, there are at least two reasons to look for theories beyond this
paradigm:

1. At high energy and small distances, quantum effects are expected in
general relativity, like other fundamental interactions. Since general rel-
ativity is not renormalizable, its quantization is therefore problematic,
it should be considered rather as an effective classical theory of gravity
emerging from its quantum counterpart. A viable quantum theory of
gravitation should first be well-defined and second, conform to current
observations. Compact objects and cosmology provide the most promis-
ing observational tests of quantum gravity.

2. In cosmology the nature of dark matter and the late-time cosmic accel-
eration is still debated. Today research for dark matter has shifted to
particle physics. The detection of a new particle could reveal an exten-
sion of the standard model of particle physics although the distribution

1



2 INTRODUCTION

of dark matter in the sky should also be explained. The cosmological
constant raises some theoretical issues, in particular why is its value
fine-tuned to such a tiny value while still non-zero? Finally, within the
Λ−CDM paradigm, the initial conditions in the early Universe appear
to be fine-tuned. An exponentially accelerated phase of expansion in the
early Universe referred to as primordial inflation, around 10−43 s after
the Big Bang, is able to give an explanation of the current observations.
The late-time cosmic acceleration and inflation can be modelled either
by a) invoking new particles and fields beyond the standard model of
particle physics, the scalar fields being privileged for the sake of sim-
plicity, or by b) calling on modifications of gravity.

Since the conception of general relativity, modifications and extensions
of the Einstein’s theory have been extensively studied, devoted to quantum
gravity, the explanation of observations in cosmology or the unification of
the fundamental interactions. However, modified gravity is challenging from
the theoretical point of view since general relativity has a privileged status
as highlighted in Chap. 1: this is the only well-defined theory (for instance it
exhibits second-order equations of motion) which guarantees that the physi-
cal laws are valid in all coordinate systems in a four dimensional spacetime.
In particular, this result is based on the fact that the metric is the only field
describing gravity.

Alternative theories must thus first be well-defined and then compared to
present observations in order to establish whether they are viable. In Chap. 2,
the current observational tests of gravitation are briefly reviewed. We pro-
pose to classify them depending on the tested regime given by the strength of
the gravitational field and the presence of energy-momentum sources. Today,
general relativity has been tested with very good accuracy in the vacuum, ei-
ther in the weak field regime, i.e. in the Solar System and in the lab, or in
the strong field regime, thanks to indirect and direct detection of gravitational
waves coming from binary systems.

The presence of sources renders the tests of general relativity trickier since
there are uncertainties about the modeling of the sources. This is the case for
neutron stars and in cosmology where the cosmological fluid can be consid-
ered as a source, possibly of unknown nature like dark energy, dark matter
or scalar fields responsible for primordial inflation. Meanwhile the current
cosmic expansion and primordial inflation could also reveal modifications of
gravity at large scales. In Chap. 3, alternative models to general relativity
are introduced and classified depending on which underlying assumptions of
general relativity they violate. In particular, we focus on alternatives to gen-
eral relativity invoking a scalar field counterpart to the metric in order to de-
scribe gravity, i.e. scalar-tensor theories. Initially, those theories were devoted
to testing the constancy of gravitational coupling in spacetime. Today, scalar-
tensor theories have been found to give rise to models for inflation and late-
time cosmic expansion in agreement with cosmological observations. Mean-
while, they must be confronted with other observations, like experiments on
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the Earth as well as observations in the Solar System and around compact
objects, in order to conclude if they are viable alternatives to general relativity.

The first scalar-tensor theory we focus on, is the chameleon model. This
model was first proposed by Khoury and Weltman in 2004 [Khoury04b,
Khoury04a] in order to reproduce the current cosmic acceleration and to pass
the weak-field constraints. This model is based on a screening mechanism: the
chameleon effective mass is small in low density environment, the scalar field
mediating long range interaction like the late-time cosmic acceleration, while
the chameleon becomes massive in high density environment, the effects are
so short ranged that they are difficult to measure.

In Chap. 4, we briefly comment the current status of the chameleon model.
It has been tested in cosmology, in the Solar System, and recently in astro-
physics; a part of the parameter space of the chameleon model remains un-
constrained. The most promising test today comes from lab experiments us-
ing atom interferometry, as first proposed by Burrage, Copeland and Hinds
in 2014 [Burrage15]. Indeed, if the atom interferometer is placed inside a vac-
uum chamber in the presence of a test mass, the acceleration induced by the
chameleon field can be determined with very good accuracy by measuring
the interference fringes. A first experiment has been developed in Berkeley.
It shows that almost all the chameleon parameter space should be reachable
with this experimental set-up in the near future. However, the forecasts for the
acceleration due to the chameleon were computed only analytically, neglect-
ing the effects of the vacuum chamber geometry. In Chap. 4, we provide nu-
merical simulations for the on-going experiment in Berkeley in order to refine
the analytical constraints and to take into account the effects of the chamber
geometry.

In general, scalars mediating gravity are not assumed to be detected in
nature as yet and are only considered as hypothetical degrees of freedom.
In 2012, the first elementary scalar field, the Higgs field, was detected in
the Large Hadron Collider [Aad12, Chatrchyan12]. The question then arises,
could the Higgs field be a partner of the Einstein metric for describing grav-
ity? In 2008, Bezrukov and Shaposhnikov propose a model where the Higgs
field is the inflaton, provided it is nonminimally coupled to gravity, within
the framework of modified gravity [Bezrukov09b]. This model reviewed in
Chap. 5 is favored by the latest cosmological observations.

Because of the nonminimal coupling of the Higgs field to gravity, the dis-
tribution of the Higgs field around compact objects in the presence of matter
is expected to be non trivial, contrary to general relativity (i.e. with a min-
imally coupled Higgs field) where the Higgs field has settled to its vacuum
expectation value (vev) everywhere. If the distribution is not trivial, it implies
that the vev varies in spacetime and the Higgs field is not necessarily settled
to it, for instance inside compact objects. Because of these variations, the ques-
tion arises if this model is able to pass current constraints in the Solar System
and if the nuclear physics inside neutron stars is affected. These questions are
discussed in Chap. 5.



4 INTRODUCTION

In 1974, Horndeski derived the most general Lagrangian for the exten-
sion of general relativity invoking an additional scalar field [Horndeski74].
Scalar-tensor theory is one particular case in the general class highlighted by
Horndeski. In Chap. 6, we focus on another theory dubbed the Fab Four
model in reference to the four general Lagrangian terms arising in Horndeski
gravity, which were rediscovered in 2012 by Copeland, Padilla and Saffin
[Copeland12]. This model appears to be well posed from the theoretical point
of view. In Chap. 6, the predictions of two of the Fab Four are discussed for
primordial inflation as well as in the Solar System and around compact ob-
jects.

Finally, we draw some conclusions and perspectives in Part III.



Conventions

Unit system, We use natural units in which c = ~ = 1 such that all quantities
are expressed in powers of GeV. The Newton’s constant is given by GN =

1/m2
pl, mpl being the Planck mass.

Notations, The most used notations are reported in Tab. 0.1. Furthermore,
the Greek indices refer to spacetime coordinates, xµ with µ = 0, 1, 2, 3, while
the Latin ones to space coordinates, xi with i = 1, 2, 3. The covariant and
partial derivatives for any function or tensor T are respectively denoted by,

∇µT = T;µ, (0.0.1)

∂µT = T,µ. (0.0.2)

Time and radial derivatives are respectively denoted by the dot df/dt ≡ ḟ

and the prime df/dr ≡ f ′. Vector fields are in bold characters.
Differential geometry, We follow the convention of Misner et al.’s reference

book [Misner73]. In particular, we adopt the Einstein’s implicit summation for
repeated indices and the mostly plus signature for the metric (−, +, +, +).
Following this convention, the covariant derivative of a tensor T is given by,

∇λT ν1...νqµ1...µp
= ∂λT

ν1...νq
µ1...µp

+Γν1λρT
ρ...νq
µ1...µp

...+Γ
νq
λρT

ν1...ρ
µ1...µp

−Γρλµ1
T ν1...νqρ...µp

−Γρλµp
T ν1...νqµ1...ρ .

(0.0.3)
The components of the Levi-Civita connection are,{

ρ

µν

}
=

1

2
gλρ (∂µgλν + ∂νgλµ − ∂λgµν) , (0.0.4)

the Riemann tensor,

Rαµβν =
(
∂βΓαµν + ΓασβΓσµν

)
− (β ↔ ν), (0.0.5)

the Ricci tensor,

Rµν = Rαµαν , (0.0.6)

and the Ricci scalar R = Rµµ. The Einstein tensor is Gµν = Rµν − 1
2gµνR and

the Einstein equations read,

Gµν = 8πGNTµν . (0.0.7)

Symbols and acronyms, The list of symbols and acronyms are reported in
Tabs. 0.1 and 0.2.
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Symbols Signification
a(t) scale factor
βPPN, γPPN post-Newtonian parameters β, γ
c, GN speed of light, Newton’s constant
Eb binding energy
ε, η slow-roll parameters
ηµν Minkowski metric
gµν , g metric tensor, determinant of gµν
hµν perturbations of the metric
Γρµν connection coefficients
Gµν Einstein tensor
G bare gravitational constant
G Gauss-Bonnet combination
H , H0 Hubble parameter, Hubble constant
κ ≡ 8π/m2

pl parameter (action)
Λ cosmological constant
L, L Lagrangian, Lagrangian density
λsm, v SM Higgs self-interaction coupling and vev
ν(r), λ(r) metric fields (Schwarzschild gauge)
M manifold
mpl, Mpl = mpl/

√
8π Planck mass, reduced Planck mass

mi, mg inertial mass, gravitational mass
M�, R� Solar mass, Solar radius
N(t) number of e-folds
ns, r spectral index, tensor-to-scalar ratio (inflation)
Ω(x) conformal factor
dΩ2 ≡ dθ2 + sin2 θdϕ2 infinitesimal solid angle
Φ, U ≡ −Φ/GN Newtonian gravitational potential
φ, π scalar fields
ψM matter fields
q(t), Ω(t) deceleration parameter, density parameters
ρ, p energy density, pressure
R, rs radius of compact objects, Schwarzschild radius
Rµνλκ, Rµν , R Riemann tensor, Ricci tensor, Ricci scalar
s compactness
t, 0 subscript cosmic time, (cosmology) for today
Tµν stress-energy-momentum tensor
u four-velocity
V (φ) potential
w equation of state
ξ nonminimal coupling constant in Higgs inflation
z redshift

Table 0.1: List of symbols appearing in this thesis and their signification.
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Acronyms Signification
BAO Baryon Acoustic Oscillations
BBN Big Bang Nucleosynthesis
BH Black Hole
BVP Boundary Value Problem
CDM Cold Dark Matter
C.L. Confidence Level
CMB Cosmic Microwave Background
DE Dark Energy
DM Dark Matter
EF Einstein frame
EH Einstein-Hilbert
EoS Equation of State
FLRW Friedmann-Lemaı̂tre-Robertson-Walker
GR General Relativity
GW Gravitational Wave
IVP Initial Value Problem
JF Jordan frame
LHC Large Hadron Collider
LLI Local Lorentz Invariance
LPI Local Position Invariance
LSS Large-Scale Structure
MOND MOdified Newton Dynamics
NS Neutron Star
PN Post-Newtonian
PPN Parametrized Post-Newtonian
QCD Quantum Chromodynamics
SgrA* Sagittarius A*
SEP Strong Equivalence Principle
SM Standard Model of particle physics
SN Supernovae
SR Special Relativity
STT Scalar-Tensor theories
TOV Tolmann-Oppenheimer-Volkoff
UFF Universality of Free Fall
vev Vacuum Expectation Value
WEP Weak Equivalence Principle

Table 0.2: List of acronyms appearing in this thesis and their signification.
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Part I

General context
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Chapter 1

The Theory of General
Relativity

This first chapter is devoted to General Relativity (GR) and its foundations,
the action formalism being privileged. The theoretical pillars of GR, among
them Lorentz invariance and causality, locality, general covariance as well as
second-order equations of motion are introduced. Then the Lovelock theorem
is formulated in order to highlight the particular status of GR in 4-dimensional
spacetime. Finally, the equivalence principles are discussed in the light of the
previous analysis of GR.

1.1 The Mach principle

The concepts of space and time dramatically change from the Newton’s the-
ory to the Einstein’s one, revealing two philosophical stances. In the XVIIIth
century (see also [Rovelli04]), Clarke (and Newton after him) claimed that
”space exists as a substance or as an absolute being and absolute motion is present”
[Alexander77] while Leibniz (and Descartes before him) maintained that ”the
space is constituted only in relation to co-existent things allowing for relativism in
motions only” [Alexander77]. During the foundations of GR, Einstein was in-
spired by the Mach’s principle(1) [Mach83], which is descended from the Leib-
niz’s point of view, stating that [Brans61],

MACH PRINCIPLE - ”The geometrical and the inertial properties of
space are meaningless for an empty space, [...] the physical properties of
space have their origin in the matter contained therein and [...] the only
meaningful notion of a particle is motion relative to other matter in the
Universe.”

(1)We would like to point out here that many different formulations of the Mach principle have
been proposed in the literature (see [Rovelli04] for a summary), some of them being fulfilled by
GR. In this manuscript, we will follow Brans and Dicke’s formulation [Brans61].

11



12 CHAPTER 1. THE THEORY OF GENERAL RELATIVITY

In GR, matter affects the gravitational field according to the Mach principle
[Rovelli04]. Also position and motion are fully relational in the sense that they
are not determined with respect to a fixed non-dynamical background like in
Newton’s theory [Gaul00]. The local inertial frame is even fully determined
by the dynamical fields [Rovelli04]. However, it is clear that GR does not im-
plement the Mach’s principle entirely since it admits many vacuum solutions,
like the Schwarzschild, Kerr and de Sitter ones. Those aspects will be further
discussed in the rest of this chapter. The Mach’s point of view on gravity has
not only inspired GR but also ways to test GR as well as modified gravity, as
we will see in Chap. 2 and 3.

1.2 General picture of General Relativity

Even if GR and the Newton’s theory of gravity do not follow from the same
philosophical stances, GR must reduce to the Newton’s laws in the non-
relativistic limit where the gravitational field is weak and velocities are small
v � c, c being the speed of light, according to the correspondence principle.
In this section, the mathematical aspects of GR are briefly reviewed as well as
their weak-field Newtonian counterparts.

1.2.1 Field equations

GR is a classical field theory which can be formulated with an action princi-
ple. The most general action is divided into a geometrical part known as the
Einstein-Hilbert (EH) action SEH and in the matter action SM,

S = SEH + SM (1.2.1)

=
1

2κ

∫
d4x
√−g (R− 2Λ) + SM [ψM; gµν ] , (1.2.2)

with κ ≡ 8π/m2
pl, mpl being the Planck mass; gµν the metric and g its deter-

minant; R the Ricci scalar; Λ the cosmological constant; and ψM the matter
fields. The equations of motion or Einstein equations are then derived from
the action variation with respect to gµν or equivalently by the Euler-Lagrange
equations(2),

∂

∂xρ

[
∂L

∂gµν, ρ
− ∂

∂xλ

(
∂L

∂gµν, ρλ

)]
− ∂L

∂gµν
= 0. (1.2.3)

(2)This Ricci scalar is function of second-order derivatives of the metric (see also Secs. 1.3.4
and 1.4 for a discussion), leading to the definition of the Euler-Lagrange equations given by
Eq. (1.2.3).
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Reminding the following relations,

δgµν = −gαµgβνδgαβ , (1.2.4)
1√−g

δ
√−g
δgµν

= −1

2
gµν , (1.2.5)

δR

δgµν
= Rµν + gµν�−∇µ∇ν , (1.2.6)

the Einstein equations read,

Gµν + Λgµν = κT (M)
µν , (1.2.7)

with the stress-energy-momentum tensor T (M)
µν

(3),

T (M)
µν ≡ −

2√−g
δSM

δgµν
. (1.2.8)

The Einstein equations are of second-order in the metric and their solutions
determine the metric field gµν up to a diffeomorphism(4). The Einstein equa-
tions describe the dynamics of the spacetime predicted by GR, that is how the
spacetime is curved (left-hand side of Eq. (1.2.7)) depending on the matter-
energy composition of the spacetime (right-hand side of Eq. (1.2.7)). Accord-
ing to the correspondence principle, GR reduces to the Newton’s theory in the
non-relativistic limit if,

gµν = ηµν + hµν , (1.2.9)

with ηµν the Minkowski metric and hµν the perturbation (h� 1). So, the Ein-
stein equations generalize the Poisson equation(5) of the classical mechanics,

∇2Φ = 4πGNρ, (1.2.10)

with Φ = −2h00, the Newtonian gravitational potential. Indeed, the left-hand
side of Eq. (1.2.10) is related to the second-order derivative of Φ (more pre-
cisely R00 = ∇2Φ [Misner73]) while the right-hand side is related to the en-
ergy distribution in space.

The conservation of the stress-energy tensor(6),

∇µT (M)
µν = 0, (1.2.11)

generalizes the Eulerian equations of hydrodynamics in the case of a perfect
fluid (see Sec. 2.2.1) to curved spacetime. On the other hand, the Einstein

(3)Following standard practice, we will abbreviate ”stress-energy-momentum tensor” as ”stress-
energy tensor”.

(4)Notice that the metric is not determined univocally because of the diffeomorphism-invariance
of GR. This is because metric fields are potentials rather than observables (see also Sec. 1.3.3 for
a discussion). Einstein was troubled with this characteristic of GR during its conception (see e.g.
[Rovelli04, Norton93]).

(5)If Λ 6= 0, it is rather a Helmholtz equation.
(6)The conservation of Tµν can be also derived from the Noether theorem, as shown in App. A
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tensor is automatically conserved∇µGµν = 0 according to the second Bianchi
identity,

(∇κR)
ρ
λµν + (∇νR)

ρ
λκµ + (∇µR)

ρ
λνκ = 0, (1.2.12)

by contracting twice Eq. (1.2.12) provided that the affine connection Γ defined
as the covariant derivative of basis vectors eµ,

∇µeν ≡ Γλµνeλ. (1.2.13)

is the so-called Levi-Civita one, i.e. is only determined by the metric.

1.2.2 The Levi-Civita connection

The metric has non-trivial properties in GR: it is symmetric gµν = gνµ such that
it has 10 degrees of freedom (provided that the spacetime is four-dimensional),
and its covariant derivative vanishes ∇µgµν = 0, the parallel transport pre-
serving thus distances and angles, so that the second Bianchi identity (1.2.12)
holds.

In general, the affine connection (1.2.13) has 43 = 64 degrees of freedom
in a four-dimensional spacetime, raising the question where these degrees of
freedom come from. In GR, it reduces to the Levi-Civita connection which
is fully determined by the metric and has no independent degrees of free-
dom. In particular, the path along which the particles are freely falling i.e. the
geodesics (see Sec. 1.2.3), is also fully determined by the metric.

In the case of the general affine connection, the non-metricity tensor Qλµν ,

∇λgµν = Qλµν , (1.2.14)

is responsible for 4 × 10 = 40 degrees of freedom, assuming gµν = gνµ. The
remaining 24 degrees of freedom are related to the antisymmetric part of the
connection (4× 6 = 24 degrees of freedom) given by the torsion tensor,

Tλµν ≡ Γλµν − Γλνµ. (1.2.15)

We can derive the components of the general affine connection Γλµν by com-
puting the combination,

∇µgαβ +∇αgβµ −∇βgµα = Qµαβ +Qαβµ −Qβµα (1.2.16)

= ∂µgαβ + ∂αgβµ − ∂βgµα
+
(
Γλβα − Γλαβ

)
gλµ +

(
Γλβµ − Γλµβ

)
gλα

−
(
Γλµα + Γλαµ

)
gλβ . (1.2.17)

Using the definitions of the Levi-Civita connection (0.0.4) as well as the defi-
nition of the torsion (1.2.15), we obtain,

Qµαβ +Qαβµ −Qβµα = 2
{
β µα

}
+ Tλβαgλµ + Tλβµgλα − Tλαµgλβ

−2Γβµα, (1.2.18)
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such that the components of the general affine connection read,

Γλµν =

{
λ

µν

}
+Kλ

µν +
1

2

(
Qλµν −Q λ

µν −Qλ
ν µ

)
, (1.2.19)

where Kλ
µν is the contortion tensor,

Kλ
µν =

1

2

(
Tλµν + T λ

µ ν + T λ
ν µ

)
. (1.2.20)

1.2.3 Geodesics equations

The Einstein equations only determine the spacetime dynamics. The motion
of a body in spacetime derives from the so-called geodesics equations which
generalize the Newton’s second law for the gravitational force (Fg = −m∇Φ,
m being the test mass),

∇Φ = −dp

dt
, (1.2.21)

with the momentum p.
In GR, because of the spacetime curvature, the notions of straight line and

parallelism are adapted by introducing the parallel transport along a curve.
A freely falling body takes the shortest path, and moves along the so-called
geodesics. The general definition of geodesics states that they are the curves
whose tangent vector V is parallel propagated along itself [Wald84], that is
satisfying,

∇VV = 0. (1.2.22)

In terms of spacetime components, the geodesics equations read,

d2xµ

dλ2
+ Γµνρ

dxν

dλ

dxρ

dλ
= 0, (1.2.23)

with λ the affine parameter and Γµνρ either the affine connection or the Levi-
Civita one(7). The geodesics equations can also be derived from the action
variation by extremizing the infinitesimal path length ds,

Sgeo =

∫
ds =

∫ √
−gµνdxµdxν =

∫ √
−gµν

dxµ

dλ

dxν

dλ
dλ, (1.2.24)

where λ is the affine parameter.
Both the geodesics and the Einstein equations implement the GR theory:

on the one hand, spacetime curvature depends on the presence of matter-
energy and on the other hand, body motion depends on spacetime curvature.
If the motion is considered for test particles with negligible mass, one can
solve first Einstein equations to determine spacetime shape and then solve

(7)The torsion does not affect the geodesics because of the symmetry over the indices ν and ρ,
such that only the non-metricity makes the affine connection different than the Levi-Civita one in
this case [Misner73].
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geodesics (which correspond to the conservation of Tµν in this case) to charac-
terize the geometry. However, if one considers a large number of test particles
whose contribution to curvature cannot be neglected, the problem is hard to
handle since no clear starting point exists. This is the reason why a mean field
approach is used in general, for instance by assuming a fluid approximation
(see Chap. 2).

1.3 The underlying assumptions of GR

After reviewing the usual point of view on GR, we will question in this section
what its underlying assumptions are in order to understand why the EH ac-
tion is so special at some point(8). Those assumptions are not trivial and have
inspired theories of gravity beyond GR.

1.3.1 Lorentz invariance and causality

In classical mechanics, equations of motion are of second order (see Sec. 1.3.4
for a discussion). Initial conditions for the position and the velocity then uni-
vocally determine how the system evolves - at least locally - in both direction
in time according to the Cauchy theorem.

In Special Relativity (SR), Lorentz invariance implies that the maximal
speed of the information propagation, corresponds to the speed of light in
the vacuum(9) c = 1 and that there exists no closed timelike curve in space-
time. An event is said to be causally connected to another one if and only if
points of the spacetime can be joined by non-spacelike curves [Hawking73].
Because of the Lorentzian signature of the metric, the time coordinate has a
privileged status [Bruneton07]. Hence, considering a four dimensional space-
time with one time dimension, the equations of motion are hyperbolic. The
Cauchy problem is not necessarily well-defined globally in GR due to the fact
that Einstein equations are hyperbolic and non-linear. Whether it can be done
or not must be decided on a case by case basis [Friedrich00]. In GR, even if
the spacetime signature is Lorentzian such that SR can be recovered locally
(see also Sec. 1.5), there exist solutions of the Einstein equations with closed
timelike curves, for instance the Gödel spacetime [Gödel49], the question of
causality being thus not trivial.

Three requirements allow to define causality in GR [Bruneton07],

1. Global chronology, No global chronology exists in relativity since any field
defines its own chronology locally on the spacetime manifold. However,

(8)The requirement of a Lagrangian formulation is also not trivial [Durrer08b, Uzan11] since the
evolution of every functions appearing in the Lagrangian must be determined self-consistently
via the equations of motion.

(9)Note that Lorentz-invariance does not always ensures the absence of superluminal motion
(see [Durrer08b, Bruneton07]).
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in order to impose a global chronology, the spacetime is (in general) re-
quired to be globally hyperbolic [Bruneton07], that is it can be decom-
posed into the three space components and one time component, a pro-
cedure called 3+1 decomposition. In order to define this notion in more
detail, let us introduce the concept of Cauchy surface [Gourgoulhon12],

CAUCHY SURFACE - ”a Cauchy surface is a spacelike hypersur-
face Σ in [the manifold] M such that each causal (i.e. timelike or
null) curve without end point intersects Σ once and only once.”

A spacetime equipped of a metric (M, g) that admits a Cauchy sur-
face is by definition globally hyperbolic and satisfies the 3+1 decompo-
sition. Most of the relevant spacetimes for cosmology and astrophysics
admits this property, the Gödel spacetime being an exception (see e.g.
[Hawking73]). The topology of such a spacetimeM is necessarily Σ×R.

2. No superluminal motion, In GR, no signal propagates faster than the gravi-
ton speed (which corresponds to c) since superluminality would break
the equivalence of all inertial frames [Durrer08b] (see also Sec. 1.3.3). In
some cases, for instance when the dominant energy condition reading,

Tµνt
µtν ≥ 0 and TµνT

ν
λ t
µtλ ≤ 0, (1.3.1)

with tµ any timelike vector(10), is not satisfied, GR admits solutions with
superluminal motion and closed loops, like the wormholes.

3. Cauchy problem, The Cauchy problem is well-posed for globally hy-
perbolic spacetime in the absence of superluminality (see [Hawking73,
Wald84] for a rigorous treatment of this question), provided that the
gauge freedom due to general covariance (see Sec. 1.3.3 for the defini-
tion) is fixed.

1.3.2 Locality

In classical field theory, locality refers to the fact that interactions at one point
of the spacetime depend only on the infinitesimal vicinity of this point. In
non-local theories, the dynamics of a field at the spacetime point x is not
only determined by its neighborhood x + δx, but also by the values of the
field in a region of spacetime possibly infinite. As an example, in case of time
non-localities, fields can exhibit memory effects [Mitsou15]. Mathematically, it
means that the field dynamics is given by integro-differential equations rather
than differential ones.

Locality is preserved in GR since equations of motion are differential
equations which derive from a Lagrangian formulation and are identified to
the Euler-Lagrange equations. Indeed, the Lagrangian formalism is unable

(10)This condition is equivalent to ρ > |p| for a perfect fluid given by Eq. (2.2.2).
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to account directly for either non-conservative interaction or causal history-
dependence processes, that is for non-local interactions, since they are time-
symmetric and necessarily energy conserving provided that ∂L/∂t = 0

[Galley13, Galley14]. However, in some cases, it is possible to formulate the
Lagrangian in such a way that non-conservative forces are included, their
equations of motion being given by the Euler-Lagrange equations [José98].

While causality and locality are sometimes confused, it is possible to build
non-local theories which preserve causality (see e.g. [Tsamis14]). In this case,
the equations of motion cannot derive from an action and an arrow of time
exists.

1.3.3 General covariance

Einstein defines general covariance by the following statement [Einstein16]:

GENERAL COVARIANCE - ”All physical laws have to be expressed
by equations that are valid in all coordinate systems, i. e., which are co-
variant under arbitrary substitutions (or generally covariant)”.

Contrary to the Newton’s second law where fictious forces have to be invoked
in non-inertial frame, Einstein equations are now valid in all coordinate sys-
tems, gravity acting like a fictious force in GR. Indeed, at each point of the
spacetime, there exists a frame where gravity is vanishing and the laws of SR
thus apply.

As any dynamical field theory based on tensorial quantities, GR can be
formulated in such a way that it is invariant under coordinate transformation
xµ −→ yµ = yµ (xα), that is under passive diffeomorphism, the diffeomor-
phism being defined as [Gaul00],

DIFFEOMORPHISM - ”A infinitely differentiable (C∞) map between
manifolds that is one-to-one, onto and has a C∞ inverse.”

In GR, the spacetime is a differential manifold and passive diffeomorphism
corresponds to a mapping between two differential charts on the mani-
fold. In particular, the EH action in the presence of the cosmological con-
stant is invariant under coordinate transformation since it involves only
scalars: the Ricci scalar, the cosmological constant and the volume element√−g d4x. Indeed, the volume element transforms under a change of coordi-
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nates xµ −→ yµ = yµ (xα) as,

d4y = d4x

(
det

∂y

∂x

)
, (1.3.2)√

−g(y) ≡
√
−g̃ =

√
−det g̃µν , (1.3.3)

det g̃µν = det

(
∂xα

∂yµ
∂xβ

∂yν
gαβ

)
, (1.3.4)

= det (gαβ) det

(
∂xα

∂yµ
∂xβ

∂yν

)
, (1.3.5)

⇒ d4y
√
−g̃ = d4x

(
det

∂y

∂x

)√
−g
(

det
∂x

∂y

)2

(1.3.6)

= d4x
√−g (1.3.7)

where (∂y/∂x) is the Jacobian matrix of the transformation and the property of
determinant det(AB) = det(A) det(B), A and B being two matrices, is used.
It results that the EH action is invariant under change of coordinates,

S ∝
∫

d4x
√−g [R(x)− 2Λ] =

∫
d4y

√
−g̃(y)

[
R̃(y)− 2Λ̃

]
∝ S̃, (1.3.8)

where the tilde denotes quantities expressed in the coordinate system yµ.
However, since position and motion are fully relational in GR according to

the Mach principle, GR is also invariant under active diffeomorphism: if all
physical dynamical objects are shifted at once on the spacetime manifoldM
(without change of coordinate system), nothing is generated but an equivalent
mathematical description [Gaul00]. From the mathematical point of view, ac-
tive diffeomorphism is a smooth displacement of any dynamical fields along
an integral curve of vector field ξ ∈ TP (M), TP (M) being the tangent space
to the spacetime manifold at point P . Such a transformation is generated by
the pushforward (φ∗ξ) : TP (M) −→ Tφ(P )(M) which carries the tangent vec-
tors ξ along the C∞ map φ : M −→ M between two tangent spaces of the
spacetime manifold,

(φ∗ξ) (f) = ξ (f ◦ φ) , (1.3.9)

the smooth function f :M−→ R being ”pushed forward” to f ◦ φ :M−→ R
by composing f with φ.

In GR, general covariance does not only refer to passive diffeomorphism
invariance but also on active diffeomorphism invariance which is made possi-
ble by the lack of prior geometry. By prior geometry, one means [Misner73],

PRIOR GEOMETRY - ”Any aspect of the spacetime geometry that is
fixed immutably, i.e. that cannot be changed by changing the distribution
of the gravitational sources.”

The lack of prior geometry implies that the spacetime geometry is purely dy-
namical and that gravity is entirely described in terms of the geometry, the ac-
tive diffeomorphism invariance being rendered equivalent to the passive one,
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revealing an additional symmetry [Bertschinger02]. As an example, the Nord-
strøm theory where gµν = ϕ2ηµν with ϕ a scalar field, admits a prior geometry
since the Minkowski spacetime is fixed a priori. Contrary to the passive dif-
feomorphism invariance, the active one is far from obvious considering the
EH action since the Lagrangian does not only depend on coordinates, but also
on the metric field which is affected by the pushforward.

In App. A, we show that the invariance of tensor fields under active dif-
feomorphism in GR implies that the second Bianchi identity holds, as long as
the connection is Levi-Civita. As a result, a shift of the metric field does not
affect the Einstein equations which only determine the spacetime geometry
[Misner73].

Finally, general covariance implies that rods and clocks measurements de-
pend on the reference frame where the observer is located because of the
gauge freedom of the metric. The interpretation of the measurements is thus
much more tricky in GR than in classical mechanics where the spacetime is in
addition euclidean. It is thus crucial to work with gauge-invariant quantities,
that is quantities which do not depend on the coordinate system. Over the ten
degrees of freedom of the metric, four are gauge degrees of freedom and must
be fixed by the four Bianchi identities, the six remaining ones being dynami-
cal. It results that, in the Hamiltonian formulation of GR, Einstein equations
reduce to four elliptic constraint equations and six hyperbolic Hamilton equa-
tions. This is the reason why metric fields are not observables, since they are
defined up to the gauge transformation. However, some quantities are gauge-
invariant like the proper time dτ . They constitute the useful quantities to be
computed in order to confront the theory with the observations.

1.3.4 Second order equations of motion

Since the Newton’s theory, equations of motion are of second order, two initial
conditions determining the solution univocally (see also Sec. 1.3.1). Actually,
the laws of physics must involve no more than second-order time derivatives
of the fundamental dynamical variables or generalized coordinates qi in order
to preserve the stability of the solution [Woodard15] as stated by the Ostro-
gradsky theorem [Ostrogradsky50].

For the sake of simplicity(11), let us introduce the Ostrogradsky’s result in
classical mechanics for a point particle in one dimension. In general, the La-
grangian L = T −V with T and V the kinetic and potential energies, depends
upon the point particle position and its derivative, L(q, dq/dt ≡ q̇) with a
quadratic dependence on q̇ coming from the kinetic term. In this case, the
equation of motion is derived from the usual Euler-Lagrange equation and is
of second order, q̈ = F(q, q̇), provided that the system is nondegenerate, i. e.
∂L/∂q(n) depends on up to q(n) with n the order of time derivative. The evo-
lution of q(t) is then univocally determined by two initial conditions, q0 and

(11)This result is so general that applies to all classical field theory.
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q̇0. In this case, the phase space transformation (q, q̇)←→ (Q, P ) with Q and
P the two canonical coordinates, is invertible,

Q ≡ q and P ≡ ∂L

∂q̇
, (1.3.10)

since P can be solved for determining q̇ = v(Q, P ).
The canonical Hamiltonian is given by the Legendre transformation of the

Lagrangian,

H = q̇
∂L

∂q̇
− L(q, q̇), (1.3.11)

= Pv(Q, P )− L [Q, v(Q, P )] , (1.3.12)

the time evolution of the canonical coordinates being given by the Hamilton’s
equations.

Let us now assume a Lagrangian with second order derivative L(q, q̇, q̈).
Since the Euler-Lagrange reads now,

∂L

∂q
− d

dt

∂L

∂q̇
+

d2

dt2
∂L

∂q̈
= 0, (1.3.13)

and because of the assumption of nondegeneracy i. e. ∂L/∂q̈ depends upon
q̈, the equation of motion is of fourth order q(4) = F

(
q, q̇, q̈, q(3)

)
. It

means that four initial conditions must be fixed in order to get the solution(
q0, q̇0, , q̈0, , q

(3)
0

)
and four canonical variables have to be defined, for in-

stance,

Q1 ≡ q, P1 ≡
∂L

∂q̇
− d

dt

∂L

∂q̈
, (1.3.14)

Q2 ≡ q̇, P2 ≡
∂L

∂q̈
. (1.3.15)

The assumption of nondegeneracy guarantees that the system is invertible,
so P2 can be inverted in order to determine q̈ = a(Q1, Q2, P2). Only three
of the four canonical coordinates are needed since L(q, q̇, q̈) only depends on
three phase space coordinates. The Hamiltonian is then derived by the usual
Legendre transformation,

H(Q1, Q2, P1, P2) ≡
2∑
i=1

q(i)Pi − L(q, q̇, q̈) (1.3.16)

= P1Q2 + P2 a(Q1, Q2, P2)

−L[Q1, Q2, a(Q1, Q2, P2)]. (1.3.17)

As for the previous case, the time evolution is given by the Hamilton’s equa-
tions.

However, the Hamiltonian (1.3.17) is ill-defined because of the linear term
in P1. Indeed, whereas P2 is constrained by (q, q̇, q̈), there is no constraint
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among the element of P1 due to the fact that there are three phase space coor-
dinates for four canonical variables. It results that P1 can take any values and
that the Hamiltonian can take arbitrary positive or negative values, leading to
the so-called Ostrogradsky instability [Motohashi15]. If the system is free, it
is not pathological. However, as soon as it is interacting with a ’normal’ sys-
tem with positive energy, the total system will lower its energy [Durrer08b]
and will quickly develop into excitation of positive and negative degrees of
freedom [Motohashi15] even if the energy is conserved (the Hamiltonian be-
ing constant provided that the system is autonomous, i. e. ∂L/∂t = 0).

In general, the Ostrogradsky’s result constitutes a no-go theorem in the
sense that equations of motion up to more than the second order leads to an
instability in the theory assuming the nondegeneracy of the system. In the
case of a degenerate system, then q̈ can be integrated out and the Ostrograd-
sky’s instability is evaded (see Chap. 3).

In GR, the Lagrangian density of the EH action is function of up to sec-
ond order derivatives of gµν . It results that the equations of motion could be
of fourth order in gµν . Necessary and sufficient conditions for these Euler-
Lagrange equations to be of second order are given by the Lovelock theorem.

1.4 The Lovelock theorem

The underlying assumptions of GR developed in the last sections, i.e. the gen-
eral covariance and the second-order equations of motion, are summarized in
the Lovelock theorem [Lovelock69, Berti15],

LOVELOCK THEOREM - ”In four spacetime dimensions the only di-
vergence free symmetric rank-2 tensor (general covariance) constructed
solely from the metric gµν (lack of prior geometry and the Levi-Civita
connection) and its derivative up to second differential order (second-
order equations of motion), is the Einstein tensor plus a cosmological
term”.

Mathematically the Lovelock theorem implies that if the action is assumed
to depend only on gµν up to second order derivative,

S =

∫
d4xL (gµν ; gµν,ρ; gµν,ρσ) , (1.4.1)

the equations of motion Eµν reading (see Eq. (1.3.13)),

Eµν [L] =
∂

∂xρ

[
∂L

∂gµν, ρ
− ∂

∂xλ

(
∂L

∂gµν, ρλ

)]
− ∂L

∂gµν
, (1.4.2)

then the only second order equations of motion in D = 4 (assuming the Levi-
Civita connection) correspond to the Einstein equations with the cosmological
constant [Lovelock69],

Eµν√−g = αm2
pl

(
Rµν − 1

2
gµν R

)
+ Λ gµν , (1.4.3)
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with α and Λ two arbitrary constants.
This result is false forD > 4 since in that case, the Lagrangian density with

the Gauss-Bonnet term G defined as,

L =
√−g G =

√−g
(
RµναβR

µναβ − 4RµνR
µν +R2

)
, (1.4.4)

gives also rise to second-order equations of motion [Lovelock69]. Indeed, for
D = 4, the Gauss-Bonnet term is related to the Euler characteristic χ which is
a topological invariant of the spacetime manifoldM,∫

d4x
√−g G =

1

8π2
χ(M), (1.4.5)

such that the Gauss-Bonnet term is not dynamical.

1.5 The equivalence principles

From a phenomenological point of view, equivalence principles are funda-
mental in GR. Thanks to our current understanding, gravitation seems to be
different than the three others fundamental interactions since it couples to
test-particles and fields universally at all scales. The classical mechanics had
already called on the Galileo’s equivalence principle, usually referred to as the
universality of free fall (UFF). Indeed two concepts of mass, apparently not
related to each other, are invoked in classical mechanics, the inertial mi and
the gravitational mg ones. In particular the acceleration inside a gravitational
field,

a = −mg

mi
∇Φ, (1.5.1)

is independent of the composition and the amplitude of the involved test mass
provided that mi = mg.

In GR the UFF derives from a novel formulation of the equivalence princi-
ple dubbed the weak equivalence principle (WEP)(12) [Carroll04],

WEAK EQUIVALENCE PRINCIPLE - ”It is impossible to detect the
existence of a gravitational field by means of nongravitational experi-
ments, at least locally in small enough regions of spacetime, where the
gravitational field is homogeneous and there is no tidal effect. In the pres-
ence of an arbitrary gravitational field, it is possible to find out a local
inertial frame where the physical laws are those of SR.”

Thus gravitation does not universally couple to the rest mass only, but also to
the energy and momentum, photons being also affected by the gravitational

(12)The definitions of the different equivalence principles in GR differ from an author to another
one. Some authors distinguish the weak and Einstein equivalence principles (see e.g. [Carroll04]
where the WEP guarantees the UFF while the Einstein equivalence principle is related to the
existence of local inertial frame). Throughout this thesis, we will consider that they overlap.



24 CHAPTER 1. THE THEORY OF GENERAL RELATIVITY

field in GR. This first version of the equivalence principle is related to pseudo-
Riemannian nature of spacetime. Because of the existence of a metric on the
spacetime manifold, there exists a set of differential charts which are compat-
ible with each other such that diffeomorphism-invariance is guaranteed. The
WEP is explicitly assumed in the Lovelock theorem since gµν is the only ten-
sor appearing in the Lagrangian (1.4.1). The UFF is thus guaranteed whatever
objects, gravitationally bounded or not.

In addition to the WEP, GR implements an even stronger version of the
equivalence principle as first noticed by Dicke [Brans08] when he looked after
the possibility of testing GR. The strong equivalence principle (SEP) states
that [Carroll04],

STRONG EQUIVALENCE PRINCIPLE - It is impossible to detect the
existence of a gravitational field by means of local experiments, either
gravitational or nongravitational.

This means that the gravitational binding energy contributes equally to grav-
itational and inertial mass. The effect of a violation of the SEP would be es-
pecially sensible in compact objects (see Sec. 2.3.4) where the gravitational
self-binding energy is non-negligible. Indeed, GR predicts that compact ob-
jects fall in the same way as light particles like photons. Moreover, the fluid
approach for describing the matter fields is also questionable since the bunch
of test particles composing the fluid self-gravitates and backreacts on space-
time curvature, contrary to point particles. In summary, the SEP implies that
the only effect of gravity is the gravity acceleration which is universal. Math-
ematically, the metric only mediates gravity and the affine connection is the
Levi-Civita one, the second Bianchi identity being guaranteed.

The mathematical formulation of the WEP and the SEP can be identified
at the level of the action. Matter fields ψM are universally (and only) coupled
to the metric gµν . Hence, gravitation acts universally on all matter contained
inside the Universe, so the WEP is guaranteed. Since the gravitational cou-
pling is given by the Newton’s constant (or the Planck mass) which does not
vary in spacetime, therefore guaranteeing the constancy of the gravitational
binding-energy, according to the SEP.

All these assumptions are questionable from the theoretical point of view
since the equivalence principles could be broken at some point, leading to
variations of the gravitational coupling into spacetime or depending on the
relative velocity between observers, or even to a breaking of the universality
of the gravitational coupling to all the matter-energy components. In addi-
tion, GR is a classical theory of gravity which is not compatible with quantum
mechanics. Indeed, gravity in GR is only defined locally according to the dif-
ferential geometry formulation while quantum mechanics is non-local in the
sense that it calls on wave function. In that sense, the equivalence principles
should be violated at some point. However, as we will see in Chap. 2, the
equivalence principles are tested with very good accuracy today, GR being
seemingly well-formulated.
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1.6 Conclusion

In this chapter, we proposed an interpretative framework of GR, highlighting
the particular status of the Einstein’s theory of gravitation. Provided that the
connection is the Levi-Civita one and the spacetime is four-dimensional, the
most general second-order equations of motion are the Einstein equations in
the presence of the cosmological constant. In addition, GR preserves locality
and causality (up to some point, for instance assuming the dominant energy
condition) and is generally covariant.

At the end of this first chapter, we formulate the following conjecture: in
four dimensions, the SEP is valid only if gravitation is mediated by a metric
(without prior geometry) and only one metric, with the Levi-Civita connec-
tion, equations of motion being of second order (such that the Cauchy prob-
lem may be well-posed).

Provided this framework, we will first question how to test GR observa-
tionally and experimentally, either the dynamics predicted by the field equa-
tions and the geodesics or the equivalence principles. Testing GR is not trivial
since the derivation of the observables is tricky because of general covariance.

Moreover, from the theoretical point of view, the underlying assumptions
of GR are also questionable since GR has limitations: it is a classical theory
of gravity which is expected to break down at high energy scale (usually the
cut-off scale of GR is assumed to be the Planck scale). However, some issues
appearing in cosmology today could also come from modifications of GR at
the low energy scale, in particular due to the difficulty to give a physical in-
terpretation to the cosmological constant.

In Chap. 3, the interpretative framework presented in this chapter will al-
low one to classify theories of gravity beyond GR in order to establish which
assumptions of GR they violate.
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Chapter 2

General Relativity under
scrutiny

In this chapter, we question how far GR is tested by the current experiments
and observations. Indeed, GR has been tested in the regime where the gravi-
tational field is weak like in the lab, in the solar system and in cosmology, ei-
ther where it is strong, for instance neutron stars (NSs) and black holes (BHs).
The recent direct detection of gravitational waves (GWs) enables one to test
also the radiative regime. Moreover, testing GR in the vacuum enables one to
test directly the spacetime dynamics whereas in the presence of sources, the
modeling of the stress-energy tensor is also tested. In particular, NSs and cos-
mology belong to this regime, the sources being relativistic or not. At the end
of this chapter, we propose a classification of the GR tests depending on the
presence and the properties of the sources. Even if no strong deviation from
GR has been highlighted up to now it enables one to highlight which regimes
have been tested.

2.1 Tests of the equivalence principles

Following [Will93], the equivalence principles are tested at three different lev-
els: the UFF, the local position invariance (LPI) and the local Lorentz invari-
ance (LLI). These three statements are tested at different scales, from the lab to
cosmology. In this section current constraints are briefly reviewed.

2.1.1 The test of the Universality of Free Fall

GR predicts the UFF for any composition, mass and gravitational binding en-
ergy of the test body (see Chap. 1). Experimentally, any deviations from the
UFF for two bodies inside the same gravitational field are parametrized by the

27
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Eötvös parameter,

ηUFF ≡ 2
|a1 − a2|
|a1 + a2|

, (2.1.1)

with a1 and a2, the acceleration of the first and the second body respectively.
If ηUFF 6= 0, then at least one kind of energy contributes differently for the
inertial and the gravitational mass [Will93].

The best constraint on the UFF at the Solar System scale is due to the Lunar
Laser Ranging experiment [Williams04],

ηUFF = (−1.0± 1.4)× 10−13 (gravitationally bounded objects)
(2.1.2)

It reveals that the Moon and the Earth, differing in composition and gravi-
tational binding energy, fall in the gravitational field of the Sun by the same
way to very good accuracy. The distance of the Moon from the Earth has been
measured thanks to a laser beam for several decades, a reflector being planted
on the Moon during Apollo space missions, and is currently known at the cm
level. Notice that the SEP is tested rather than the WEP in this case because
the Moon and the Earth are gravitationally bounded objects.

The UFF has been tested in labs by many sophisticated Eötvös-type exper-
iments, using torsion balance for instance (see [Will08] for more details). The
principle of modern torsion balance experiments is the following: two bodies
of different compositions are connected by a rod and suspended by a wire. If
the gravitational acceleration of the two bodies differ and if this difference has
a component perpendicular to the suspension wire, then a torque is induced
on the wire. Current best constraints have been obtained by [Schlamminger08]
with,

ηUFF = (0.3± 1.8)× 10−13 (non-gravitationally bounded objects)
(2.1.3)

Eötvös experiments test the WEP since the test mass is not gravitationally
bounded, the masses being only bounded by other interactions.

The UFF has been also tested at the atomic level where quantum mechanics
comes into play. In 1975, Colella, Overhauser and Werner proposed to test the
UFF with neutron interferometry [Colella75], the interferometer being tilted
with respect to the Earth gravitational acceleration such that the neutrons are
in free fall in the external gravitational field of the Earth. Other experiments
are based on atom interferometry: atoms are cooled thanks to laser beams and
are then trapped in a precise location. Placing atoms in different atomic lev-
els, differences in acceleration due to the Earth are measured with very good
accuracy (see e.g. [Peters99]). The same principle can be used for testing the
difference in acceleration for different isotopic species [Fray04], for different
spins states [Tarallo14], etc. For instance, the best bounds on the Eötvös pa-
rameter for 87Rb and 39K atoms read [Schlippert14],

ηUFF = (0.3± 5.4)× 10−7 (quantum objects) (2.1.4)
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A similar experiment is described in much more detail in Chap. 4 where
numerical simulations are provided for an atom interferometry experiment
testing the acceleration due to a scalar field possibly responsible for the current
cosmic acceleration. However, the presence of a fifth force is tested in this case
(see also Sec. 3.2.5.2) rather than the UFF.

2.1.2 The Local Lorentz Invariance

LLI is one of the cornerstone in SR, and thus in GR and standard model of par-
ticle physics (SM). In GR, the WEP guarantees that it is always possible to find
a frame at each point of the spacetime where the laws of SR are valid. Active
Lorentz invariance(1) is maybe not an exact symmetry at all energies; either the
Lorentz symmetry is broken since there exists a preferred frame determined
by other field(s) than the metric, for instance a vector field [Jacobson01]; or it
is deformed such as the Lorentz transformation from one frame to another is
modified.

Observing a Lorentz violation implies that observables differ depending
on the velocity of the frame. Two laws are thus tested: the constancy of the
speed of light c, the best bound being [Michimura13],

δc

c
. 10−14 (2.1.5)

as well as the vacuum dispersion relation of SR, E2 = mc2 + p2c4 which can
have higher order terms (see e.g. [Mattingly05]). Several formalisms and
parametrizations have been proposed, at the classical level like the c2 for-
malism or at the quantum one like the Standard Model Extension (see e.g.
[Mattingly05, Will08]).

Many experiments have been performed at different scales, none of them
highlighting a violation of the LLI (see [Mattingly05, Kostelecky11]). Most
of them are realized in conditions where the gravitational effects can be ne-
glected. However, gravitational tests exist too, using the Cosmic Microwave
Background (CMB) power spectrum and the polarization of GWs for instance
(see also Secs. 2.4.5 and 2.3.3.3 respectively). The direct detection of GWs from
coalescing BHs (see Sec. 2.3.3.3) will allow one to improve the constraints on
the LLI in the gravity sector [Kostelecký16].

2.1.3 The Local Position Invariance I: gravitational redshift
experiments

LPI states that the measure of observables does not depend on the position
(in space and in time) where it takes place. The gravitational redshift exper-
iment, which consists of measuring the relative difference in frequency ∆ν/ν

(1)The passive one is always fulfilled provided that the equations of motion are tensorial (a local
Lorentz transformation is a subgroup of the general coordinates transformations) [Mattingly05]
(see also Sec. 1.3.3).
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of two identical frequency clocks placed at two different positions in a static
gravitational field, directly tests the LPI. GR predicts that, up to first order,

∆ν

ν
= (1 + α)

∆U

c2
, (2.1.6)

where ∆U is the difference between the gravitational fields at the two different
places and α = 0 according to GR.

This experiment was first realized by Pound, Rebka and Snider in 1959-
1960 at Harvard University [Pound60, Pound64]. They studied the redshift
of a photon emitted upwards from the basements of a tower at Harvard to a
receiving atom at the top of the building. Since the receiving atom is mov-
ing downward, this experiment combines the gravitational redshift and the
Doppler redshift predicted by SR. Because of the Mössbauer effect, i.e. the
resonant absorption of a photon by an atomic nuclei bounded in a solid, the
receiving atom absorbs the photon only if the energy of the photon exactly
corresponds to the transition between two atomic energy levels. Using this
method, they determined α at the 1% level [Pound64]. The current best con-
straint was obtained in 1976 by GRAVITY PROBE-A [Vessot80],

|α| < 2× 10−4 (gravitational redshift) (2.1.7)

They measured the difference in frequency of two hydrogen maser clocks, one
being aloft in a spacecraft 10,000 km away from the Earth and the second one
staying on the ground.

LPI has been also tested by null-redshift experiment where the difference
in frequency between two different clocks at different places in a gravitational
field is measured. In this case, the effect of the clocks structure is also tested
implying a potential violation of the UFF. Best constraints have been obtained
at the Solar System scale by comparing the frequency of atomic clocks in
the time-varying gravitational potential of the Earth due to its orbital motion
around the Sun [Bauch02]. The measure of α should be improved by the fu-
ture space missions like the Galileo 5 and 6 satellites (|α| < 4×10−5) [Delva15]
as well as the ACES space mission [Cacciapuoti09]. In addition, the test of the
gravitational redshift would also be explored in the strong field regime, for
example by looking at the bodies orbiting around the central BH of the Milky
Way, Sagittarius A* (SgrA*) [Meyer12].

Constraining the variation of the fundamental constants is a second test
of the LPI since it would imply a violation of the LPI: depending on where
and when the experiment is performed, the measure of the observables would
differ. We discuss this second test in Sec. 3.2.4.2. In the following, we will
refer to the LPI either for gravitational redshift experiments or the constancy
of fundamental constants.
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2.2 The weak field regime

The weak field regime describes gravitational systems where the linearization
of GR is valid since the gravitational field is weak. The (quasi-)stationarity or
slow motion regime is also implicitly assumed, in the sense that the massive
bodies motion is slow compared to c. We have already explored the test of
the equivalence principles in this regime (see Sec. 2.1). We will now turn to
the test of the dynamics predicted by GR either the Einstein or the geodesics
equations.

The dynamics predicted by GR has been already tested a lot, for instance
with the perihelion precession of Mercury, the deflection of light by the Sun
or the Lense-Thirring effect for spinning objects in orbit, for citing only some
of them. In order to take into account all the possible deviations from GR,
the parametrization of the deviations from the predictions is required. This
is the reason why post-Newtonian (PN) formalism [Eddington57] has been
developed and extensively used, especially in the Solar system and for binary
pulsar.

2.2.1 The Post-Newtonian formalism

The PN formalism is devoted to testing gravity in the weak field regime and,
in particular, in the Solar System where the modeling of the Sun and its flock
of planets would require many-body system formulated in GR. Assuming the
spherical symmetry with the Sun at the center, the expansion of the Einstein
equations order by order makes the study of the Solar System possible.

This phenomenological approach consists of expanding all the possible
terms of gµν and Tµν in the weak field and slow motion regime. The PN for-
malism is perfectly suitable for the Solar System since,

1. The gravitational field is weak: |Φ|/c2 . 10−5 in the Solar System. The
upper limit is at the center of the Sun where Φ�/c

2 . 10−5 while for
the Earth Φ⊕/c

2 . 10−10 [Will93]. The strength of a gravitational field is
further defined by the compactness s (in spherical symmetry),

s =
2GNM

R = 2|Φ| ≡ rs

R , (2.2.1)

with M the mass of the object, R either its radius or its characteristic
scale (see Secs. 2.3 and 2.4) and rs = 2GNM its Schwarzschild radius,

2. The matter generating the Solar System gravity is in slow motion compared to
the Solar System center of mass, v/c� 1 (more precisely v2/c2 . 10−7),

3. The energy density is much larger than the pressure ρc2 � p: For the sake
of simplicity the stress-energy tensor is usually assumed to be a perfect
and non viscous fluid,

Tµν = (ε+ p)uµuν + p gµν (2.2.2)
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with uµ, the 4-velocity of the perfect fluid, ε = ρc2 (1 + Π), ε, ρ, Π and
p being the energy density, the rest-mass energy density, the specific en-
ergy density which takes into account other forms of energy than the
rest mass one, and the pressure respectively.

These assumptions are no longer valid in the strong field regime which re-
quires other parametrizations of the metric (see Sec. 2.3). Moreover, even for
the Solar System, the PN formalism is valid in the limit where the rest of the
Universe does not affect it [Misner73].

As stated before, the fields are expanded on the Minkowski background
which constitutes the asymptotic solution at spatial infinity. The metric ex-
pansion is given by,

gµν(x) = ηµν + hµν(x), (2.2.3)

where hµν � 1 is developed order by order and can be considered as a field
propagating on the Minkowski background where ηµν allows for raising/low-
ering the indices. The Newtonian limit is obtained assuming the metric ex-
pansion (see also the correspondence principle in Sec. 1.2),

g00 = −
(

1 + 2
Φ

c2

)
, gi0 = 0, gij = δij . (2.2.4)

This limit is referred to as the first order approximation. The stress-energy
tensor must be expanded in the same way, for instance assuming a perfect
fluid with T 00 = ρ, T 0i = ρvi and T ij = ρvivj + pδij . Up to the first order the
conservation of Tµν leads to the Eulerian equations of hydrodynamics,

∂ρ

∂t
+∇ · (ρv) = 0, (2.2.5)

ρ
dv

dt
= ρ∇U −∇p, (2.2.6)

with d/dt = ∂/∂t+ v · ∇. Indeed up to first order,

∇µTµν = 0 ⇒ ∂µT
µν + Γν00T

00 ' 0, (2.2.7)

with Γk00 = ak = −∇U by the Newtonian limit of the geodesics equations,
ak = d2xk/dt2 being the acceleration and U ≡ −Φ/GN the gravitational po-
tential(2). The component ν = 0 and ν = i of Eq. (2.2.7) reduced to Eqs. (2.2.5)
and (2.2.6) respectively using the definitions of the total derivative, ak as well
as the relation ∂i(ρvivj) = ∇ · (ρv)vj + v · ∇vj .

The study of GR requires the second order approximation or the 1PN or-
der. The order of smallness of physical quantities εPN intervening in the equa-
tions of motion are evaluated with respect to the gravitational potential U .
Keeping in mind that quantities appearing in the Newton’s theory like v, ρ
and ηµν are of 0PN order or εPN, terms arising in the perturbation theory like

(2)In the PN literature, the gravitational potential is referred to as U ≡ −Φ/GN rather than to Φ
[Misner73]
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hµν and ∂/∂t are of the order 1PN. Comparing terms appearing in the Eule-
rian equations of hydrodynamics as well as the definition of the components
of Tµν for a perfect fluid (see [Will93] for details), the bookkeeping of the order
of smallness reads(3),

U ∼ v2 ∼ p

ρ
∼ ε2PN, (2.2.8)

and the time derivative which is vanishing in the Newtonian limit, is now
of order εPN. The expansion of the metric to the 2PN order implies that the
expansion of each component is determined up to,

g00 = η00 + h
(2)
00 + h

(4)
00 + ... ' −1 + 2U + h

(4)
00 , (2.2.9)

gi0 = ηi0 + h
(3)
i0 + h

(5)
i0 + ... ' h(3)

i0 , (2.2.10)

gij = ηij + h
(2)
ij + h

(4)
ij + ... ' δij + h

(2)
ij . (2.2.11)

The relevant even/odd terms in the expansion depend on their change of sign
under time reversal: terms whose total v’s and ∂/∂t’s are odd like gi0 change
sign under time reversal contrary to g00 and gij (4) [Misner73].

The stress-energy tensor has to be expanded by the same way. Its expan-
sion requires the definition of some potentials (see also App. B for an exam-
ple), among them the Newtonian potential [Will93],

U (x, t) ≡ −Φ (x, t)

GN
≡
∫

d3x′
ρ (x, t)

|x′ − x| . (2.2.12)

Einstein equations are then solved order by order.

2.2.2 The Parametrized Post-Newtonian formalism

The PN expansion is dubbed the parametrized Post-Newtonian (PPN) for-
malism when the metric is parametrized in the most general way, including
ten parameters depending on ten potentials defined similarly to the Newto-
nian potential (2.2.12) (see [Nutku69, Will93, Will08] for the whole expansion
and technical details). The PPN parameters can be directly constrained from
the observations in a model-independent way. We will consider only two PPN
parameters in this thesis, namely γPPN and βPPN. In the Standard PN gauge
they read [Will93],

g00 = −1 + 2 ḠU − 2βPPN Ḡ
2U2, gij = δij

(
1 + 2 γPPN ḠU

)
,

(2.2.13)
with γPPN = βPPN = 1 according to GR (c = 1), Ḡ being the measured gravi-
tational constant. Best constraints today,

|γPPN − 1| < 2.3× 10−5, |βPPN − 1| < 7× 10−5 (2.2.14)

(3)The cosmological constant does not intervene in the calculations because of its far too low
value compared to other terms of the Einstein equations.

(4)This is true up to ε5PN where other effects like radiation damping come into play.
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were obtained by the Cassini spacecraft thanks to Shapiro effect [Bertotti03]
and by studying orbital effects in planetary ephemerids [Fienga11] respec-
tively. For the additional PPN parameters, the reader is reported to [Will08].
The constraints on PPN parameters should be improved in the near future
thanks to space missions like GAIA (see for example [Hobbs09] and [Hees15])
and BepiColombo [Milani02] which should enable to constrain them up to
γPPN − 1 ∼ 10−6 and βPPN − 1 ∼ 10−6.

The PPN formalism applies to all theories which possess one met-
ric describing spacetime provided this metric satisfies the WEP (see e.g.
[Misner73]). In this case the asymptotic behavior of metric fields is polyno-
mial. As an example, if the metric has a massive scalar field counterpart, the
gravitational Newtonian potential is of Yukawa type (see also Sec. 3.2.5.2).
The asymptotic behavior of the metric field is then exponentially decreas-
ing and the PPN formalism is thus not valid. However, if its mass is suffi-
ciently small, we can consider that it contributes to higher order terms and
neglect it in the PPN expansion as for the cosmological constant in GR. Other
metric parametrizations have been proposed in order to generalize the PPN
parametrization for extended theories of gravity, like the Parametrized Post-
Einsteinian formalism [Jaekel05] which takes into account more generaliza-
tions of GR. In addition, simulations of observables for general modifications
of gravity have been developed [Hees12b].

2.3 The strong field regime

In the limit where U ∼ v2 ∼ p/ρ ∼ ε2PN � 1 is no more valid everywhere
in the gravitational system, strong field regime effects come into play and
the linearization of GR, i.e. the 1PN approximation, is no longer appropri-
ate [Will08]. This is the case for compact objects (s ∼ 1), the most compact
objects predicted by GR being BHs with s ∼ 1 (see the definition of the com-
pactness (2.2.1)). The strong field regime also applies for less compact objects
like NSs, s = 0.2 − 0.4, and white dwarf, s = 10−2. In comparison, s = 10−6

for the Sun and s = 10−10 for the Earth.
In the case where orbital velocity in binary systems is very large (v ∼ c),

relativistic effects have to be taken into account. Binary pulsar does not be-
long to this regime so that a kind of PN approximation might work [Will08].
This is no longer true for binary systems of BHs which require other tools like
numerical relativity simulations.

Compact objects also enable one to test the SEP because of their non-
negligible binding energy. In this section, the GR solution for spacetime
around a compact object is briefly reviewed and the current and future tests
of GR in the strong field regime are briefly discussed, focusing on BHs, GWs
and NSs.
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2.3.1 The Schwarzschild solution

Studying spacetime inside and around compact objects, the most simple
spacetime symmetry is the spherical one. In this case, the spacetime geom-
etry surrounded compact objects, i.e. in the vacuum, is the Schwarzschild one
whether the star is static, vibrating or collapsing, according to the Birkhoff
theorem [Birkhoff23](5),

BIRKHOFF THEOREM - ”All spherically symmetric solutions of Ein-
stein equations in the vacuum must be static and asymptotically flat
(in the absence of a cosmological constant), that is a piece of the
Schwarzschild geometry.” [Clifton12, Misner73]

In particular, this theorem implies that far from the compact objects, their
gravitational influence is negligible so that the spacetime is asymptotically
flat at spatial infinity (neglecting the cosmological constant). The most gen-
eral metric for a static and spherically symmetric spacetime given here in the
Schwarzschild coordinates(6), is,

ds2 = −e2ν(r) dt2 + e2λ(r) dr2 + r2 dΩ2, (2.3.1)

where ν and λ are both metric fields which have to be determined by solving
the Einstein equations, and dΩ2 ≡ dθ2 +sin2 θ dϕ2 is the infinitesimal solid an-
gle. The influence of asymptotically expanding spacetime, taken into account
in the Schwarzschild-de Sitter spacetime solution, is neglected in Eq. (2.3.1).

The solution of the Einstein equations in the vacuum for the metric (2.3.1)
is the Schwarzschild solution [Schwarzschild16a],

ds2 = −
(

1− rs

r

)
dt2 +

(
1− rs

r

)−1

dr2 + r2 dΩ2, (2.3.2)

with rs the Schwarzschild radius. Two singularities appear in Eq. (2.3.2). The
first one at r = rs is only a coordinate system singularity(7) while the singu-
larity at r = 0 is a true one in the sense that the spacetime curvature becomes
infinite. In order to check if the singularities are physical, gauge-invariant ob-
servable for the spacetime curvature must be derived, that is the Kretschmann
invariant Ξ,

Ξ = RµνρσR
µνρσ =

48M2

r6
, (2.3.3)

confirming that the only physical singularity is at r = 0.
BH solution implies the existence of an event horizon in r = rs within

which nothing can escape and such as no event inside the horizon affects the

(5)This theorem was actually discovered and published two years earlier by Jebsen [Jebsen21,
Voje Johansen06]

(6)Note that Schwarzschild coordinates apply for any spherical system and do not imply the
Schwarzschild solution which is only valid in the vacuum.

(7)Change of coordinates to more involved coordinate systems like Eddington-Finkelstein or
Kruskal-Szekeres ones, are non-singular in r = rs.
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dynamics outside. Singularities could be created during gravitational collapse
without the formation of a horizon [Jacobson96], such that the singularity in
r = 0 would be ”naked”. Penrose conjectured that appearance of such a
”naked” singularity is forbidden because it would be causally disconnected
from the exterior of the event horizon [Penrose65]. This conjecture is referred
to as the cosmic censorship.

The Schwarzschild solution is sufficient for describing spacetime in the
vacuum, i.e. in the absence of matter. In particular, it enables one to
study static BHs where only gravity comes into play. Note that most of
the BHs rotate (usually slowly enough for assuming the quasi-stationarity),
the spacetime being then axisymmetric rather than spherically symmetric
[Gourgoulhon14]. A metric is stationary if all its components are time-
independent or equivalently if it possesses a timelike Killing vector. If
the spacetime is static, then there exists also a time reflection symmetry
[Teukolsky15]. Hence, rotating BHs are stationary and modeled by the Kerr
metric while non rotating ones are static and modeled by the Schwarzschild
metric. The asymptotic flatness has to be imposed for recovering the
Minkowski solution at spatial infinity according to the Birkhoff theorem.

2.3.2 The uniqueness theorems for black hole solution

Chandrasekhar wrote [Chandrasekhar83],

BLACK HOLE - ”The black holes of nature are the most perfect macro-
scopic objects there are in the Universe: the only elements in their con-
struction are our concepts of space and time. And since the general theory
of relativity provides only a single unique family solutions for their de-
scriptions, they are the simplest objects as well.”

From the classical point of view, BHs observations only probe spacetime cur-
vature effects, without any prior knowledge on the matter coupling to gravity.
As we will see in the following, GR in the vacuum is directly tested by the re-
cent direct detection of GWs by LIGO [Abbott16b].

In 1967, Israel proved that the only static asymptotically flat solution of
the Einstein equations with a regular horizon is the Schwarzschild one in the
absence of BH electric charge. This is the beginning of a serie of uniqueness
theorems (see e.g. the Robinson’s contribution of [Wiltshire09]) guaranteeing
that there is a very limited family of stationary, asymptotically flat BH so-
lutions in Einstein-Maxwell’s theory: the unique spacetime solutions are the
Kerr [Kerr63] and Schwarzschild metrics for stationary and static spacetimes
respectively (or the Kerr-Newman [Newman65] and the Reissner-Nordström
ones [Reissner16, Nordström18] in the presence of an electric field). The mass,
the angular momentum and the electric charge are the only three parame-
ters for describing all BHs in nature, all the other properties in the previous
stages of the life of the star being not relevant anymore [Thorne94]. In particu-
lar, all stellar properties like deviation from spherical symmetry and magnetic
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field are not relevant anymore during the collapse of a star since the gravi-
tational field decouples from its matter source in the late stages of collapse
[Teukolsky15].

However, the uniqueness theorems assume that there is no additional
scalar, vector or spinor field degrees of freedom and that no naked singular-
ity exists(8). The no-hair conjecture states that BHs are completely specified
by giving their mass, angular momentum as well as electric and magnetic
charges, the ”hair” being fields associated with stationary BHs apart from
the gravitational and the electromagnetic ones. It has been proven for par-
ticular cases only (see e.g. [Bekenstein72, Bekenstein95]). Basically no-hair
theorem guarantees that the scalar field is constant outside the horizon, i.e.
|∇φ| = 0 ∀r > rH, rH being the horizon radius, such that the scalar field is
settled to its asymptotic value outside the horizon [Weinberg02]. The proofs
of no-hair theorems for more sophisticated models are still under investi-
gation (see e.g. [Berti15]). A lot of models beyond GR violate this theorem
[Chrusciel12] (9).

2.3.3 Tests in the vacuum

In this section, the current and future observations in the strong field regime
appearing in the vacuum are briefly discussed. Those observations directly
probe the spacetime properties since they are performed in the absence of
matter.

2.3.3.1 Isolated black holes

Because of the uniqueness theorems, any deviation from the Kerr-Newman
family of solutions would invalidate GR. In order to test the dynamics
predicted by GR, parametrization of generic spacetimes would be a very
useful tool, similarly to PPN expansion in the weak-field regime. How-
ever, no unique reference metric exists in the strong-field regime like the
Minkowski spacetime in the weak-field one. Some attempts have been de-
veloped [Johannsen11] (see also [Berti15] for a summary).

Experimental tests have been proposed, notably by measuring the dynam-
ics of orbiting objects like pulsars around BHs [Sadeghian11], for instance
around SgrA* thanks to the telescope General Relativity Analysis via Vlt In-
TerferometrY (GRAVITY) [Eisenhauer11]. Any deviation from the timelike
geodesics of the Kerr spacetime would be an evidence for physics beyond GR.
In the forthcoming decades, the radio telescopes Five hundred meter Aperture
Spherical Telescope (FAST) and Square Kilometer Array (SKA) will discover

(8)This last assumption which should be unnecessary [Teukolsky15] and is still a limitation of
the uniqueness theorem.

(9)For instance hairy BHs are predicted in the presence of non-Abelian gauge fields, like in the
Einstein-Yangs-Mills theory where the solution is static and has vanishing Yang-Mills charges
whereas it is not characterized by its total mass. However, physical observables remain identical
(see e.g. [Volkov99]).
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most of the active pulsars beamed toward us in the Milky Way [Kramer04],
so that some binary systems of pulsar-BH or pulsar orbiting around SgrA*
should be detected.

Some further tests of GR exist too: are all compact objects with a massm &
3M� BHs? Do all BHs have a horizon? Observations in the electromagnetic
spectrum are tricky but GWs modes detection should give rise to precision
test.

2.3.3.2 Binary pulsar

Pulsars are rotating NSs which emit radio waves due to their intense mag-
netic field, around 108 T. Even if they are compact objects, binary pulsar sys-
tems only probe GR in the vacuum provided that both compact objects can
be considered as ”point” masses without complicated tidal effects. Indeed, if
the equivalence principles are fully satisfied, the only way to detect gravita-
tional effects is via tides which generate GWs. In order to be detectable, GWs
must be generated either by the coalescence of two compact objects either by
isolated not perfectly symmetric NSs. Because of the emission of GWs, the
orbital period of the binary system decreases over time. In the case of binary
pulsar, the orbital velocity is relatively small v/c ∼ 10−3 � 1 such that the PN
formalism at leading order is still valid and the orbital period changes at an
effectively constant rate [Abbott16c].

In 1974, Hulse and Taylor discovered the binary pulsar PSR B1913+16
which enables to test the strong field as well as the radiative regime of GR for
the first time. Computation of 3 over the 5 post-keplerian parameters leads to
a self-consistent estimation of the 2 remaining parameters, i.e. the mass of the
pulsar and of its companion [Will08]. In addition, the variations of the orbital
period in time Ṗb due to the emission of GWs were measured during 30 years
(the coalescence process lasts around 107 years in the case of binary pulsar
systems [Abbott16c]), yielding [Taylor92, Weisberg10],

Ṗ obs
b

ṖGR
b

= 1.0013± 0.0021, (2.3.4)

GR predictions being tested at 10−3 level. Other binary systems have
been studied since then, giving rise to even better tests of gravity (see e.g.
[Kramer06, Antoniadis13]).

Binary pulsar systems are today able to test GR, either by measuring the
emission rate of GWs over decades or by studying the nonradiative strong-
gravity effects [Taylor92] by testing the SEP (see Sec. 3.2.5.3). In the future,
tests should be improved by detecting a lot of binary systems.

2.3.3.3 Direct detection of gravitational waves

The recent direct detection by LIGO of GWs coming from the coalescence of
two binary BHs systems [Abbott16b, Abbott16a] enables one to probe the large
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velocity and highly non-linear regime of GR [Abbott16c]. This regime not only
requires the PN formalism but also numerical relativity simulations [Gair13]
in order to take into account the full non-linearities of GR.

The coalescence process of two BHs is divided into three parts: the inspiral
phase during which BHs spiral together on nearly circular orbit; the merger
phase where the relative velocity is close to the speed of light, v/c ∼ 1/3

and the oscillation frequencies of the emitted GWs are very specific [Berti15];
and the ring-downs where any remaining deformity of the final single BH is
dissipated in GWs. At the end of the coalescence process, the final BH remnant
must settle down to a stable stage, satisfying the Kerr solution according to the
uniqueness theorems.

The coalescence process as a whole is found to be in agreement with pre-
dictions of Einstein equations in the vacuum. According to the observations
during the inspiral phase, i.e. using the low-frequency of the signal, the esti-
mated masses of the primary and secondary BHs are given by m1 = 39+6

−4m�
and m2 = 32+4

−5m� for the first event [Abbott16b] and m1 = 14.2+8.3
−3.7m� and

m2 = 7.5+2.3
−2.3m� for the second one [Abbott16a]. Moreover, those results are

consistent with the estimated mass and the dimensionless spin of the final BH
as predicted from the inspiral phase and inferred from the merger and ring-
downs phases.

LIGO has given the best upper bound on the graviton mass in the dynam-
ical regime, mg < 1.2× 10−22 eV at 90% Confidence Level (C.L.) [Abbott16c],
a result which provides constraints on modifications of gravity predicting a
massive graviton. Indeed, such theories predict that the massive graviton
propagates at a frequency dependent speed [Abbott16b].

Up to now, LIGO has not provided constraints on the polarization states of
GWs. Once the other ground based detectors like Advanced Virgo, Kagra and
LIGO-India, will be operational, it would be possible to measure the polar-
ization, such that models beyond GR which predict other polarization modes
that the quadrupole one (the only mode predicted by GR) could be ruled out.

The advantages of GW astronomy with respect to optical astronomy as
well as astroparticle physics, are multiple: their signal is very clean since they
are not affected by the presence of matter or electromagnetic fields when they
are emitted and as a result, they do not suffer from the uncertainty on the
astrophysical matter like NSs (see Sec. 2.3.5). Moreover, GWs enable one to
probe some astrophysical phenomenons in the absence of any other signal,
for instance BH binary system. However, the inspiral and merger processes
are intrinsically transient. The intrinsic feebleness of the signal-to-noise ratio
of GWs detection is a second drawback since GWs detection requires complex
data analysis for extracting the signal.

2.3.3.4 GWs detection in the future

Experiments like LIGO are dedicated to the coalescence of NSs and stellar
BHs at late time, for a redshift z ∼ 1, since they are able to detect signals
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from deca- to hecto-Hz [Yunes13] (the frequency of the first signal detected by
LIGO is ∼ 35− 150 Hz). The space mission eLISA (see [Amaro-Seoane13] for
the scientific review of the mission) should be launched in the horizon 2034. It
would be rather dedicated to the detection of GWs coming from supermassive
BH binary system, up to a redshift of z ∼ 10 [Gair13]. Because of the very large
size of its arms, around 106 km, such an experiment can detect GWs from
10−5 to 1 Hz [Yunes13]. The recent results from LISA-Pathfinder experiment
confirmed that the sensitivity of eLISA is reachable [Armano16].

2.3.4 Schwarzschild interior solution

Computing the GR solution for a compact star interior involves the knowl-
edge of the fluid composing the compact stars. In this case, not only the cur-
vature effects are probed but also the composition of the matter sources as
well as its coupling to the curvature. As we will see, GR is not tested directly
in this case. As for the vacuum solution, we restrict the discussion to the static
and spherically symmetric spacetime with the metric ansatz (2.3.1).

The most general stress-energy tensor associated to a spherical distribution
of matter bounded by gravitation is locally anisotropic [Lemaı̂tre33] such that
the radial pr and tangential pt pressures are independent. In the standard per-
fect fluid limit(10), i.e. pr = pt = p (2.2.2), the so-called Tolman-Oppenheimer-
Volkoff (TOV) equation generalizes the Euler equation of fluid dynamics and
is derived from the conservation of the stress-energy tensor, ∇αTαβ = 0 for
β = r (Γ0

0r = ν′),

∇αTαr =
dp

dr
+ Γαrαp− ΓαrβT

β
α = 0, (2.3.5)

dp

dr
= −ν′ (p+ ρ) , (2.3.6)

= −(p+ ρ)
2m(r) + κr3p

2r [r − 2m(r)]
, (2.3.7)

where the second equality derives from the Einstein equations (see e.g.
[Wald84] for the detailed calculations) and m(r) is the mass function of the
compact object,

m(r) = 4π

∫ r

0

dr′ T 0
0 r
′2, (2.3.8)

= 4π

∫ r

0

dr′ ρ(r′) r′2. (2.3.9)

Then the solution of the TOV equation requires an equation of state (EoS) for
the star interior p = p(ρ).

(10)We emphasize here that perfect fluid is for sure a strong assumption which is only justified by
the sake of simplicity. Realistic description of the fluid composing compact objects requires more
involved equations of state (see Fig. 2.1).
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Starting from the definition of the mass function (2.3.8) and assuming a
static and spherically symmetric spacetime, the total mass of the matter distri-
bution is referred to as the Arnowitt Deser Misner (ADM) mass,

mADM = 4π

∫ ∞
0

dr ρ(r) r2. (2.3.10)

However, the common sense of the mass that is the density inside a proper
volume element

√
−(3)gd3x = eλ r2drdθdϕ, is rather referred to as the proper

mass in GR [Wald84],

Mpr =

∫
d3x
√
−(3)gρ = 4π

∫ ∞
0

dr ρ(r) eλ r2, (2.3.11)

the difference between the proper and the total mass being interpreted as the
gravitational binding energy,

Eb = Mpr −m > 0. (2.3.12)

Assuming top-hat density profile inside the star,

ρ(r) =

{
ρ0 if r ≤ R,
0 otherwise,

(2.3.13)

the TOV equation admits an analytical solution, imposing p(r = R) = 0

[Schwarzschild16b, Tolman39],

p(r) = ρ0

√
1− s−

√
1− s3r2

R2√
1− s3r2

R2 − 3
√

1− s
. (2.3.14)

The central pressure pc = p(r = 0) predicted by GR,

pc = ρ0

√
1− s− 1

1− 3
√

1− s . (2.3.15)

becomes infinite for,

1− 3
√

1− s = 0 ⇔ 1− s =
1

9
⇔ s =

8

9
, (2.3.16)

or equivalently for the critical mass Mcr = (4/9)m2
plR (see Eq. (2.2.1)) assum-

ing uniform density stars whatever EoS [Buchdahl59](11). Hence, observations
of stars with s > 8/9 might reveal either the existence of anisotropic stars with
pt & pr [Füzfa02] or a deviation from GR.

(11)The last two assumptions are not restrictive actually [Wald84].
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2.3.5 Tests in the presence of relativistic matter: neutron stars

When the mass of a star is sufficiently large, that is when it reaches the Chan-
drasekhar limit of m & 1.44M�, then electron degeneracy pressure due to
the Pauli principle is not sufficient anymore for counterbalancing the gravi-
tational collapse and the star ends up exploding in a supernova (SN) Ib/c or
II. The SN remnant can be either a NS or a stellar BH, depending on the mass
and the metallicity, i.e. the presence of atomic elements other than hydro-
gen. The maximal NS mass which has been detected to date, is 2.01± 0.04M�
[Demorest10] (see Fig. 2.1).

In order to be able to test GR with NSs, the EoS should be determined.
However, the EoS inside the core of NSs where the density becomes supranu-
clear around 1015g/cm3, is still largely unknown. The NSs crust is mainly
composed of neutrons with electrons and protons while the density in the
inner core is so high that it is constituted by a quark-gluon plasma which re-
quires lattice Quantum Chromodynamics (QCD) computations in order to be
simulated (see e.g. [Chamel13]). Depending on the EoS, the maximum mass
and compactness predicted by GR are different [Berti15]. The mass-radius di-
agram represented in Fig. 2.1 enables one to represent the different predictions
of GR depending on the EoS. If the EoS predicts a maximal mass smaller than
the maximal mass detected, i.e. 2.01±0.04M�, it is rejected (see e.g. [Wex14]).

Hence, the difficulty of testing GR thanks to isolated NSs arises from the
fact that the EoS of high-density matter is degenerated with strong-gravity
effects [Berti15]. In order to tackle this problem, some strategies have been in-
voked using almost EoS-independent relations between macroscopic observ-
able properties of NSs [Chamel15] (see e.g. [Yagi13]) like the ”I-Love-Q” rela-
tion, which is a universal relation between the moment of inertia of the NS I ,
the Love numbers which measure the tidal deformability and the quadrupole
moment of the NS Q (see [Berti15] and references therein for details). More
recently a universal relation between I and the compactness has also been
highlighted [Breu16]. With such a universal relation, gravity can be tested
in the strong-field regime without any prior knowledge of the EoS and as-
trophysical observations enable one to constrain nuclear physics up to a very
large density.

Another axis of research consists of determining the EoS of NSs thanks
to astereoseismology by observing characteristic NSs oscillation frequency or
quasi-normal modes (see [Kokkotas99] for a review). Those oscillations are
responsible for the emission of GWs. As an example, the measure of the fre-
quency and the damping time due to GW emission of one particular mode
(called the f−mode) would give rise to both constraints on mass and radius
of the NS up to at least 10% accuracy and could be detected by LIGO up to 20

Mpc(12) for supermassive NSs according to [Surace16].
Observations of glitches, i. e. sudden changes in the pulsar rotation rate,

(12)1 pc is the distance at which 1 AU (the averaged distance from the Earth to the Sun) subtends
an angle of one arcsecond i. e. 1 Mpc ∼ 3× 1022m.
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Figure 2.1: NS mass-radius diagram for various EoS (see [Demorest10] for
details). The horizontal bands in red, orange and dark yellow show the cur-
rent observational constraints from several pulsars while in light yellow for
double NS binaries. Any EoS line which does not intersect the red band
(mNS = 1.97± 0.04M�) is ruled out. Reprinted from [Demorest10] .

thanks to X-ray astronomy [Radhakrishnan69, Espinoza11] also shed light on
the pulsars EoS. GWs should be also emitted by those instabilities. Glitches
of a few minutes have been observed in some pulsars while the relaxation to
the initial rotation period appears to take a few years. This means that the
core of NSs has to be made of a non viscous liquid like helium-superfluid
[Pines85]. Two X-rays telescopes, CHANDRA and XMM-Newton, observed
the evolution of the temperature in time at the surface of quite young NSs in
SN remnants. Their observations have confirmed the presence of superfluid
in NSs (see e.g. [Shternin11]).

2.4 Cosmology

In this section dedicated to cosmology, the solution of the Einstein equations
assuming the cosmological principle is briefly reviewed. Similarly to NSs, cos-
mology not only probes the spacetime curvature because of the presence of a
source, that is the cosmological fluid. Depending on the era in the Universe
history, the source is either relativistic or not. According to the Λ−CDM (Cold
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Dark Matter) concordance model, the Universe is composed of matter, radi-
ation, Dark Matter (DM) and Dark Energy (DE). Because of the presence of
those sources, GR is not tested directly in cosmology.

2.4.1 The cosmological principle

According to the current observations, the Universe is isotropic at cosmolog-
ical scales, i.e. above 100 Mpc. By extending the Copernican principle stating
that ”we have no privileged place in the world” to all observers at cosmological
scales, it results that the Universe is supposed to be homogeneous at a given
cosmic time.

Such a maximally symmetric assumption allows one to predict back-
ground cosmology. However, whereas the isotropy is in agreement with
the observations, for instance with CMB and galaxy surveys, homogene-
ity is difficult to test since it requires observations on spatial hypersurfaces
[Maartens11].

In order to explain the growth of cosmic structure appearing at smaller
scales, the cosmological principle is relaxed to statistically isotropy and ho-
mogeneity. Several observations today enable one to test GR at the pertur-
bative level and a possible departure from statistical isotropy is still under
investigation (see e.g. [Schwarz16]). Most of the cosmological observations
today rely on statistical analysis.

2.4.2 The Λ−CDM concordance picture

The metric for a maximally symmetric spacetime, i.e. satisfying the cosmo-
logical principle, or Friedmann-Lemaı̂tre-Robertson-Walker (FLRW) space-
time reads,

ds2 = −dt2 + a2(t)

(
dr2

1− kr2
+ r2dΩ2

)
, (2.4.1)

where t is the cosmic time that is the proper time of a comoving observer, r is
the radial coordinate and k = [−1 ; 0 ; +1] the curvature parameter depend-
ing on the spacetime geometry (hyperbolic, flat or spherical respectively).
The scale factor a(t) is the only metric field to be determined by solving the
Friedmann-Lemaı̂tre equations,

H2 =
κ

3

∑
i

ρi +
Λ

3
− k

a2
, (2.4.2)

ä

a
= −κ

6

∑
i

ρi (1 + 3wi) +
Λ

3
, (2.4.3)
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with H = ȧ/a, the Hubble parameter(13). The stress-energy tensor is assumed
to be a perfect fluid(14) whose species (DM, dust and radiation) is labeled by i.
In cosmology, the EoS w is assumed to be time-independent and barotropic in
the most simple case(15),

w =
p

ρ
, (2.4.4)

with w = −1, 1/3, 0 for a Universe dominated by Λ, radiation and matter
respectively. Assuming a barotropic EoS, the conservation of Tµν gives the
evolution of the density during the Universe expansion,

ρ(a) ∝ a−3(1+w). (2.4.5)

Current observations give rise to stringent constraints on background cos-
mology. In order to confront the theory with them, Friedmann-Lemaı̂tre
Eqs. (2.4.2) and (2.4.3) have to be written in terms of dimensionless quanti-
ties,

1 =
∑
i

Ωi + ΩΛ + Ωk, (2.4.6)

q =
1

2

∑
i

Ωi (1 + 3wi)− ΩΛ. (2.4.7)

where Ωi(t) =
[
2κ/3H2(t)

]
ρi(t) ≡ ρi(t)/ρc(t) with ρi the energy density of

the component i and ρc the critical density, the label i denoting baryonic mat-
ter, DM and radiation (photons and neutrinos); ΩΛ ≡ Λ/(3H2) is the den-
sity parameter corresponding to the cosmological constant term is the density
parameters; Ωk ≡ −k/(aH)2 is the density parameter corresponding to the
curvature term; and q = −äa/ȧ2 is the deceleration parameter,

Best bounds on density parameters have been obtained by the Planck satel-
lite probing the CMB [Ade15b] by analyzing the (relative) amplitudes and the
positions of the acoustic peaks in the power spectrum of CMB temperature
anisotropies. The best-fit of cosmological parameters yields

Ωk,0 < 0.005, ΩΛ,0 = 0.68, Ωm,0 = 0.05 and ΩDM,0 = 0.27,

(2.4.8)
the radiation being negligible today. The Hubble constant is given by H0 =

67.80 ± 0.77 km Mpc−1 s−1 [Ade15b]. This is the so-called Λ−CDM concor-
dance picture which is in agreement with all the current observations today
(see e.g. [Kowalski08, Ade15c]).

(13)In general, the dimensionless Hubble parameter h yielding H0 = h × 100 km Mpc−1 s−1

where the subscript 0 refers to parameters evaluated today, is compared to the observations.
(14)As before, this assumption is only justified by the sake of simplicity and is not valid during

all the Universe history.
(15)In general the EoS is time-dependent. Different parametrizations of the EoS exist like the

polytropic one p = Kρ(n+1)/n withK a constant and n the polytropic index, and the generalized
Chaplygin gas one p = −Aρα with A a positive constant and 0 < α . 1 [Bento02].
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Other observations than the CMB ones enable one to probe the cosmo-
logical parameters, among them large galaxy surveys like SDSS-II, BOSS and
6dFGS, which probe the formation of large scale structure (LSS), i.e. groups
or filaments of galaxy clusters, during the matter era, by measuring the mat-
ter power spectrum. Baryons leave imprints on the matter power spectrum
because of their interactions to photons in the early Universe. Before recom-
bination, photons and baryons formed a single fluid because of the Thomson
and Coulomb interactions. At the decoupling, photons freely move across
spacetime while baryons remained at rest and were attracted by DM gravita-
tional potential wells (see e.g. [Hu01] for details). The distance traveled by the
baryons-photons sound-waves from Big Bang to the last scattering surface, of
about 150 Mpc, is still observable in the matter power spectrum, through the
so-called baryon acoustic oscillations (BAO) [Eisenstein05]. BAO is thus a
standard ruler enabling to infer cosmological parameters at different redshifts
thanks to galaxy surveys, independently of other observations [Anderson14].

In Fig. 2.2a the combined constraint on the cosmological parameters Ωm, 0

and ΩΛ, 0 obtained by the Wilkinson Microwave Anisotropy Probe (WMAP)
and Planck satellites as well as galaxy surveys is represented, assuming the
Λ−CDM model. The prediction of a flat Universe is strongly favored. The
observations of SN Ia (see Sec. 2.4.4) are also represented.

In summary, according to our current understanding, the nature of around
95% of the matter-energy content of the Universe is still an open debate: first
the cold DM, i.e. non-relativistic matter (w = 0) which does not interact with
electromagnetic field, and second the DE which is responsible for the current
cosmic acceleration. Today DE is compatible with the cosmological constant
Λ (w = −1).

2.4.3 The nature of Dark Matter

In 1933, Zwicky suggested the existence of DM. He measured the velocity of
galaxies inside the Coma cluster [Zwicky33] and compared the underlying
total mass of the Coma cluster to the visible matter, concluding that there is
a missing mass dubbed DM. Further strong evidences have been obtained in
the 1970s by looking at the galaxy rotation curves [Rubin70]. Typical velocity
distribution does not correspond to visible disk velocity. The presence of a DM
halo at the galactic scale must be invoked in order to fulfill the observations.

The evidences for DM are now numerous, at the galactic and cosmological
scales. According to our current understanding, temperature fluctuations in
the CMB correspond to DM over- and under-densities, which acts as seeds for
the formation of LSS hosting galaxies, from the redshift z ≈ 20− 30(16). With-
out DM, the formation of LSS would be not efficient since primordial fluctua-
tions would vanish because of the diffusion damping. At the scale of clusters
of galaxy, gravitational lensing reveals that DM has to be invoked for recon-
structing the gravitational potential well [Markevitch04, Clowe06, Massey07].

(16)Rigorously, galaxies are biased tracer of DM.
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(a) The present DE fraction ΩΛ vs.
matter fraction Ωm assuming the
Λ−CDM model. Predictions for a
flat Universe is denoted by the di-
agonal dashed line and is strongly
favored by CMB+BAO data.

(b) The DE EoS w vs. Ωm, assum-
ing a constant value for w. The
dashed contours show the 1 σ and
2 σ C.L. regions for the combination
of WMAP and BAO data.

(c) Constraint on the two parame-
ters of the DE model with a time-
dependent EoS, for w(z = 0.5).

Figure 2.2: Constraints on the present matter fraction Ωm (DM+ baryonic mat-
ter) and the DE parameters (ΩΛ, w and wa = −dw/da). Dark and light shaded
regions indicate 1 σ and 2 σ C.L. respectively. ”CMB” is Planck+WMAP Po-
larization, ”BAO” is the combination of SDSS-II, BOSS and 6dFGS, and ”SN”
is Union 2. Reprinted from [Mortonson13].
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The Λ−CDM model does not tell anything about the nature of the DM,
the observations only revealing that DM has to be (predominantly) cold or
non-relativistic. Strictly speaking, we observe evidences for an extra hidden
mass, which is not observed at any wavelengths of electromagnetic signals.
Although the evidences of DM come from astronomy and cosmology, most of
experimental effort has now been shifted to particle and astroparticle physics.
The DM could be a new particle beyond the SM. Several candidates exist,
some of them related to issues appearing in the SM: WIMPs and gravitinos
(related to supersymmetry), axions (also devoted to the strong CP problem),
sterile neutrinos (possibly ruled out [Schneider16]), primordial BHs [Carr74,
Carr75], their predicted mass range being in agreement with BHs detected
by LIGO [Bird16, Clesse16](17), etc. No evidence for new particles has been
obtained so far, either by direct or indirect detection. In the presence of a DM
signal, one should still justify the observed abundance of DM on cosmological
scales.

Alternative models have been proposed, some of them in the framework
of modified gravity. For instance, the MOdified Newton Dynamics (MOND)
theory [Milgrom83, Famaey12] or its covariant version TeVeS [Bekenstein04],
are able to reproduce the galaxy curves whereas they do not fit the CMB ob-
servations nor the gravitational lensing ones by invoking baryonic matter only
[Angus07, Clowe06]. Others like the Chaplygin gas [Bento02] where DM and
DE are both described by a single fluid, are able to reproduce the growth of
large-scale structure.

2.4.4 The current accelerated expansion

The first evidence for the acceleration of the spacetime expansion came from
the observation of distant galaxies hosting SN Ia by Riess et al. [Riess98] and
Perlmutter et al. [Perlmutter99]. They measured the luminosity distance DL

and the redshift z defined as,

1 + z ≡ λobs

λe
=

a0

a(t)
, (2.4.9)

with λe, λobs, the emitted and the observed wavelengths respectively, the last
equality being valid for recessional redshift only, neglecting the local Doppler
effects. The relation DL-z enables one to probe the expansion up to z ∼ 2,
highlighting the current expansion.

However, the nature of the acceleration is still an open debate. The cosmo-
logical constant predicts that the EoS is constant w = −1, while more sophis-
ticated models invoking a scalar field for instance, may predict variable EoS,
generally parametrized up to first order by,

w(z) = w0 + wa(1− a), (2.4.10)

(17)Primordial BHs in this mass range are possibly ruled out according to [Ricotti08], but this
result is still controversial.
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with w0 = w(z = 0) and wa = −dw/da. Current bounds on the plane w0 −wa
obtained by combining CMB+BAO+SN data are reported in Figs. 2.2b and
2.2c. There are compatible with w0 = −1 and wa = 0.

Even if Λ is able to reproduce current observations, it leads to a theoretical
issue named the cosmological constant problem [Weinberg89]. The cosmo-
logical constant has the same properties as the vacuum energy of quantum
mechanics. Indeed, in order to preserve Lorentz invariance, T (vac)

µν ∝ gµν (see
Eq. (2.2.2)) [Weinberg08] such that there exists no preferred direction. It results
that p(vac) = −ρ(vac) yielding,

T (vac)
µν = −ρ(vac)gµν , (2.4.11)

where ρ(vac) is constant (see Eq. (2.4.5)). A cosmological constant enters in the
Einstein equations (1.2.7) exactly in the same way as the contribution of the
vacuum energy [Durrer08b], leading to,

ρ(vac) = −Λ

κ
. (2.4.12)

In general, the cut-off scale for GR is given by the Planck scale E = mpl

such that [Durrer08b],

ρ(vac) ∼ m4
pl ∼ 1076GeV4, (2.4.13)

while the observed value of the cosmological constant yields,

ρΛ ∼
(
10−12

)4 ∼ 10−48GeV4. (2.4.14)

It results that a cancellation of the vacuum energy of around 120 orders of
magnitude is required for explaining the cosmological observations. This is
the so-called fine-tuning problem.

In addition the Weinberg no-go theorem [Weinberg89] states on very gen-
eral grounds like the Poincaré invariance at the level of spacetime curvature
and fields, that no dynamical adjustment mechanisms could be used to solve
the fine-tuning problem [Padilla11].

The second issue arises when looking at the Universe history: the accel-
eration of the expansion started around z ∼ 0.6 (ρΛ, 0 ' ρDM, 0), which is
referred as the coincidence problem. In order to justify Λ, either anthropic or
multiverse arguments have been invoked (see e.g. [Carr07]).

In order to face the coincidence issue, it has been proposed that the cosmic
acceleration is due to a dynamical scalar field, possibly massive, rather than
the cosmological constant. Since this scalar field has an exotic EoS, it has been
dubbed Dark Energy. We focus here on one of the simplest models of DE,
quintessence [Amendola10]. It invokes a scalar field φ minimally coupled to
the metric, i.e. there is no modifications of the Einstein’s theory, such that the
isotropy is not broken,

L =
R

2κ
−
m2

pl

2
(∂ϕ)

2
+ V (ϕ) + LM, (2.4.15)
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with φ = mpl ϕ such that ϕ is dimensionless, and V (ϕ) the potential of run-
away type. Assuming that the Universe is flat and dominated by DE T (M)

µν ' 0,
the Friedmann-Lemaı̂tre equations read,

H2 =
κ

3
ρφ, (2.4.16)

ä

a
= −κ

6
ρφ(1 + 3wφ), (2.4.17)

where wφ is the EoS of the scalar field,

wφ =
ρφ
pφ

with
{
ρφ = 1

2 φ̇
2 + V (φ),

pφ = 1
2 φ̇

2 − V (φ).
(2.4.18)

while the Klein-Gordon equation,

φ̈+ 3Hφ̇+
dV

dφ
= 0. (2.4.19)

The condition for the acceleration of the expansion is thus given by
Eq. (2.4.17)(18),

ä > 0 ←→ wφ < −
1

3
. (2.4.20)

In the case of the cosmological constant (V (φ) ∝ Λ and no kinetic term), wφ =

−1 and the solution of Eq. (2.4.16) is de Sitter,

a(t) ∝ exp (
√

Λt). (2.4.21)

Quintessence is able to solve the fine-tuning problem of the initial conditions,
for instance if an attractor solution exists. Indeed, for any initial conditions
of the scalar field in the early Universe, the scalar field converges to the path
given by its attractor by rolling down its potential [Zlatev99]. In addition,
quintessence may not suffer from the coincidence problem since it calls on a
dynamical mechanism provided that the energy scale of the scalar field today
m2
φ ≡ V,φφ is sufficiently small, i.e. |mφ| . 10−33 eV [Amendola10]. However,

quintessence models rely on the existence of a potential whose parameters
must be fixed, introducing additional parameters in the theory.

Scalar fields with a non-standard kinetic term like phantom (w < −1) and
k-essence, are also able to reproduce the late-time acceleration, but phantom
usually suffers from instability because it is a ghost (it has negative kinetic
energy density such that its energy density grows with expansion, its quan-
tum vacuum being possibly unstable, see e.g. [Amendola10]) while k-essence
violates causality [Durrer08b, Bonvin06].

Infrared modifications of GR (see also Chap. 3) could also be respon-
sible for the acceleration appearing at large scales, for instance by intro-
ducing a scalar field nonminimally coupled to the metric (see Sec. 3.2 and

(18)We assume that ρφ > 0, so there is no violation of the weak energy condition Tµνtµtν ≥ 0,
tµ being any timelike vector.
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[Copeland06, Amendola10] for reviews). The challenge in this latter case, is
that those models must pass the local tests of gravity like the PPN parameters
in the Solar system (see Sec. 2.2). In order to fulfill this requirement, mod-
ified gravity models invoke screening mechanisms (see Sec. 3.1.3), like the
chameleon model which nevertheless appears to be fine-tuned (see Chap. 4).

DE and modified gravity models both predict dynamical EoS (wa 6= 0),
a prediction which is constrained today using the combined CMB+BAO+SN
data sets (see Fig. 2.2c). Those bounds should be improved by future obser-
vations, in particular large galaxy surveys, for instance thanks to the Euclid
satellite [Amendola16].

Note that, within the general relativistic framework, the current acceler-
ation could be due to the backreaction, i.e. the effect of deviations from ex-
act homogeneity and isotropy coming from the nonlinear growth of matter
density perturbations, on the average expansion (see [Buchert12] for a re-
view). Indeed, the timescales at which the cosmic acceleration and the struc-
ture formation started, are similar (around 1010 years) [Buchert12]. If the non-
perturbative effect of the backreaction is so large that it can explain the cosmic
acceleration, it could solve the fine-tuning and coincidence problems at once.
However, the effect has not been quantified yet in a fully realistic way.

2.4.5 Fine-tuning of the initial conditions

Within the Λ−CDM concordance model, initial conditions in the early Uni-
verse appear to be fine-tuned given the current observations, raising the ques-
tion of an underlying mechanism.

1. The horizon problem: Since temperature anisotropies of CMB are so tiny,
it suggests that the different patches in the sky were in causal contact
or inside the so-called Hubble radius H−1 before the recombination, so
that the thermalisation of the Universe is effective. However, it should
not be the case if we assume that the Λ−CDM model is valid up to the
Planck scale. Because of the finite speed of photons, the distance that the
photons travel from the early Universe until recombination, corresponds
to only 1 deg angular separation in the sky today. How can we explain
the temperature isotropy in the CMB for regions much more separated
in the sky today?

2. The flatness problem: Why does the Universe appear to be so flat today
(Ωk, 0 < 0.005) although to do so, it has to be even flatter in the past?
Initial conditions would be incredibly fine-tuned to Ωk = 0, for instance
Ωk < 10−10 at the Big Bang nucleosynthesis (BBN)(19), which is in addi-
tion an unstable point between an open and a closed Universe.

(19)The BBN is the stage in the early Universe when temperature and density conditions were
such that, during a brief epoch, nuclear reactions were effective in building complex light nuclei,
D, 3He, 4He and 7Li (see e.g. [Cyburt16]). By measuring the relic abundances of these nuclei, the
physical conditions at BBN are predicted by GR and SM.
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3. Adiabatic (or curvature) primeval fluctuations: By definition, adiabatic
density fluctuations are identical for each species (photons, baryons and
DM) since there is no contribution of entropy (S = 0). By opposition,
the entropy (or isocurvature) ones are generated in case of entropy inho-
mogeneities, assuming vanishing spatial curvature (see e.g. [Peter09]).
Only adiabatic fluctuations have been detected so far [Ade15e], isocur-
vature ones being thus negligible in the early Universe. The mechanism
generating the initial fluctuations, must thus (mostly) generate adiabatic
perturbations.

4. The topological defects problem: The breaking of the gauge group of
a Grand Unified Theory to the gauge group of the SM in the early Uni-
verse results in a serie of phase transitions induced by spontaneous sym-
metry breaking (see e.g. [Preskill79, Einhorn80]). Such a process implies
the formation of topological defects like monopoles. The annihilation
rate of these topological defects is found to be very slow and since they
are not observed, it means that a mechanism may be responsible for their
disappearance [Zeldovich78].

Up to now, the most powerful mechanism solving all these problems at
once, is the primordial inflation. This is an almost de Sitter phase in the early
Universe, differing in DE since the predicted acceleration is much more larger
and inflation requires a graceful exit, i.e. inflation must end. The huge accel-
eration of the expansion in the early Universe explains at once why it appears
locally flat today even if it was not the case before inflation and why non
causally connected patches in the sky exhibit the same physical properties
since they have been in causal contact before inflation. Moreover, the topo-
logical defects are diluted due to the huge expansion. The magnitude of the
expansion is given by the number of e-folds N ,

N(t) = ln
a(t)

ai
, (2.4.22)

with ai the scale factor at the onset of inflation. N(tend) & 60 − 70 solves at
once the horizon and the flatness problems.

The most simple inflationary models, first built by Guth [Guth81] and
Linde [Linde82](20), call on one scalar field, similarly to DE (see Eqs.(2.4.15) to
(2.4.19)). Assuming the first slow-roll condition (see Eqs. (2.4.20) and (2.4.18)),

φ̇2 � V (φ), (2.4.23)

it results that the scalar field starts to roll slowly down its potential and that
the inflation naturally ends when it oscillates around its minimum. This latter

(20)There are other precursory papers, among them [Brout78, Sato81, Starobinsky80]. In partic-
ular, Starobinsky proposed a model relying on a modifications of the EH action giving rise to an
inflationary model which is still viable today (see also Fig. 2.3 and discussion in Chap. 5).
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phase is called the reheating. The inflationary phase also has to be sufficiently
long, providing a second slow-roll condition,∣∣∣φ̈∣∣∣� ∣∣∣∣dVdφ

∣∣∣∣ . (2.4.24)

Both slow-roll conditions (2.4.23) and (2.4.24) are usually quantified by the
dimensionless slow-roll parameters using Eqs. (2.4.16), (2.4.17), (2.4.18),

εV ≡
M2

pl

2

(
∂V/∂ϕ

V

)2

� 1, |ηV| = M2
pl

∣∣∣∣∂2V/∂ϕ2

V

∣∣∣∣� 1, (2.4.25)

with Mpl = 1/
√
κ the reduced Planck mass. Slow-roll parameters usually

constrain background inflation as well as the CMB power spectrum, even if
they appear to be restrictive in some cases [Clesse11].

Primordial scalar and metric fluctuations are generated in the early Uni-
verse, according to quantum mechanics (see e.g. [Durrer08a, Mukhanov05,
Peter09] for technical details). In particular, the scalar field fluctuates around
its averaged value at very small scales. However, because of the huge expan-
sion, microscopic regions are stretched so fast that they became larger than
the size of the Hubble radius and are then frozen. As a consequence, there are
scalar field fluctuations on super-horizon scales at the end of inflation. The
scalar field decayed then into particles during reheating. Assuming one-field
inflation, the adiabatic initial fluctuations are thus explained since all species
fluctuations derive identically from the scalar field ones (provided constant
branching ratios),

δρφ
ρφ
∝ δρf

ρf
, (2.4.26)

with ρφ, the density of the scalar field and ρf , the density of each species
labeled by f . On the contrary, multifield inflation could generate entropy
modes.

Because of the quantum nature of the primordial fluctuations, statistical
properties only can be derived from the distribution of the temperature fluc-
tuations in the CMB and of matter fluctuations at smaller redshift. In the most
simple case, where only one scalar field in slow-roll is assumed, the distri-
bution of the two-point correlation function of δρ/ρ is Gaussian and the two
point-correlation function describes all the statistical properties.

However, if non-gaussianities are detected, the three- and four-point cor-
relation functions contain additional information. The corresponding param-
eters are the bispectrum f loc

NL and the trispectrum amplitude gloc
NL, the current

bounds reading [Ade15d],

f loc
NL = 0.8± 5.0 gloc

NL = −9.0± 7.0× 10−4. (2.4.27)

Non-gaussianities are thus negligible even if they could be produced not only
during inflation but also during (p)reheating, by cosmic strings or astrophys-
ical processes. It results that single-field inflationary models are favored.
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Statistical properties are usually derived in the Fourier space by comput-
ing the perturbations of the metric decomposed in scalar, vector and tensor
perturbations. The predicted curvature power spectrum Pζ(k)(21) reads,

k3Pζ(k) ≡ As

(
k

k∗

)ns−1

, (2.4.28)

with As the amplitude of the scalar power spectrum measured at the pivot
scale k∗ = 0.05 Mpc−1 and ns the scalar spectral index measuring the depar-
ture from scale-invariance. Planck 1 σ constraints today yield [Ade15e],

ln
(
1010 As

)
= 3.089± 0.036, ns = 0.9655± 0.0062. (2.4.29)

The fact that the Pζ(k) ≡ k3Pζ(k)/(2π2) is almost scale invariant (ns ' 1),
has been probed by the large angular scales of the CMB temperature fluctua-
tions, that is the Sachs-Wolfe plateau since, on super-Hubble scales, pertur-
bations are almost constant (up to the Integrated Sachs-Wolfe effect, i.e. how
the presence of evolving gravitational potential wells affect the temperature
of the CMB photons along their line-of-sight). Indeed, the fluctuations which
were super-Hubble at the last scattering surface, were frozen and thus initial
conditions are directly probed today by measuring the tilt of Pζ(k).

Perturbations of the metric are not only scalar. Vector perturbations are
negligible since they decrease during the expansion, except if they are sourced
(locally), for instance by a magnetic field. Tensor modes are related to the
generation of primordial GWs during inflation. The tensor-to-scalar ratio r

[Ade15e],

r ≡ PtPζ
, (2.4.30)

with Pt the power spectrum of tensor perturbations in the metric, has been
constrained recently by the observation of the polarization modes of the CMB:
only tensor perturbations generate B-modes while E-modes are generated by
both tensor and scalar perturbations. The measure of r enables to fix the en-
ergy scale of inflation. Up to now, the combined constraints coming from
Planck satellite (operating in the range 30-353 GHz) as well as the ground-
based telescopes Background Imaging of Cosmic Extragalactic Polarization 2
(BICEP2) and the Keck Array (operating at 150 GHz) give,

r < 0.10 (95%C.L.). (2.4.31)

Assuming the slow-roll conditions (2.4.23) and (2.4.24), the analytical ex-
pression for the power spectrum at the pivot scale k = k∗ reads (see e.g.
[Peter09]),

Pζ(k∗) '
1

π

H2
∗

M2
plεV, ∗

. (2.4.32)

(21)The curvature ζ is used here for describing the scalar perturbations because it is gauge-
invariant.
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Figure 2.3: Predictions of some inflationary models compared to the Planck
observations in terms of ns and r. Dark and light shaded regions indicate 1 σ

and 2 σ C.L. respectively. Power-law inflation is strongly disfavored while
Starobinsky inflation is favored, in the absence of tensor modes detection
[Ade15e]. Moreover, in the absence of non-gaussianities, one field inflation
is most likely than multifields ones.

In the slow-roll conditions the parameters ns and r can be determined by ex-
panding the primordial power spectra Pζ and Pt. To first order they read
[Liddle94],

ns = 1− 6εV,∗ + 2ηV,∗, r = 16εV,∗, (2.4.33)

where the asterisk denotes the pivot scale at which ns and r are evaluated.
Numerous inflationary models exist and constraints coming from Planck

+ BICEP2 + Keck Array [Ade15a] allow to rule out some of them. Their
results are reported in Fig. 2.3. Bayesian inference analysis has been pro-
vided using one of the most favored models as prior, the Higgs inflation
[Martin14b, Martin14a] which is equivalent to the Starobinsky model (see also
Chap. 5). Future space and ground based missions like BICEP3, LiteBIRD
[Matsumura14], COrE+ [Armitage-Caplan11] and PRISM [Andre13] should
enable one to constrain r up to 10−3.

Viable alternatives to inflation exist too, among them ekyroptic scenarios
[Steinhardt02], string gas cosmology and matter bounces [Brandenberger11,
Brandenberger16]. None of them solves all the problems exposed above at
once, so inflation is generally considered as the best explanation today even if
it remains an effective model valid up to high enough energy scale E, usually
E ' mpl being assumed.

2.5 Conclusion

In this chapter, we discussed some tests of GR. In Fig. 2.4, we propose to clas-
sify them depending on the strength of the gravitational field given by the
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Newtonian potential |Φ|, as well as the nature of the gravitational source.
In spherically symmetric spacetime, the compactness (2.2.1) provides a

natural scale for the strength of the gravitational field. In cosmology, such
a parameter cannot be defined. Nevertheless, Baker et al. [Baker15] proposed
a definition of the Newtonian potential |Φ| for cosmology. For that reason, the
tests of GR in Fig. 2.4 are classified as a function of this latter parameter.

In order to define the nature of the source, we define the parameter w∗,

w∗ = −T
µ
µ

ρ
= 3w − 1. (2.5.1)

assuming a perfect fluid (2.2.2). The parameter w∗ is equal to 0 for relativis-
tic sources like NSs, −1 in the absence of sources (or sources with negligible
pressure), for instance BHs and the Sun, and −4 for vacuum energy sources
like DE. Only the diagonal terms of Tµν , i.e. the mass-energy density ρ and
the isotropic pressure p, are taken into account in the definition of w∗. Re-
laxing the assumption of perfect fluid, there exist also phenomena invoking
the off-diagonal terms, i.e. the momentum transfer and the shear stress. In
particular, the classification of the tests proposed in Fig. 2.4 does not take into
account gravitomagnetic effects, that is the contribution of moving and rotat-
ing material sources to the gravitational field, which are predicted in GR (see
e.g.[Will08]). As an example, according to GR, the rotation of a massive body
is dragging the local inertial frames of reference around it such that the orbits
of moving objects around it are affected. This is the Lense-Thirring effect.

According to the classification of tests represented in Fig. 2.4, best bounds
on GR have been obtained in the vacuum. In the presence of sources, GR
cannot be directly tested. In the case of NSs, there exists still an uncertainty
about the EoS in the core of the stars while the nature of DE and the inflaton
is still debated.

In order to complete this chapter, we point out that some issues arising in
the SM could also be related to cosmology. Why are the neutrinos massive?
What is the origin of matter-anti matter asymmetry? and are the Higgs sector
and the cosmological evolution connected? For instance, the existence of mass
varying neutrinos could explain the late-time cosmic acceleration [Fardon04].
In Chap. 5, the possible relation between the Higgs field and gravitation will
be further developed.

In Chap. 3, the possibility to modify GR is further explored from the theo-
retical and phenomenological point of views. In the rest of this thesis, we will
focus on the phenomenological predictions of some modifications of gravity,
keeping in mind the classification of GR tests represented in Fig. 2.4.
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Figure 2.4: Classification of the tests of GR depending on the strength of
the Newtonian potential as well as the nature of the sources given by w∗ =

−Tµµ /ρ. The best bounds on GR have been obtained in the vacuum, i.e. when
the gravitational source has negligible pressure, while the modeling of the
sources, for instance NSs and DE, is still under progress, the bounds being
therefore less stringent.
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Chapter 3

Looking beyond General
Relativity: Modified Gravity

In Chap. 1, we introduce the underlying assumptions of GR which seem to
indicate that GR has a privileged status. However, there are at least two moti-
vations for studying theories of gravitation beyond GR. First, GR is a classical
theory which does not include quantum effects since it is not renormalizable.
Second, in cosmology, the current cosmic acceleration is of unknown nature
and could be due to modifications of gravity (see Sec. 2.4.4 for a discussion). In
addition, the initial conditions of the Universe appear to be fine-tuned in the
Λ-CDM concordance model. Primordial inflation is able to solve this problem
and inflationary models may rely on modifications of gravity.

3.1 Beyond the Lovelock Theorem:
Modified Gravity

3.1.1 Classification of Modified Gravity models

The Lovelock theorem (see Sec. 1.4) restricts rather drastically, the possibilities
of building theories of gravity beyond GR. At least one of the assumptions of
the theorem has to be broken:

• The number of dimensions (higher than 4): This idea has been widely
explored since the Kaluza-Klein theory, giving rise to string and
braneworld theories, as well as the Dvali-Gabadadze-Porrati model
(DGP). Higher than four dimensions theories are devoted to the unifi-
cation of the fundamental interactions (for instance, Kaluza-Klein and
string theory), quantum gravity (string theory and braneworld) as well
as phenomenological considerations like the late-time cosmic accelera-
tion (DGP). When compactified, such theories generally exhibit addi-
tional degrees of freedom. As an example, the Kaluza-Klein theory is

59
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an attempt to unify gravitation and electromagnetism by generalizing
GR to 5 dimensions [Kaluza21, Klein26b, Klein26a]. The metric in 5 di-
mensions g(5)

AB (with 15 independent components since it is symmetric)
is decomposed in the 4-dimensional metric field gµν , a vector field Aµ
and a scalar ϕ (see e.g. [Peter09]),

g
(5)
AB =

(
gµν + e2ϕAµAν e2ϕAµ

e2ϕAν e2ϕ

)
. (3.1.1)

When the fifth dimension is compactified, that is the cylinder condition
∂y = 0 applies such that the fifth dimension is ignored, the correspond-
ing action for the equations of motion in four dimensions, reads (see e.g.
[Peter09] for the detailed calculations),

S =
1

2κ

∫
d4x
√−g e2ϕ

(
R− e2ϕ

4
FµνF

µν

)
, (3.1.2)

with Fµν = ∂µAν − ∂νAµ the Faraday tensor. As a result, when the
Kaluza-Klein theory is compactified, it reduces to a theory of gravitation
in four dimensions where the metric has a scalar and a vector counter-
parts. Another example is Lovelock gravity [Lovelock71] which is an
extension of the Lovelock theorem introduced in Sec. 1.4 to higher di-
mensions where the Gauss-Bonnet term is not trivial anymore.

• Additional degree(s) of freedom (not only the spin-2 metric), whether it
is scalar, vector or tensor field(s), dynamical or not: Many theories have
been proposed with additional degrees of freedom, either by adding
scalar, vector or tensor components, or by making the connexion dynam-
ical, i.e. the assumption on the Levi-Civita connection is relaxed. Those
additional degrees of freedom are justified by the compactification of
the higher-dimensional theories of gravity like Kaluza-Klein and super-
string theory [Lidsey00]. Additional degrees of freedom also enable one
to test phenomenological predictions, for instance, do GWs propagate
at the speed of light?, and is the gravitational coupling G constant in
spacetime? Depending on the way they are formulated, theories with
additional degrees of freedom imply violations of the WEP and/or the
SEP. Additional scalar fields (Horndeski gravity) lead to the LPI break-
ing (see Sec. 3.2.4.2), and possibly the UFF if the theory is formulated in
such a way that the WEP is violated (see Sec. 3.2.4.3 for a discussion).
Additional vector and tensor field(s) (TeVeS, Einstein-Æther, massive
gravity,...) (usually) imply Lorentz-violation, breaking thus the LLI, in
addition to the LPI. In some cases, general covariance may also be vio-
lated (see below).

• Equations of motion of higher than second order: We have already men-
tioned in Sec. 1.3.4 that equations of motion of higher than second order
lead to the Ostrogradsky instability, excepted if the system is degener-
ate. Some modified gravity theories avoid this instability, for instance
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f(R) theories [De Felice10, Sotiriou10],

Sf(R) =

∫
d4x
√−gf(R) + SM [ψM; gµν ] , (3.1.3)

which are found to be equivalent to scalar-tensor theory (STT) (see
Sec. 5.2.2 for an example).

• Give up general covariance: As stated in Sec. 1.3.3, general covariance
covers the diffeomorphism-invariance and the lack of prior geometry.
Some modified gravity theories violate the diffeomorphism-invariance
like massive gravity [deRham14], others require prior geometry, among
them the Nordstrøm and Rosen’s bimetric theories.

• Give up Lorentz invariance and/or causality: Superluminal motion may
be allowed either in Lorentz-violating theories at the action level, or by
modifying the term responsible for the propagation velocity in the dis-
persion relation [Bruneton07]. In some cases, the causality is violated.
However, such models may rely on higher than second-order equations
of motion and therefore may suffer from instabilities. Hence, the Cauchy
equation could be not well-posed. In this case, there is no guarantee that
either equations of motion admit a solution or this solution is unique.

• Give up locality: Some modified gravity models introducing terms like
f (R/�) [Woodard14] or R(1/�2)R at the action level [Maggiore14], are
non-local. Indeed, the operator 1/� is the inversed d’Alembertian op-
erator which is computed by the retarded Green’s function (advanced
Green’s function are avoided in order to preserve causality). It results
that non-local effects arise (see also Sec. 1.3.2). Non-local models could
explain the late-time cosmic acceleration [Woodard14] and have been
studied as effective theories for quantum gravity [Hamber05].

According to the conjecture that we formulated at the end of Chap. 1, the SEP
is violated in most of the cases introduced above. Higher dimension theories
usually give rise to additional degrees of freedom when they are compactified,
such that they violate the SEP. Non-local theories of gravity should avoid our
conjecture. Depending on the way the modified gravity theories are formu-
lated, violations of the WEP may arise (see Sec. 3.2.4.3 for the case of STT).

In Fig. 3.1, the directions for going beyond the Lovelock theorem are sum-
marized. Some examples of the models corresponding to the violated assump-
tions of the Lovelock theorem are indicated. A non-exhaustive list of modified
gravity models and their characteristics is reported on Tab. 3.1(1). Although
all those models excepted Lovelock gravity predict a violation of the SEP, the
WEP can be also violated depending the way the theory is formulated.

The motivations for all these modified gravity models are different. The
nature of late-time cosmic acceleration can be explained by DGP, Horndeski

(1)This classification is inspired from T. Baker [Baker16], E. Berti et. al [Berti15] and the gravity
apple tree proposed by M. E. Aldama [Aldama15].
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Figure 3.1: Axis of research of modified gravity, depending on the assump-
tions of the Lovelock theorem which are relaxed (inspired from T. Baker 2013,
E. Berti et al. [Berti15] and the gravity apple tree proposed by M. E. Aldama
[Aldama15]).

gravity and non-local theories for instance. MOND and TeVeS are phe-
nomenological models explaining the matter galactic curves. Inflationary
models are often built thanks to scalar field(s) with a large variety of poten-
tials, using Horndeski models for example. We already point out here the
large phenomenology of Horndeski gravity which encompasses the general-
ized STT, f(R), the covariant Galileons, the Fab Four, K-mouflage, in order to
cite only some of them. Finally, higher dimension models like string theory,
braneworld scenarios, Lovelock gravity, etc. are attempts to unify the four
interactions and to renormalize gravity. Quantum gravity has also been in-
vestigated in order to solve the problem of BHs and the Big Bang singularities
(see Hořava-Lifshitz for instance).

Before confronting the models with the observations, they have to be vi-
able from the theoretical point of view, i.e. they must not suffer from instabil-
ities like ghosts, as further developed in the next section.
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3.1.2 Some issues and challenges of Modified Gravity models

While building modified gravity models, the first question raised is whether
the theory is well-posed or whether it suffers from some instabilities, like the
Ostrogradsky one. As an example, let us consider an alternative to GR with
an additional scalar field, L = L(φ, ∂µφ). The stability of the solution φ(x, t)

is established by computing perturbations δφ(x, t) around the background
solution φb(t),

δφ(x, t) = φ(x, t)− φb(t), (3.1.4)

up to second order. If the perturbation modes are decaying, then the theory is
stable.

A common instability appearing in modified gravity is the ghost, espe-
cially in theories which attempt to reproduce the late-time cosmic acceleration.
In this case, the kinetic term has the ”wrong” sign, that is the opposite of the
canonical one. From the classical point of view, it means that its kinetic energy
is increasing (instead of decreasing) when it climbs up its potential. It is gener-
ally accepted that one cannot make sense of such a theory, at least at the quan-
tum level [Durrer08b](2). From the quantum field theory point of view, ghosts
can carry out negative energy eigenvalues (if unitarity is imposed [Clifton12]).
If the ghost is coupled to conventional matter field, it generates instabilities
because of the possible creation of ghost-non-ghost pairs in the vacuum (see
also Sec. 1.3.4). Several ways to ”exorcise” the ghost have been explored (see
e.g. [Clifton12]). Other instabilities exist like tachyons, where the perturba-
tions of the degrees of freedom have negative effective mass m2(φ) < 0, and
the Laplacian instability where the perturbations propagate with a negative
squared speed [Beltrán Jiménez15]. In all cases, the quantization of the the-
ory is not well-defined and the energy functional is not bounded from below
[Durrer08b].

Another pathology of some modified gravity models is the so-called
strong coupling. When the coupling constants of gravitational fields to mat-
ter ones are too strong, there exists a scale Λ where the perturbative quan-
tum field theory approach breaks down for the Minkowski background. It
results that the theory can be non renormalizable and, if Λ is too low, the the-
ory is ill-defined at large scale. For instance, this is problematic for DGP where
Λ ∼ 1000 km [Clifton12].

3.1.3 Screening mechanisms

In the case where modified gravity is devoted to the explanation of the ob-
servations in cosmology like the late-time cosmic acceleration (see Sec. 2.4.4),
they have to pass the stringent constraints of the weak-field regime, that is the

(2)If gravitation is considered as a low energy effective theory, then it is not necessary to care
about its quantization. However, in quantum gravity, the quantization of the theory must be
well-defined.
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PPN parameters in the Solar system (see Sec. 2.2) and the tests of the equiva-
lence principles (see Sec. 2.1), in order to be viable.

Therefore a common feature of viable modified gravity models is the so-
called screening mechanism, that is a mechanism suppressing the modified
gravity effects in local environments. Let us consider the sketchy general ac-
tion for modified gravity models with an extra scalar field(3),

L ⊃ p(φ, X)− m2 (φ)

2
φ2 − gW (φ)T, (3.1.5)

where X = (1/2) (∂φ)
2, p(φ, X) is a nonminimal coupling function of the ki-

netic term, m(φ), the effective mass of the scalar field, g the coupling between
the scalar field and matter, W (φ) a free function of φ, and T , the trace of Tµν .
Three screening mechanisms exist, coming from different terms at the action
level:

• Non-linearities in the kinetic term p(φ, X): First invoked by Vainshtein
in the framework of massive gravity [Vainshtein72], the so-called Vain-
shtein mechanism arises from the non-linearities of the extra degrees
of freedom in the kinetic term (coming from higher derivative for in-
stance). Because of the strong kinetic self-coupling, extra degrees of free-
dom may be hidden and may almost not propagate (see [Babichev13]
and references therein). Inside the so-called Vainshtein radius, GR is re-
stored because of the non-linearities, while the linear solution is recov-
ered at large scales, reproducing DE phenomenology. Several modified
gravity models exhibit such mechanism, either in the framework of mas-
sive gravity (DGP, bigravity, etc) or of STT (Galileons and k-essence), the
latter case being referred to as the k-mouflage [Babichev09].

• Large effective mass m(φ): In the case of the chameleon model
[Khoury04b, Khoury04a], the effective potential Veff is defined by,

�φ ≡ dVeff

dφ
, (3.1.6)

and the corresponding effective mass m(φ) = d2Veff/dφ
2, depends on

the density of the environment. In sparse environment, the scalar field
has a low mass and is thus able to mediate long-range force, while it
acquires a mass in dense environment. We will detail this mechanism in
Chap. 4.

• Small coupling g: In the symmetron model [Hinterbichler10,
Hinterbichler11], the screening mechanism relies on the symmetry
breaking of the effective potential. The coupling g is related to the
vacuum expectation value (vev) of the scalar field which varies with the

(3)This action is written in the Einstein frame where there is no explicit coupling to the Ricci
scalar (see Sec. 3.2.2 for a formal definition).
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environment. In sparse environment, the vev is vanishing and the scalar
field acts as a cosmological constant, while the symmetry is restored
when the environment is dense, resulting in a non-negligible coupling
between the scalar field and matter.

In general, screening mechanisms are studied in the (quasi-)static limit in a
spherically symmetric spacetime with a massive object, the Sun for instance,
at the center, assuming a Minkowski background.

3.2 Scalar-tensor theories

In the rest of this thesis we will focus on theories where an additional scalar
field is the counterpart of the Einstein metric for describing gravity. Among
them, STT were first proposed by Jordan in 1955 [Jordan55], and rediscovered
independently by Brans and Dicke in 1961 [Brans61]. Since then, they have
been studied extensively. On the one hand, STT are one of the most simple
extensions of GR in the sense that it invokes only one additional degree of
freedom, possibly justified by theories of gravity in higher-dimensions (see the
discussion of Sec. 3.1). On the other hand, they have a rich phenomenology,
in particular around compact objects and in cosmology. In the next section,
the mathematical formulations of STT, in the so-called Jordan and Einstein
frames, are introduced.

3.2.1 The Jordan frame

In the so-called Jordan frame, the nonminimal coupling between the scalar
field and the Ricci scalar is explicit. In the absence of matter, the action reads,

SJF =

∫
d4x
√−g

[
F (φ)

2κ
R− Z(φ) (∂φ)

2 − V (φ)

]
, (3.2.1)

where F (φ) and Z(φ) are the nonminimal coupling functions(4), R the scalar
curvature, V (φ), a generic potential. The modified Einstein equations are then
given by the variation of the action with respect to gµν (see Eqs. (1.2.5) and
(1.2.6)), assuming vanishing boundary terms(5),

(Gµν + gµν�−∇µ∇ν)F (φ) =

κ
{
Z(φ)

[
2 ∂µφ∂νφ− gµν (∂φ)

2
]
− gµνV (φ)

}
, (3.2.2)

(4)The functionZ(φ) can be reabsorbed in a scalar field redefinition such thatZ(φ)=1. However,
we keep 3 independent functions F (φ), Z(φ) and V (φ) here in order to reuse the definition of the
equations of motion in the rest of the thesis.

(5)In the presence of nontrivial topology in space, such contributions may be physically relevant
for some symmetries, e.g. the supersymmetry, leading to quantization rules on some parameters
at the quantum level [Govaerts08].
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while the Klein-Gordon equation derives from the variation of the scalar field,

2 Z(φ)�φ+
∂F

∂φ

R

2κ
= −∂Z

∂φ
(∂φ)

2
+
∂V

∂φ
. (3.2.3)

Including the contribution of matter SM [ψM; gµν ],

SJF =

∫
d4x
√−g

[
F (φ)

2κ
R− Z(φ) (∂φ)

2 − V (φ)

]
+ SM [ψM; gµν ] , (3.2.4)

the modified Einstein equations read,

(Gµν + gµν�−∇µ∇ν)F (φ) =

κ
{
T (M)
µν + Z(φ)

[
2 ∂µφ∂νφ− gµν (∂φ)

2
]
− gµνV (φ)

}
, (3.2.5)

with the stress-energy tensor defined by,

T (M)
µν = − 2√−g

δSM

δgµν
. (3.2.6)

The Klein-Gordon equation remains unchanged.
In the Jordan frame, the stress-energy tensor is conserved. Indeed, by com-

puting∇µ[Eq. (3.2.5)] whereZ(φ) = 1(4) and using the second Bianchi identity,
the left-hand side reads,

Gµν
dF

dφ
∇µφ+∇ν�F −�∇νF = Gµν

dF

dφ
∇µφ+ [∇ν , ∇α]∇αF, (3.2.7)

=

(
Rµν −

1

2
Rgµν

)
dF

dφ
∇µφ

−Rαν∇αφ
dF

dφ
, (3.2.8)

= −R
2

dF

dφ
∇νφ. (3.2.9)

Between the first and the second equality, we used the relation for the com-
mutator [·, ·] of two covariant derivatives (see e.g.[Carroll04]),

[∇µ, ∇ν ]V ρ = RρσµνV
σ, (3.2.10)

with V ρ a vector field ([∇µ, ∇ν ]φ = 0), assuming a vanishing torsion. The
right-hand side reads,

κ

[
∇µT (M)

µν + 2�φ∇νφ+ 2∇µφ∇µ∇νφ− 2∇αφ∇ν∇αφ−
dV

dφ
∇νφ

]
= κ

[
∇µT (M)

µν +

(
2�φ− dV

dφ

)
∇νφ

]
, (3.2.11)

= κ

[
∇µT (M)

µν −
dF

dφ

R

2κ
∇νφ

]
, (3.2.12)

using the Klein-Gordon equation (3.2.3). Comparing Eqs. (3.2.9) and (3.2.12)
we conclude,

∇µT (M)
µν = 0. (3.2.13)
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3.2.2 The Einstein frame

Starting from the action in the Jordan frame (3.2.4) where the function Z(φ)

has been absorbed into the kinetic term,

S =
1

2κ

∫
d4x
√−g [F (φ)R− gµν∂µφ∂νφ− V (φ)] + SM [ψM; gµν ] , (3.2.14)

it is possible to rewrite it in such a way that it looks like GR by performing a
conformal transformation,

gµν −→ g̃µν = Ω2(φ) gµν ⇒
{ √−g̃ = Ω4√−g
g̃µν = Ω−2gµν ,

(3.2.15)

with the conformal factor,
Ω2(φ) = F (φ). (3.2.16)

The conformal transformation of the Ricci scalar reads (see e.g. [Carroll04]),

R = Ω2R̃+ 6 g̃αβΩ
(
∇̃α∇̃βΩ

)
− 12 g̃αβ

(
∇̃αΩ

)(
∇̃βΩ

)
. (3.2.17)

The action (3.2.14) transforms then as,

SEF =
1

2κ

∫
d4x̃

√
−g̃

[
R̃+ 6F−1/2g̃αβ

(
∇̃α∇̃βF 1/2

)
−12F−1g̃αβ∇̃αF 1/2∇̃βF 1/2 − F−1g̃αβ∂αφ∂βφ− U

]
+SM

[
ψM; gµν = A2g̃µν

]
, (3.2.18)

with
U ≡ F−2V (φ) and A ≡ Ω−1 (φ) . (3.2.19)

By computing,

∇̃αF 1/2 =
1

2F 1/2

dF

dφ
∇̃αφ, (3.2.20)

∇̃α∇̃βF 1/2 =
1

2F 1/2

[
∇̃α∇̃βφ

dF

dφ
+

d2F

dφ2
∂αφ∂βφ−

1

2F

(
dF

dφ

)2

∂αφ∂βφ

]
,

(3.2.21)

and by integrating by parts,

3

F

dF

dφ
�̃φ =

3

F

[
1

F

(
dF

dφ

)2

− d2F

dφ2

](
∂̃φ
)2

, (3.2.22)

the action (3.2.18) is finally formulated in the Einstein frame,

SEF =
1

2κ

∫
d4x̃

√
−g̃

[
R̃− 2

(
∂̃σ
)2

− U (σ)

]
+SM

[
ψM; gµν = A2(σ) g̃µν

]
, (3.2.23)
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where the tildes denote Einstein frame quantities and σ is defined by,(
∂̃σ

∂̃φ

)2

=
3

4

(
∂ lnF

∂φ

)2

+
1

2F
. (3.2.24)

In the Einstein frame, the action (3.2.23) looks like the EH one with a min-
imally coupled scalar field σ, the coupling of the scalar field to matter A(σ)

appearing in SM. The modified Einstein equations then read (see Eq. (3.2.2)),

G̃µν = κT̃ (M)
µν + 2 ∂̃µσ ∂̃νσ − g̃µν

[(
∂̃σ
)2

+
U (σ)

2

]
, (3.2.25)

the stress-energy tensor in the Einstein frame being defined as,

T̃ (M)
µν = − 2√−g̃

δSM

δg̃µν
. (3.2.26)

The Klein-Gordon equation yields,

�̃σ =
1

4

∂U

∂σ
− κ

2
α(σ) T̃ (M), (3.2.27)

with α, the nonminimal coupling function,

α(σ) =
d lnA

dσ
, (3.2.28)

and T̃ (M), the trace of T̃ (M)
µν .

Because of the nonminimal coupling in SM, the stress-energy tensor in the
Einstein frame T̃ (M)

µν ≡ A4T
(M)
µν is not conserved. Indeed, we can show it ex-

plicitly by applying the Bianchi identity to Eq. (3.2.25),

∇̃µT̃ (M)
µν =

1

κ

[
− 2

(
�̃σ∂̃νσ + ∂̃βσ∇̃β∇̃νσ

)
+ gµν

(
2∂̃βσ∇̃µ∇̃βσ +

1

2

∂U

∂σ
∂̃µσ

)]
, (3.2.29)

=
1

κ

{
−2

[
∂̃νσ

(
1

4

∂U

∂σ
− κ

2
α(σ) T̃ (M)

)
+ ∂̃βσ∇̃β∇̃νσ

]
+2∂̃βσ∇̃ν∇̃βσ +

1

2

∂U

∂σ
∂̃νσ

}
, (3.2.30)

= αT̃ (M)∂̃νσ, (3.2.31)

using the Klein-Gordon equation (3.2.27) for the second equality and
[∇µ, ∇ν ]σ = 0 for the third one.
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3.2.3 Discussion about the frames

In this section, we briefly discuss the equivalence between the two formula-
tions of STT. As we will see, the phenomenology predicted by STT does not
depend on the frame. This is a mere change of variables [Esposito-Farèse06].

In the Jordan frame, the effective gravitational coupling defined as,

Geff (xµ) =
G

F (φ)
, (3.2.32)

with G = m−2
pl the bare gravitational coupling that is the parameter appearing

in the action, is varying in spacetime. On the other hand, matter is minimally
coupled to gravity such that the definition of the lengths and times measured
by rods and clocks, which are made of matter, does not depend on the scalar
field [Esposito-Farèse06].

In the Einstein frame, the kinetic terms for the metric and the scalar fields
are separated whereas the matter is directly coupled to the scalar field via the
coupling function A(φ). As a result, the units system has to be re-calibrated
since the rods and clocks are made of matter [Larena07]. On the other hand
the effective coupling is not varying G̃eff = G.

In physics, observables are defined by dimensionless quantities. Indeed,
such quantities do not depend on the spacetime coordinates {xµ} nor on a unit
system. Observables are frame-invariant since diffeomorphism-invariance is
preserved in STT. As an example, let us consider the inertial mass mi and
define the corresponding observable,

mi

mpl
= mi

√
Geff . (3.2.33)

In order to compute mi, we consider the action for a point-particle starting
with the Jordan frame,

Spp = −
∫
mids, (3.2.34)

= −
∫
mi

√
−gµνdxµdxν , (3.2.35)

= −
∫
miA(φ)

√
−g̃µνdxµdxν , (3.2.36)

= −
∫
miA(φ)︸ ︷︷ ︸
≡m̃i(φ)

ds̃ (3.2.37)

where we used Eq. (3.2.15) with A(φ) = Ω−1(φ), the tilde denoting quantities
expressed in the Einstein frame. As a result, the inertial mass measured in the
Einstein frame m̃i(φ) is found to vary in spacetime, even for laboratory-size,
non self-gravitating objects [Esposito-Farèse06]. Therefore, the ratio of inertial
mass in the Jordan and the Einstein frames is varying,

mi(φ)

m̃i(φ)
= A−1(φ), (3.2.38)
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whereas the ratio of two inertial masses labeled by the subscript 1 and 2 does
not depend on the frame,

m̃i,1(φ)

m̃i,2(φ)
=
A(φ)mi,1

A(φ)mi,2
=
mi,1

mi,2
, (3.2.39)

provided that the matter fields are universally coupled to the scalar field, i.e.
A(φ) does not depend on the matter species. This question is further discussed
in Sec. 3.2.4.3.

Moreover, using Eqs. (3.2.32) and (3.2.37), the measure of the observable
mi

√
Geff (3.2.33) does not depend on the frame,

mi

√
Geff

m̃i

√
G̃eff

=
mi

√
G

F (φ)

miA(φ)
√
G

=
miA(φ)

√
G

miA(φ)
√
G

= 1, (3.2.40)

since F (φ) = Ω2(φ) = A−2(φ) (see Eqs. (3.2.16) and (3.2.19)). In conclusion,
there is an equivalence between the variation of the inertial mass in the Ein-
stein frame and the variation of Geff in the Jordan frame.

The calculations of other observables have been widely discussed in the
literature (see e.g. [Flanagan04] and references therein), for instance in cos-
mology [Hees12a, Chiba13]. It shows that observables, i.e. dimensionless
quantities, like the redshift, are frame-invariant while dimensional ones like
the Hubble parameter are not [Chiba13].

In conclusion, the computation of observables gives the same result in both
frames. In the Jordan frame, they are obtained as in GR but solving the equa-
tions of motion is trickier since the limit to GR is not obvious (in fact it is even
singular, see Sec. 3.2.4.1 for the example of the Brans-Dicke theory). In the
Einstein frame, computation of observables requires to take into account the
rescaling of the metric and of the units system, because of the direct coupling
of the scalar field to matter A(φ). However, in the Einstein frame, the equa-
tions of motion are written as in GR.

3.2.4 The equivalence principles

In the STT model formulated by Brans and Dicke in 1961, the scalar field in-
volved in addition to the metric, is related to the Newton’s constantGN. Brans
and Dicke were motivated by the Mach’s principle as stated in Sec. 1.1(6). In-
deed, according to the Mach principle, the inertial mass of an object is related
to its acceleration with respect to the local distribution of matter in the Uni-
verse. The dimensionless mass ratio mi

√
Geff (see Sec. 3.2.3) should then de-

pend upon the matter distribution in the Universe, considering a variation in
spacetime of the inertial massmi or of the effective gravitational couplingGeff .

(6)Brans and Dicke were also inspired from the Dirac’s Large Number Hypothesis, 1/GN ∝
M/R with M the mass of the Universe and R the Hubble radius. If M/R varies with time then
GN does [Brans08].
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This is the reason why Brans and Dicke questioned the constancy of the grav-
itational ”constant” (or equivalently of the inertial masses) and assumed that
it could be a function of the matter distribution of the Universe. In order to
formulate this statement mathematically, the gravitational constant has to be
promoted as a scalar field, such that the SEP is violated. In more sophisticated
STT, the WEP can be also violated.

3.2.4.1 The Brans-Dicke theory

Brans and Dicke initially considered the action [Brans61],

S =
1

2κ

∫
d4x
√−g

[
ΦR− ω

Φ
(∂Φ)

2
]

+ SM [ΨM; gµν ] , (3.2.41)

where Φ is the dimensionless scalar field and ω, a constant parameter.
The equations of motion for the Brans-Dicke theory, that is the modified

Einstein equations, the Klein-Gordon equation and the conservation of T (M)
µν

are given by (see Sec. 3.2.1 with F (Φ) = Φ, Z(Φ) = 2κω/Φ and V (Φ) = 0 for
the calculations),

ΦGµν = κT (M)
µν +∇µ∇νΦ− gµν�Φ

+
ω

Φ

[
∇µΦ∇νΦ− 1

2
gµν(∂Φ)2

]
, (3.2.42)

�Φ =
κ

(2ω + 3)
T (M), (3.2.43)

∇µT (M)
µν = 0. (3.2.44)

GR is recovered by imposing ω −→ ∞, which means that STT is indistin-
guishable from GR if ω becomes unnaturally large. Indeed, in the limit where
ω −→ ∞, the Klein-Gordon equation reads �Φ = 0, i.e. the scalar field is no
more coupled to matter and GR is recovered (see also Eq. (B.0.16) for a second
proof that GR is recovered when ω −→∞).

3.2.4.2 The Local Position Invariance II: Varying fundamental constants

The LPI ensures that the measure of the observables does not depend on the
spacetime position in GR. However, if the fundamental constants, either in GR
or in SM, vary in spacetime, then measure of the observables would also vary
in space and in time.

The fundamental constants of a physical theory are defined as any parame-
ter that cannot be explained by this theory [Uzan11]. On the contrary, the other
constants can be expressed in terms of the fundamental ones. In Sec. 2.1.2, we
have already mentioned that the constancy of the speed of light has been ques-
tioned within the framework of Lorentz violation. Actually the constancy of
the fundamental constants is tightly linked to the violation of the equivalence
principles: in the particular case of GN only the SEP is violated since it is re-
lated to the gravitational interaction only while for other constants like c, both
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SEP and WEP are in general violated [Uzan11]. It has been widely explored
along the last decades (see [Uzan11] for a review) for several fundamental con-
stants, in particularGN, c and the fine-structure constant for electromagnetism
αEM.

A fundamental constant has by definition no dynamical equation which
predicts its evolution. In order to implement the variation of fundamen-
tal ”constants” mathematically in a consistent way, fundamental ”constants”
have to be promoted as dynamical scalar fields at the level of the action such
that equations of motion for the scalar field, can be derived from a variational
principle. At the end of the day, some constants will depend on the value of
the scalar fields and a set of new fundamental constants must be defined.

In the case of Brans-Dicke theory (3.2.41), the effective gravitational ”con-
stant” Geff

(7) is,

Geff (xµ) =
G

Φ (xµ)
, (3.2.45)

and its distribution in spacetime is determined by the Klein-Gordon equation
(3.2.43). Both time and spatial variations ofGeff are then predicted, depending
on the spacetime symmetry (for instance only variations in space are predicted
in a static spacetime). Geff has been measured at different redshifts, constrain-
ing its variation in time and, for some cases like for the CMB last scattering
surface, also in space. Among the phenomenons probing the variation of the
gravitational effective coupling Geff , we point out the Solar system tests, the
stellar physics and cosmology, particularly at the BBN and the CMB last scat-
tering surface (see [Uzan11] and references therein for experimental bounds).

However, we have to keep in mind that Geff does not correspond to the
gravitational constant as measured by torsion balance or Cavendish experi-
ments which requires further computations (see e.g. [Uzan11]). Indeed, the
effective Newton’s constant is computed by expanding the conformal factor
A(φ) = F−1/2(φ) in the weak-field approximation. In App. B, the Newton’s
constant as measured by Cavendish experiment GCav for the Brans-Dicke the-
ory is obtained (B.0.16) and reads,

GCav =
2G

Φ0

ω + 2

2ω + 3
, (3.2.46)

with Φ0 the asymptotic value of Φ, far away from the gravitational source.

3.2.4.3 The equivalence principles revisited

In the 1960s, Dicke noticed that only the WEP had been tested through ex-
periments of the UFF involving weakly self-gravitating bodies. The case of
strongly gravitating bodies like stars where the gravitational binding energy
contributes largely to the total mass, had never been studied. The Brans-Dicke
theory (3.2.41) predicts violation of the SEP while the WEP is not violated.

(7)In Chaps. 4, 5 and 6, we will use GN rather than G for the bare gravitational constant. How-
ever, we must keep in mind that it is a misuse of language.
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In the Brans-Dicke theory, the scalar field Φ is nonminimally coupled to
gravity in such a way that it introduces a variation of the effective gravita-
tional ”constant” only. Indeed, matter fields are universally coupled to the
metric gµν . It results that there exists a reference frame locally where the grav-
itational effects are vanishing for all matter species such that the SR laws ap-
plies. However, in the case of strongly gravitating objects, the gravitational
binding energy which is affected by the variation of the gravitational strength,
contributes largely to the inertial mass, the SEP being violated.

This variation of the gravitational mass mg due to the scalar field was fur-
ther formalized by Nordtvedt [Will08],

mg = mi + η
Eb

c2
, (3.2.47)

with Eb the Newtonian gravitational binding energy [Nordtvedt68a,
Nordtvedt68b, Nordtvedt68c]. The best constraint has been obtained by the
Lunar Laser Ranging experiment, |η| < (4.4 ± 4.5) × 10−4 [Williams09]. The
Nordtvedt effect affects also the weakly gravitating bodies, but it cannot be
detected experimentally, the sensitivity of the experimental set-up being far
too low.

Considering now general STT formulated in the Einstein frame as intro-
duced in Sec. 3.2.2, violations of the WEP and the SEP may arise depend-
ing on the way matter fields ψM are coupled to the gravitational fields in
LM [ψM, g

µν , φ]. In the case of a conformal coupling to matter A(φ) which
is universal for all matter fields (see Eq. (3.2.23)), only the SEP is violated
since the effect of the gravitational field is vanishing locally (see the discus-
sion above about the Brans-Dicke theory). However, if the metric does not
couple universally to matter fields, i.e. gµν = A(i)(φ)g̃µν , the superscript (i)

denoting different matter species, for instance photons and electrons, then the
WEP is also violated. Indeed, it is not possible to find out a reference frame
locally where the gravitational effects are vanishing for all the matter species
at once.

One example of such STT is the Abnormally Weighting Hypothesis (AWE)
[Alimi08] where three different geometries are assumed, describing gravita-
tion (gµν), the matter of the SM (A2(ϕ)Mgµν) and the matter-energy content in
the dark sector (A2(ϕ)AWE gµν),

S =
1

2κ

∫
d4x
√−g (R− 2 gµν∂µϕ∂νϕ)

+SM

[
ψM, A

2
M(ϕ) gµν

]
+ SAWE

[
ψAWE, A

2
AWE(ϕ) gµν

]
. (3.2.48)

In general, the SEP is violated provided that the modified gravity model
exhibits two different geometries in a single model, one of them describing
gravitation and the other, the geometry in which matter plays out its dynam-
ics [Bekenstein93]. In order to predict a violation of the WEP, different ge-
ometries describe the matter dynamics like for AWE. The conformal transfor-
mation between two geometries is the easiest. However, more sophisticated
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transformations exist like the disformal one [Bekenstein93],

gµν = A(φ, X)g̃µν +B(φ, X)∂µφ∂νφ, (3.2.49)

where the disformal functions A and B depend on the scalar field φ and the
metric g̃µν via the kinetic term X = g̃µν∂µφ∂νφ. The disformal transforma-
tion between two geometries may lead to violations of the SEP or the WEP
depending on the functions A and B.

In summary, GR satisfies both the WEP and the SEP, and thus predicts no
violation of the UFF, the LPI nor the LLI. In STT, the SEP is violated whereas
the WEP can be violated, depending on the way matter fields are coupled to
the scalar field. In this last case, the UFF is violated too. The LLI is usually
satisfied in STT since, even if the asymptotic value of the scalar field is varying
depending of the location of the frame (the LPI is violated), the metric and the
scalar fields are Lorentz invariant asymptotically(8) For more involved mod-
ified gravity models invoking vector, tensor or prior geometry (see Tab. 3.1),
both LPI and LLI are generally not satisfied.

3.2.5 Current status of scalar-tensor theories from the obser-
vations

In this section we report the current observational constraints on general STT.
Indeed, the Brans-Dicke theory passes the PPN constraints only for very large
values of the ω parameter (see Sec. 3.2.5.1), such that it is now disfavored.
In the last decades, the phenomenology predicted by more general STT, in
particular in the presence of a potential, has been extensively explored. Today,
the STT are also devoted to provide alternative to BHs or to model accelerated
expansion of the Universe (either in the early or in the late-time Universe). In
order to be viable, they must pass Solar System constraints.

3.2.5.1 The PPN parameters

The PPN parameters (see Sec. 2.2 for a general introduction) enable one to
constrain the Brans-Dicke theory in the Solar System. The calculations of the
parameters are reported in App. B for the Brans-Dicke theory (3.2.41) with
ω = ω(Φ). They read,

|γPPN − 1| = 1

ω + 2
, βPPN − 1 =

1

(2ω + 3)2(2ω + 4)

dω

dΦ
,

(3.2.50)
the lower bound on the Brans-Dicke parameter ω yielding ω & 4.3 × 104 ac-
cording to Eqs. (2.2.14). It results that the Brans-Dicke is indistinguishable
from GR in the Solar system.

(8)The LLI can be violated in STT in a particular case. If the asymptotic value of the scalar field
is varying on cosmological time, for instance because of a de Sitter background, then variations
of the rate of the scalar field (and thus of the effective gravitational coupling) are generated. As a
result, the local physics may depend on the velocity of the reference frame [Will08].
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In principle, the PPN parameters do not allow one to constrain general STT
in the presence of a potential. However, as we will see in the rest of this thesis,
PPN parameters are used provided that the potential can be considered as
higher order terms in the Einstein equations, as the cosmological constant in
GR. In order to test STT in the presence of a potential, the fifth force formalism
has been developed.

3.2.5.2 Fifth force formalism

By analogy with particle physics, low mass scalar field coupled to gravity
could mediate a fifth force of Yukawa-type. Such an interaction implies a devi-
ation from the Newtonian gravitational potential V (r) in 1/r in the weak-field
regime (see [Fischbach98] for a review). The fifth force formalism enables to
parametrize the deviation of Yukawa type,

V (r) = −GN
m1m2

r

(
1 + αe−r/λ

)
, (3.2.51)

with α, the dimensionless strength of interaction parameter and λ, the length
scale [Adelberger03]. The wide variety of scales where gravity can be tested
is characterized as a function of λ and α. The remaining viable space param-
eters is constrained by various experiments depending on the probed scale
of interaction [Adelberger02, Upadhye12a, Kapner07], as reported on Fig. 3.2.
Actually, the detection of a fifth force would correspond to a violation of the
UFF in the particular case where a low mass particle would be responsible for
the deviation.

3.2.5.3 Strong field regime: spontaneous scalarization and particlelike so-
lutions

If STT beyond the Brans-Dicke theory pass Solar System constraints, then the
question arises if they are able to pass strong field regime bounds. Following
[Damour93a] it is convenient to consider the Einstein frame (see [Salgado98]
for an analysis in the Jordan frame) with the coupling function A(ϕ) (see
Eq. (3.2.23)) parametrized as,

lnA(ϕ) ' lnA(ϕ0) + α0(ϕ− ϕ0) +
1

2
β0(ϕ− ϕ0)2 + ..., (3.2.52)

with ϕ0 the background value of the scalar field imposed by the cosmolog-
ical evolution which is usually assumed to be zero. α0 and β0 are related
to the PPN parameters (see e.g. [Damour93a]). In particular, GR predicts
α0 = β0 = 0 while the Brans-Dicke theory α2

0 = (2ωBD + 3)−1 and β0 = 0.
Considering the PPN parameters today gives α2

0 < 10−5 [Freire12] while β0

is poorly constrained. It results that the scalar field must be close to the mini-
mum of the coupling function dA/dϕ ' 0, i.e. the GR attractor.

Considering now strong field experiments, NSs appear to be the most
promising candidates for confronting STT with observations, in particular
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Figure 3.2: Current bounds on fifth force depending on the length of interac-
tion λ (for λ > 1 cm) and its strength α. Regions excluded at 95% C.L. are
shaded. Reprinted from [Adelberger03].

compact binaries. Indeed, most of STT admit the same BH solutions as in
GR, the no-hair theorem applying to a large class of modified gravity theories
[Sotiriou12], whereas the dynamics of BHs can differ in some particular cases
(see e.g. [Berti15, Silva15] and references therein).

In the 1990s, Damour and Esposito-Farèse [Damour93a, Damour96] found
a non-perturbative effect (see Sec. 2.3.5), named spontaneous scalarization
such that the deviation from GR can be of the order one for NSs for param-
eters passing the Solar System tests. For stars with a baryonic mass above
the critical value mcr

bar, the GR solution is less favored energetically than the
solution with ϕ 6= 0 since the ADM mass (2.3.10) (assuming the baryonic mat-
ter and the scalar field contributions to Tµν) is smaller for the solution with
ϕ 6= 0. Spontaneous scalarization is usually parametrized by the scalar charge
αs given by the asymptotic behavior of the scalar field,

ϕ = ϕ0 +
Gαs

r
, (3.2.53)

with G the bare gravitational constant.
Spontaneous scalarization has been dubbed by analogy with the

spontaneous magnetization in ferromagnets below the Curie temperature
[Damour96]. The theory predicts that spontaneous scalarization cannot oc-
cur for β0 & −4.35 assuming spherically symmetric NSs [Damour93a]. The
best bounds on β0 have been obtained using compact binary observations
(see Sec. 2.3.5) and show that STT are forbidden if β0 < −5 whatever α0
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[Freire12, Wex14], such that β0 is tightly constrained by compact binary ob-
servations. However, the effect of spontaneous scalarization in anisotropic
NSs is found to increase when the tangential pressure is larger than the ra-
dial one [Silva15]. Finally, the mass-radius diagram of stars (see Sec. 2.3.5) is
significantly affected by spontaneous scalarization [Berti15].

Particlelike solutions are another example of non-perturbative effect aris-
ing in the strong field regime. Those solutions are globally regular (i.e. they
exhibit no singularity), asymptotically flat (Minkowski spacetime is recovered
at spatial infinity) and are of finite energy. In the best case scenario, they are
also stable under perturbations. Particlelike solutions allow to regularize sin-
gular solutions appearing in spherical symmetry, for instance BH.

As an example, boson stars are particlelike solutions appearing in the
framework of GR. They are compact objects made of a self-gravitating mas-
sive complex scalar field [Ruffini69, Colpi86]. Assuming static and spheri-
cally symmetric spacetime with the complex scalar field minimally coupled to
gravity, there exists a continuous family of particlelike solutions for the scalar
field depending on their potential parameters. Boson stars are BHs mimick-
ers whereas the prediction in terms of accretion disk or emission of GWs are
different (see [Schunck03, Liebling12] for reviews).

A second particlelike solution was discovered by Bartnik and Mc Kinnon
when the SU(2) Yang-Mills theory is coupled to gravity. Whereas there exists
no particlelike solution for gravity nor for the Yangs-Mills theory in spherical
symmetry, the gauge field solutions in spherically symmetric spacetime are
particlelike [Bartnik88]. However, those solutions were found to be unstable
with respect to small spherically symmetric perturbations (see [Volkov99] and
references therein).

3.2.5.4 Cosmology: inflation and late-time cosmic acceleration

In order to build viable models for inflation and current cosmic acceleration,
a potential term modeling the self-interaction of the scalar field is introduced
in STT,

S =

∫
d4x
√−g

[
F (φ)R− Z(φ) (∂φ)

2 − V (φ)
]

+ SM [gµν , ΨM] . (3.2.54)

If the STT is justified by the explanation of the late-time cosmic acceleration,
it generally calls on a screening mechanism (see Sec. 3.1.3) in order to pass the
Solar System constraints while mediating long range effect in cosmology. STT
also allow to build viable inflationary models, among them the Starobinsky
model (see Fig. 2.3). This is a particular example of f(R) models (3.1.3),

S =

∫
d4x
√−g

(
R+

R2

6M2

)
, (3.2.55)

which is equivalent to a STT in the presence of a potential (see Sec. 5.2.2).
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3.3 Beyond scalar-tensor theories:
Horndeski gravity

In 1974, Horndeski generalized the Lovelock theorem to models where the
metric gµν has a scalar counterpart for describing gravity, imposing that the
equations of motion are up to second order [Horndeski74]. On the other hand,
the Galileon theory was proposed in 2008 [Nicolis09] (while it was actually
discovered in 1992 by [Fairlie92, Fairlie11]),

Sπ = SEH +

∫
d4x
√−g

5∑
i=1

ciL(i)
π + SM [ψM; gµν ] , (3.3.1)

with,

L1 = π, (3.3.2)

L2 = (∇π)
2
, (3.3.3)

L3 = �π (∇π)
2
, (3.3.4)

L4 = (�π)
2

(π;µ π
;µ)− 2 (�π) (π;µ π

;µν π;ν)

− (π;µν π
;µν) (π;ρ π

;ρ) + 2 (π;µπ
;µν π;νρ π

;ρ) , (3.3.5)

L5 = (�π)
3

(π;µ π
;µ)− 3 (�π)

2
(π;µ π

;µν π;ν)− 3 (�π) (π;µν π
;µν) (π;ρ π

;ρ)

+6 (�π) (π;µπ
;µν π;νρ π

;ρ) + 2
(
π ν

;µ π ρ
;ν π µ

;ρ

) (
π;λ π

;λ
)

+3 (π;µν π
;µν)

(
π;ρ π

;ρλ π;λ

)
− 6

(
π;µ π

;µν π;νρ π
;ρλ π;λ

)
, (3.3.6)

the semi-colon denoting a covariant derivative. This model is an effective the-
ory in a four-dimensional Minkowski background with second-order equa-
tions of motion and thus provides the well-defined modifications of gravity
in the low energy limit. Various modified gravity models are particular cases
of the Galileon effective theory, among them the DGP model [Dvali00] and
the Lovelock gravity [Van Acoleyen11] (see also [deRham12]). The resulting
theory is dubbed Galileon because of the Galilean shift symmetry,

∂µπ −→ ∂µπ + bµ and π −→ π + c+ bµx
µ, (3.3.7)

with c and bµ arbitrary constant and vector field respectively, in flat spacetime.
In order to study the predictions of the Galileon theory in a curved space-

time, the covariant version of the Galileon theory, i.e. the most general theory
where a scalar field is coupled to gravity with at most second order equations
of motion, was formulated [Deffayet09a, Deffayet09b, Kobayashi11],

L =

5∑
i=2

Li, (3.3.8)

with,

L2 = K(φ,X), (3.3.9)

L3 = −G3(φ,X)�φ, (3.3.10)
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where K and G3 are generic functions of φ and X ≡ −∂µφ∂µφ/2. Higher-
order Galileons read,

L4 = G4(φ,X)R+G4X

[
(�φ)

2 − (∇µ∇νφ)
2
]
, (3.3.11)

L5 = G5(φ,X)Gµν∇µ∇νφ

−G5X

6

[
(�φ)

3 − 3 (�φ) (∇µ∇νφ)
2

+ 2 (∇µ∇νφ)
3
]
, (3.3.12)

where (∇µ∇νφ)2 = ∇µ∇νφ∇µ∇νφ, (∇µ∇νφ)3 = ∇µ∇νφ∇ν∇λφ∇λ∇µφ, and
GiX = ∂Gi/∂X . It appears that the covariant Galileon model is equivalent to
the Horndeski model [Kobayashi11].

Besides the usual STT and the f(R) models, Horndeski gravity also in-
cludes all the nonminimal derivative couplings of the scalar field to gravity
like k-mouflage (see Sec. 3.1.3) [Deffayet09b, Deffayet11, Deffayet09a]. The EH
action is also included by construction in the covariant version of the Galileon
model. If equations of motion of more than second-order are allowed pro-
vided that they avoid the Ostrogradsky instability (see Sec. 1.3.4), then the
class of well-posed models is extended and is referred to as the beyond Horn-
deski theory [Zumalacárregui14, Gleyzes15].

Since the additional degree of freedom is scalar, it generally preserves
the LLI (see the discussion in Sec. 3.2.4.3) as well as the diffeomorphism-
invariance. In some sense, Horndeski gravity is thus the minimal extension
of GR since only the LPI is violated (see also Tab. 3.1).

Because of the non-linearities appearing in the scalar field kinetic term,
the Horndeski models may exhibit the Vainshtein screening mechanism (see
Sec. 3.1.3). The Vainshtein mechanism makes possible to build viable cosmo-
logical models, for the late-time acceleration and inflation, with sufficiently
small effects at local scales to evade Solar System constraints. In addition,
inflationary phase can be generated by the non-linearities appearing in the ki-
netic term of the scalar field without the introduction of a potential term for
the scalar field.

As a result, the Galileon model (or equivalently Horndeski gravity) has
opened the way to new models for cosmology [Chow09, Charmousis12a,
Kobayashi11, Tsujikawa12] (see also Chap. 6).

3.4 Summary of the thesis

In the rest of this thesis, some modified gravity models are studied from the
phenomenological point of view (assuming that there are well-posed) at dif-
ferent scales: in the lab, in the Solar System, around compact objects and at
cosmological scales.

In Sec. 3.1.3 screening mechanisms have been introduced, among them the
chameleon model. This is an example of STT, usually written in the Einstein
frame (3.2.23). Due to the explicit coupling of the scalar field to matter A(φ),
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the chameleon acquires an effective mass (see Sec. 3.1.3) varying as a func-
tion of the density. In relatively high density environment like in the Solar
System or inside stars, the chameleon has a large effective mass such that it
mediates a short-ranged fifth force (see the length of interaction introduced in
Sec. 3.2.5.2) while in sparse environment, its effective mass is small, so that the
chameleon is able to mediate long-ranged fifth force, that is the current cosmic
acceleration.

Since its formulation by Khoury and Weltman [Khoury04a, Khoury04b],
the chameleon model has been widely studied from the phenomenological
point of view. Depending on the parameters of the potential and the non-
minimal coupling function, the chameleon model can reproduce the current
cosmic acceleration while it passes the current constraints in the Solar System.
However, a part of this parameter space remains unconstrained. In Chap. 4
we focus on a lab experiment which appears to be the most promising probe
of the chameleon model today. In 2012, Burrage, Copeland and Hinds pro-
posed an atom interferometry experiment where the atom interferometer is
placed inside a vacuum chamber in the presence of a test mass [Burrage15].
While the test mass is screened, the atoms are not, due to their small size and
mass. They are thus sensitive to the chameleon field and the measure of inter-
ference fringes enable one to measure the additional acceleration due to the
chameleon field.

The experiment has been performed at Berkeley in 2015 [Hamilton15]. An-
alytical forecasts have been provided [Hamilton15, Burrage15], relying on re-
strictive assumptions like negligible effects of the vacuum chamber wall. In
this thesis we provide the full numerical solutions of the Klein-Gordon equa-
tion for a spherical vacuum chamber. This numerical method allows one to
refine the analytical constraints and to analyze the effects of the chamber ge-
ometry.

In Chap. 5, we study a second STT where the scalar field is identi-
fied to the Brout-Englert-Higgs field(9). Since its discovery in 2012 [Aad12,
Chatrchyan12], the Higgs field is the first elementary scalar particle ever de-
tected such that the existence of elementary scalar fields is not hypothetical
anymore. The Higgs field has a crucial role in the SM because it is respon-
sible to the mass generation of elementary particles relying on the sponta-
neous symmetry breaking of the SM gauge symmetry. Whereas SM is a quan-
tum theory, the spontaneous symmetry breaking is a classical mechanism and
could possibly be related to cosmology.

The question thus arises if the Higgs field could play a role in cosmol-
ogy, for instance during inflation. In 2008, Bezrukov and Shaposhnikov high-
lighted that the Higgs field could be the inflaton, provided that it is non-
minimally coupled to gravity [Bezrukov09b]. This model is still favored by
Planck+Keck+BICEP2 data (see the Starobinsky model(10) in Fig. 2.3).

In this thesis, we focus on the predictions of Higgs inflation around com-

(9)In the following of this thesis, we will rather refer to the Higgs field.
(10)The Higgs inflation is equivalent to the Starobinsky model as highlighted in Sec. 5.2.2.
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pact objects. Because of the nonminimal coupling, the distribution of the
Higgs field in spherically symmetric spacetime is expected to be non-trivial,
possibly leading to deviations from GR predictions. Moreover, variations of
the Higgs vev could induce modifications in the nuclear processes inside neu-
tron stars. Those questions are discussed in Chap. 5 and highlights the exis-
tence of a novel particlelike solution (see Sec. 3.2.5.3) for STT like the Higgs
inflation.

In Chap. 6, we focus on a more sophisticated model, the Fab Four dubbed
in reference to the four general Lagrangians appearing in Horndeski grav-
ity (see Sec. 3.3) which may escape the Weinberg no-go theorem in order to
solve the cosmological constant problem (see Sec. 2.4.4). We study the phe-
nomenology predicted by two of the four Lagrangians for inflation, in the
Solar System and around compact objects. The Fab Two are found to be able
to reproduce the inflationary phase without any potential, because of the non-
minimal derivative coupling between the scalar field counterpart to the metric
and the Einstein tensor, depending on the nonminimal coupling parameter.
The Fab Two model predicts that compact objects are spontaneously scalar-
ized (see Sec. 3.2.5.3). Eventually some observables in the Solar System are
computed numerically since the PPN parameters do not allow one to derive
any constraint on the Fab Two model due to the presence of the nonminimal
derivative coupling.
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Chapter 4

Probing the chameleon model
with atom-interferometry

based on

S. Schlögel, S. Clesse, A. Füzfa,
Probing Modified Gravity with Atom Interferometry:

a Numerical Approach,
Phys. Rev. D 93, 104036 (2016)

In this chapter we focus on the chameleon model which exhibits the epony-
mous screening mechanism introduced in Sec. 3.1.3. In sparse environ-
ment the chameleon behaves as a free field, allowing for the cosmic accel-
eration whereas in dense environment, it becomes massive, therefore pos-
sibly passing the Solar System constraints. After a brief introduction of the
chameleon models, we review the current bounds on its parameter space, the
constraints coming from the cosmological and astrophysical observations as
well as from experiments. Then we focus on an atom-interferometry experi-
ment recently proposed by [Burrage15]. We refine the constraints derived in
[Burrage15, Hamilton15] providing numerical profiles of the chameleon field
and of the induced acceleration on atoms. We establish that the near future
atom-interferometry experiments could be able to rule out the chameleon pa-
rameter space up to the Planck scale.

4.1 The chameleon models

Chameleon models have been first proposed by Khoury and Weltman
[Khoury04b, Khoury04a]. They are generally formulated in the Einstein frame

85
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(see Sec. 3.2.2),

S =

∫
d4x
√−g

[
R

2κ
− 1

2
(∂φ)

2 − V (φ)

]
+ SM

[
ψM; g̃µν = A2 (φ) gµν

]
, (4.1.1)

the tilde denoting Jordan frame quantities in this chapter. Chameleon models
were initially justified by the fact that quintessence is able to model cosmic
acceleration (see Sec. 2.4.4) provided that the coupling of the scalar field to
matter is extremely small in order to pass local tests of gravity. Similarly to
tracking quintessence the typical chameleon potential is of the runaway type,
that is a monotically decreasing function satisfying the tracker condition de-
fined by,

V,φφV

V 2
,φ

> 1, (4.1.2)

and diverging at some finite value of φ = φ∗ (in the following φ∗ = 0). Other
potential functions have been proposed (see e.g. [Gubser04, Mota11]). Con-
trary to quintessence models, the chameleon field exhibits a coupling to matter
possibly strong,

A(φ) = exp
βφ

Mpl
'
(

1 +
βφ

Mpl

)
, (4.1.3)

where β can be of order unity (or even larger in the strongly coupled case
[Mota06, Mota07]), the chameleon field being then allowed to pass local tests
of gravity.

The effective dynamics is driven by the effective potential Veff defined by,

�φ ≡ dVeff

dφ
,

dVeff

dφ
=

dV

dφ
− T d lnA

dφ
, (4.1.4)

where T is the trace of the stress-energy tensor in the Einstein frame Tµν ,
which is related to its Jordan frame counterpart T̃ by,

T = A4(φ)T̃ . (4.1.5)

Assuming a perfect fluid the energy density ρ and the pressure p in the Ein-
stein frame read [Damour93b],

ρ = A4 (φ) ρ̃, (4.1.6)

p = A4 (φ) p̃. (4.1.7)

In the rest of this chapter we will consider the Jordan frame energy tensor only
since ∇̃µT̃µν = 0 and the tilde are dropped.

Provided β > 0, the effective potential has a minimum φmin and an ef-
fective mass m2

min ≡ d2Veff/dφ
2
∣∣
φ=φmin

(or equivalently the Compton wave-
length λC = m−1

min) which depend on ρ (see Figs. 4.1 and 4.2): in dense (sparse)
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environment, φmin (denoted φc in the figures) is small (large) while mmin is
large (small). It results that in dense environment, the chameleon is decaying
rapidly since its Compton wavelength is small while it mediates long range
force in sparse environment. This is the reason why this screening mechanism
has been named the chameleon (see Sec. 3.1.3).

φ

Sketch of chameleon mechanism: Low Density Background

V(φ) ~ φ
−4

B(β φ/M
pl

)ρ

V
eff

(φ)

Effective minimum
φ = φ

c
(ρ)

Mass of φ near φ
c
 is

small because V
eff

 is

quite flat near φ
c
.

Figure 4.1: Effective potential, given by the runaway potential and the cou-
pling to matter according to Eq. (4.1.4) for the chameleon field in sparse envi-
ronment. The effective chameleon mass is small since Veff is shallow around
its minimum, allowing the chameleon to drive the current cosmic acceleration.
Reprinted from [Mota07].

φ

Sketch of chameleon mechanism: High Density Background

V(φ) ~ φ
−4

B(β φ / M
pl

)ρ

V
eff

(φ)

Effective minimum
φ = φ

c
(ρ)

Mass of φ near φ
c
 is

large because V
eff

 is

quite steep near φ
c
.

Figure 4.2: Effective potential, given by the runaway potential and the cou-
pling to matter according to Eq. (4.1.4) for the chameleon field in dense envi-
ronment. The effective chameleon mass is large since Veff is steep around its
minimum, allowing the chameleon to pass local tests of gravity, for instance
in the Solar system. Reprinted from [Mota07].
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4.1.1 The original chameleon model

Originally Khoury and Weltman considered the model for the Ratra-Peebles
potential and the exponential coupling function,

V (φ) =
Λ4+α

φα
, A(φ) = e

φ
M , (4.1.8)

with
M =

Mpl

β
. (4.1.9)

Assuming A(φ) ' 1 and α > 0, the minimum of the effective potential as well
as the effective mass are respectively given by,

dVeff

dφ

∣∣∣∣
φ=φmin

= 0 = −αΛα+4

φα+4
min

+
ρ

M
⇒ φmin =

(
αΛα+4M

ρ

) 1
α+1

, (4.1.10)

m2
min =

d2Veff

dφ2

∣∣∣∣
φ=φmin

= α(1 + α)
Λα+4

φα+2
min

⇒ m2
min = α(1 + α)Λ4+α

( ρ

αMΛ4+α

) 2+α
1+α

. (4.1.11)

We first derive the order of magnitude required for the parameters in or-
der to explain the current cosmic acceleration. Following [Zhang16], we only
consider the condition on the cosmological parameters today,

ρΛ,0

ρm,0

∣∣∣∣
obs

= 2.15. (4.1.12)

Assuming that the chameleon field is at the minimum of its effective potential
today(1), thus running a cosmological constant, yields,

ρΛ,0 = V [φmin (ρ∞)] =
Λα+4

φαmin

=
ρ∞φ∞
αM

, (4.1.13)

where the subscript ∞ refers to background values with φ∞ = φmin(ρ∞)

and ρ∞ being either the cosmological matter density identified to ρm,0 ∼
10−47 GeV4 either the galactic background density ρgal ∼ 105 × ρm,0. As-
suming ρ∞ = ρm,0 we obtain,

ρΛ,0

ρm,0
=

φ∞
αM

=
1

αM

(
αMΛα+4

ρm,0

) 1
α+1

. (4.1.14)

(1)In their original paper [Brax04] Brax et al. showed that the chameleon exhibits an attractor
behavior such as it remains very close to the minimum of its effective potential all along the cos-
mic history, the model being mainly insensitive to the scalar field initial conditions. Background
cosmological constraints are then fulfilled provided that the chameleon has already settled to its
minimum by the onset of BBN, φBBN . 0.1β−1Mpl, ensuring small mass variations. This re-
sults have been extended for large couplings by [Mota07]. Numerical computations allowed to
establish that the chameleon model exhibits an attractor mechanism. While it is very efficient in
the early Universe, where the effective potential is narrow since the density is high, it can be not
strong enough at late time, especially for small β values. The attractor can be reached for a large
span of initial conditions.
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It is possible to rewrite this equation in order to find out an explicit relation
between α and Λ using Eq. (4.1.9),

Λ
α+4
α+1 = ρΛ,0 (ρm,0)

− α
α+1 (αM)

α
α+1 , (4.1.15)

log Λ =
1

α+ 4

[
(α+ 1) log ρΛ,0 − α log ρm,0 + α log

(
αmpl√

8πβ

)]
, (4.1.16)

=
1

α+ 4

[
log ρΛ,0 + α logmpl + α log

(
ρΛ,0

ρm,0

α√
8πβ

)]
, (4.1.17)

the last term of the last equality being negligible for β ∼ 1 and α ∼ 1. In this
case, the equation reduces to,

log
Λ

1 GeV
≈ 19α− 47

4 + α
, (4.1.18)

corresponding to the relation for quintessence as found by [Schimd07]. In
summary the original chameleon model is able to reproduce the cosmic ac-
celeration provided that Eq. (4.1.14) is fulfilled or equivalently the potential
parameters obey to Eq. (4.1.18). Notice that Hees and Füzfa analyzed the like-
lihood of SN Ia data and obtained the same results [Hees12a]: the relation
Λ − α (4.1.18) is not weakly affected by the nonminimal coupling even if the
latter contributes non-negligibly to the luminosity distance DL measurement
where DL ' z/H(v/c� 1) with z the redshift and H the Hubble parameter.

However, the original chameleon model is not able to pass the local tests of
gravity for the corresponding parameters [Hees12a, Zhang16], as revealed by
the computations of the PPN parameters. The Brans-Dicke formulas are not
useful here since the potential cannot be neglected in the Klein-Gordon equa-
tion (even if the potential is negligible in the Einstein equations assuming that
it contributes to higher order terms as for the cosmological constant in GR).
As for the Brans-Dicke theory (see App. B), the Klein-Gordon equation must
first be solved. Following [Hees12a], the numerical simulations are in good
agreement with the analytical solutions for φ outside the Sun whereas devia-
tions arise inside the Sun. Since the PPN parameters require the solution for
the scalar field outside the Sun only, the analytical treatment of the solution
is valid (see also App. C.1 for the analytical calculations). Then, it is possi-
ble to derive the PN expansion for the metric in the Einstein frame as for the
Brans-Dicke theory (see App. B). In order to obtain the PPN parameters, the
metric must be transformed in the Jordan frame by a conformal rescaling (see
Sec. 3.2.2). We report the reader to [Zhang16] for the detailed calculations.

Eventually, the PPN parameters for the original chameleon read
[Zhang16],

γPPN − 1 = −2φ∞
MΦ

, (4.1.19)

βPPN − 1 = − 3

4(α+ 1)Φ

(
φ∞
Mpl

)2

, (4.1.20)
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where the gravitational potential Φ ' 2.12× 10−6 for the Sun. The constraints
on γPPN are much more powerful than on βPPN since,

|βPPN − 1| = 3Φ

16 (α+ 1)

(
M

Mpl

)2

(γPPN − 1)
2 � |γPPN − 1| . (4.1.21)

Indeed for M . Mpl and α ∼ O(1), |βPPN − 1| ∼ 10−16, thus far below the
current constraints on βPPN (see Sec. 2.2.2). Thus we focus on γPPN constraints
from Cassini probe given by Eq. (2.2.14) yielding,

φ∞
M

=

(
αΛα+4

ρ∞Mα

) 1
α+1

. 2.4× 10−11. (4.1.22)

Combining the condition for the cosmic acceleration (4.1.14) and the γPPN

(4.1.22), we obtain for α ∼ 1,
ρΛ,0

ρm,0
. 2.4× 10−11, (4.1.23)

which is incompatible with the cosmological observations, the original
chameleon model being thus ruled out.

4.1.2 The exponential chameleon

In order to pass the local tests of gravity in the Solar System while explain-
ing the current cosmic acceleration, we must rather assume the exponential
potential(2),

V (φ) = Λ4 exp

(
Λα

φα

)
' Λ4

(
1 +

Λα

φα

)
. (4.1.24)

The Klein-Gordon equation is exactly the same, the previous PPN analysis
being thus still valid, while the cosmological constraint on the exponential
chameleon differs from the original one due to the additional constant in the
potential. Indeed, the minimum of the potential now reads,

ρΛ,0 = V [φmin (ρ∞)] = Λ4 +
ρ∞φ∞
αM

, (4.1.25)

where the second term in the right-hand side is negligible since,

ρΛ,0

ρm,0
= 2.15 =

Λ4

ρm,0
+
φ∞(ρm,0)

αM︸ ︷︷ ︸
.2.4×10−11

, (4.1.26)

by using (4.1.12) and (4.1.22), for α ∼ 1 and ρ∞ = ρm,0. It results that, for the
exponential chameleon,

Λ = ρ
1/4
Λ,0 ' 2 meV, (4.1.27)

(2)Following Brax et al. [Brax04], the choice of this potential function is justified by two sufficient
conditions: the potential is of runaway form and it diverges at some finite value, for instance
φ = 0. In addition the potential is flat and of order unity for the current value of the scalar field,
ensuring the late-time cosmic acceleration.
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in order to explain the current cosmic acceleration. The PPN parameters
(4.1.22) allow one to further constrain the parameter space α−M,

log

(
αΛα+4

Mαρ∞

)
. −10.6 (α+ 1), (4.1.28)

α (logM − log Λ− 10.6)− logα & 10.6− log
ρ∞
ρΛ,0

. (4.1.29)

The viable parameter space α −M is plotted in Fig. 4.4 for Λ = 2.4 meV and
ρ∞ = ρm,0 (the choice ρ∞ = ρgal is more conservative). The combination of
the constraints on PPN parameters and background cosmology enables one to
rule out the exponential chameleon model for small α values, the constraint
being more stringent for large β values. As we will see in the following ad-
ditional tests on the exponential chameleon model are much more stringent
than those coming from the Solar System observations today.

Further observables signatures for the chameleon model have been inves-
tigated (see [Joyce15] for a review of modified gravity models, among them
the chameleon). Since the chameleon couples to the trace of Tµν no significant
effect is expected during the radiation era, provided that the chameleon is not
coupled to photons(3). Moreover, the range of its interaction is always much
smaller than the horizon scale so no super-horizon effect is expected [Brax06].

Chameleon field should leave imprints during the structure formation in
the matter era, especially when the coupling to matter β is large. The growth
of matter fluctuations has been studied in a serie of papers, in the linear
regime [Brax06, Gannouji10, Mota11, Hojjati16] and in the non-linear one (see
[Brax13b] and references therein). It was found that first halos to form in
chameleon cosmology are significantly more concentrated than according to
the Λ−CDM concordance picture and matter collapses earlier to form struc-
ture [Brax06], the linear approximation thus fails at larger scale than for the
Λ−CDM model. The main effects appear in the non-linear scales where the
density contrast of matter is found to increase anomalously [Brax13b], the
matter power spectrum being altered. The deviations are . 10% in the non-
linear part of the power spectrum, which is hard to detect today. The ob-

(3)Further generalizations of the chameleon model were proposed, notably introducing a cou-
pling function A2

γ(φ) of the chameleon to photons,

S =

∫
d4x
√
−g
[
R

2κ
−

1

2
(∂φ)2 − V (φ)−

1

4
A2
γ(φ)FµνFµν

]
+ SM

[
ψM; g̃µν = A2 (φ) gµν

]
,

(4.1.30)
with Fµν the Faraday tensor, leading to a variation of the fine-structure constant [Brax07a].

Assuming a coupling of the chameleon field to photons (βγ ) enables one to test the chameleon
models with other experimental setup. Several experiments have put constraints on βγ for a
given β (for different α). Among them, CHameleon Afterglow SEarch-GammeV [Steffen10] and
Axion DM eXperiment [Rybka10] where the chameleon is tested using a laser beam in a vacuum
chamber and in a microwave cavity respectively thanks to an intense magnetic field in both cases,
and, more recently by CERN Axion Telescope, a telescope which detects soft X-ray coming from
the Sun and possibly produced by the chameleon field [Anastassopoulos15]. Those constraints
read βγ . 1011 for the range 1 < β . 106 (Λ being of the order of the cosmological constant), a
result being mostly independent of α [Anastassopoulos15].
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servations of LSS, for instance by the Euclid satellite, should enable one to
improve the current constraints on the chameleon model in the near future
[Amendola16].

4.2 Current constraints on chameleon

In this section, we briefly discuss to what extent the exponential chameleon
model is viable today in terms of those three parameters, that is the potential
(α, Λ) and nonminimal coupling (M or equivalently β = Mpl/M ) parameters.
The parameter M is found to be poorly constrained because of the presence
of the potential while, as we have already seen in the previous section Λ ∼
1 meV in order to account for the current cosmic expansion. The current best
bounds are represented in Figs. 4.3 and 4.4. We consider the parameter ranges
10−2 meV < Λ < 102 meV, 1 < α < 10 and 10−15 Mpl < M < Mpl.

In addition to the PPN constraints, stringent constraints on the chameleon
parameter space arise from the experimental tests in labs (or in space) and
from astrophysical tests of gravity. As a reminder, the larger values of β (or
small values of M ) the more efficient is the chameleon mechanism. For rel-
atively small values of β, the chameleon field tends to behave like a non-
chameleonic field, i.e. quintessence. On the contrary, for large values of β,
the Compton wavelength of the chameleon field λC becomes so small in the
presence of massive objects that the range of the fifth force interaction be-
comes smaller than the size of the objects. It results that the fifth force seems
to be sourced by the thin shell of matter at the surface of the objects only
[Amendola13]. This is the so-called thin-shell regime where the screening
mechanism occurs. The precise boundary between screened (i. e. the thin
shell regime) and unscreened objects is determined by the depth of the grav-
itational potential Φ (which is related to the density). Assuming spherically
symmetric spacetime, the thin-shell parameter ε enables one to quantify the
thin-shell effect,

ε ≡ φ∞ − φc

MplΦ
, (4.2.1)

with φc the central value of the sourcing object. The screening mechanism is
efficient for ε� 1.

4.2.1 Constraints from astrophysics

Following [Khoury04a], all the objects with a sufficiently large compactness,
e.g. galaxies like the Milky Way (s = 10−6), must be screened in order to pass
observational tests. However, screened and unscreened objects do not fall at
the same rate, leading to a possible violation of the UFF [Hui09]. The fact that
an object is screened or not depends on its density and on its the environment
as well as on β. Indeed, an object can be either self-screened either screened
due to the environment (for instance, a dwarf galaxy (s = 10−7− 10−8) can be
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Figure 4.3: Exclusion contours for the chameleon parameters M and Λ (α = 1

being fixed) for atom interferometry (in orange) and neutron interferometry
(on the left of the green line), the blue line referring to the cosmological con-
stant Λ = 2.4 meV. The contour lines refer to the logarithm of the normalized
chameleon acceleration aφ/g, the current constraint being given by Eq. (4.3.2)
with aφ/g ∼ 10−7.
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Figure 4.4: Exclusion contours for the chameleon parameters α and β (Λ =

2.4 meV being fixed) for atom interferometry (in orange), combined constraint
from PPN parameters and background cosmology (in grey), torsion balance
experiment (in green); and neutron interferometry (upper the blue line).

screened by the local group). Depending on the local environment in the Uni-
verse, for instance cosmic voids or above the cosmic mean, dwarf galaxies are
thus less or more easily screened respectively since relatively dense environ-
ment can be more easily self-screened. In addition, when the matter is weakly
coupled to the scalar field, i. e. for small β, the screening mechanism is less
efficient and the UFF is satisfied while if the coupling is strong, i. e. for large
β, violations can be detectable. Several observations have been proposed fol-
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lowing this idea. As long as no deviation from GR is detected for less and less
compact objects, they have to be unscreened, giving rise to constraint on the β
parameter.

Some authors studied the effect of the chameleon field inside stars. The
chameleon field is found to leave possible imprints in the mass-radius rela-
tionship of both NSs and white dwarfs (see also Sec. 2.3.5) by [Mota07]. Be-
cause of the nonminimal coupling, variations of GN arise, potentially inside
the star itself. Since Geff is larger in unscreened environment, unscreened
stars are subjected to a stronger gravitational force, which means that they
are brighter and hotter while more ephemeral [Davis12, Chang11] compared
to screened stars which have (almost) the same properties as predicted by GR
[Davis12] (at the same mass) [Sakstein14]. Following [Chang11], the stellar
evolution of red giants stars is modified, especially their color and luminosity,
since the core of those stars (s & 5× 10−6 [Davis12]) is screened while the en-
velope is not(4). In unscreened galaxies (neither self-screened nor screened by
their environment) partially screened red giants stars are found to be hotter
than completely screened ones at the same luminosity. This effect is poten-
tially measurable since, looking at Hertzsprung–Russell diagram, that is the
classification of stars as a function of their surface temperature and luminos-
ity, there exists a tip in the red giant branch. The chameleon field affects the
pattern of this tip, offering a unique signature for modified gravity.

Actually this effect has been found to apply also to the structure of the
main sequence stars in the Hertzsprung–Russell diagram by [Davis12]. In
unscreened galaxies (that is dwarf galaxies in cosmic voids), only partially
screened stars, which are more luminous and ephemeral than screened ones,
can considerably enhance the total galactic luminosity. However, it is difficult
to disentangle the chameleon effect to other ones, like the metallicity of the
stars. Therefore Davis et al. [Davis12] proposed to measure the systematic off-
sets in luminosity between screened dwarf galaxies in clusters and unscreened
galaxies in voids.

Best bounds using stars have been obtained by comparing distance mea-
surements inferred by the Cepheids and red giant stars observations [Jain13].
Since some stars are used as standard candles (at low redshift), a modifica-
tion of their properties implies a change of distance measurement. In [Jain13]
authors focused on two specific stages of the giant stars evolution, that is the
tip of the red-giant branch and the Cepheids. The key idea is to compare dis-
tances inferred using Cepheids and red giants which would agree only in the
screened galaxies. As mentioned above the tip is shifted while the period-
luminosity relation for Cepheids is also modified (Cepheids pulsate at shorter
period at fixed luminosity), both effects adding up to each other [Jain13]. No
deviation has been found up to now, putting strong bounds on the chameleon
parameter space [Sakstein14]. It results that the only possibly unscreened as-
trophysical objects in the Universe are isolated gas clouds, the smallest dwarf
galaxies and very massive post main sequence stars [Sakstein14].

(4)The density of the core is roughly 1013× that in the mantle in red giant stars [Casoli00].
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The current constraints are represented in Fig. 4.5 for two dimensionless
parameters: α which defines the strength of the fifth force interaction outside
the thin-shell radius S (see Eq. (C.1.22) for a mathematical definition),

Geff = GN

[
1 + α

(
1− M(r)

M(S)

)]
, (4.2.2)

with M(r) the mass enclosed into the radius r; and χ0 the self-screening pa-
rameter which defines if an object is completely screened,

χ0 < Φ =
GNM

R . (4.2.3)

Figure 4.5: Constraints on the chameleon model using stars as a function of the
parameters α and χ0. The light and dark shaded regions show the regions ex-
cluded with 68% and 95% C.L. respectively. The black arrow indicates the pre-
vious constraint coming from galaxy cluster statistic [Schmidt09]. Reprinted
from [Sakstein14].

4.2.2 Experimental tests of chameleon models

Since the formulation of the chameleon theory [Khoury04b, Khoury04a], fifth
force searches have been found to constrain the chameleon parameter space.
In order to compute predictions of the chameleon model, the scalar field pro-
file has to be determined by solving the Klein-Gordon equation (4.1.4). As-
suming the spherical symmetry in a Minkowski background gµν ' ηµν

(5), an
approximation that is valid if the Newtonian gravitational potential is small

(5)More symmetries have been considered in [Mota07] for instance.
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everywhere and if the backreaction due to the density on φ remains small
[Khoury04a], the Klein-Gordon equation reads (4.1.4),

φ′′ +
2

r
φ′ =

dVeff

dφ
,

dVeff

dφ
=

dV

dφ
+ ρ̃A3 dA

dφ
, (4.2.4)

the prime denoting a radial coordinate derivative. Since the relativistic effects
are negligible in lab experiments, metric potentials arising in static and spher-
ically symmetric spacetime (see ν(r) and λ(r) in Eq. (2.3.1)) and pressure are
assumed to be negligible. The radial profile of the chameleon field φ(r) can
be solved either analytically (see App. C.1) or numerically (see Sec. 4.4 for an
example of such numerical method) provided two boundary conditions(6),

φ′(r = 0) = 0, (4.2.5)

φ(r −→∞) = φmin(ρ∞), (4.2.6)

the chameleon field being settled to its attractor that is the minimum of its
effective potential, at spatial infinity.

The fifth force mediated by the chameleon then reads,

Fφ = −mtest

M
∇φ ⇒ aφ ≡

Fφ
mtest

= − 1

M
∇φ, (4.2.7)

where mtest is the mass of the test particle and aφ the acceleration induced by
the chameleon. If the scalar field is weakly coupled to matter, the scalar field
profile varies like aφ ∝ 1/(r2M2) outside the source mass (see Eq. (C.1.14)
for the analytical formula) whereas aφ ∝ 1/(r2M) in the strongly coupled
case (see Eq. (C.1.23) for the analytical formula). Computing the φ profile al-
lows to compare the fifth force mediated by the chameleon to the experimental
bounds on the strength of the fifth force α and its length of interaction λ (see
Eq. (3.2.51) where Fφ ≡ −∇V for the definition of the parameters α and λ). At
fixed length of interaction, roughly λ ∼ 10 cm - 1 m for lab experiments, the
strength of interaction α is constrained [Khoury04a] (see Fig. 3.2).

Fifth force test between two macroscopic objects like the Eöt-Wash exper-
iment using torsion pendulum [Kapner07, Upadhye12b] gave rise to lower
bound |α| < 1 up to λ = 56 µm at 95 % C.L., enabling to rule out a part of
the parameter space [Adelberger07, Upadhye12a] for β ∼ 1. The experimen-
tal bounds obtained by Upadhye [Upadhye12a] with a torsion pendulum are
reported in Fig. 4.4. Casimir forces experiment has been also used in order to
test the fifth force by measuring the chameleon pressure between two parallel
plates in the presence of a medium, e.g. a gas between the plates, affecting the
chameleon field [Brax07b, Brax10]. However, the separation between the two
plates have to be relatively large, around 10 µm so that the electrostatic po-
tential is not uniform between the plates. The experiment is thus not straight-
forward and the total force between the two plates is rather measured as a
function of the gas density inside the cavity [Brax10].

(6)To be more precise it is necessary to take into account the Yukawa suppression of the fifth
force, the second border condition being rather given by Eq. (4.4.2).
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However, such experiments testing fifth force between two macroscopic
objects are not able to probe β � 1. In order to probe the extremely
strongly coupled chameleons the fifth force searches between a macroscopic
body and a microscopic one, e.g. cold neutrons, appear to be powerful
[Brax11b, Brax13c, Jenke14]. In this case, only the macroscopic body is
screened while the cold neutrons may have no thin shell. In the first experi-
ment, ultracold neutrons are bouncing above a mirror. Considering bouncing
of the order of mm, neutrons exhibit quantum behavior, their energy levels
being discrete, and appear to be unscreened [Brax11b]. The chameleon in-
troduces a shift in the quantum gravitational potential, possibly detected by
neutron bouncing experiment [Brax11b]. While fifth force searches between
two macroscopic bodies give rise to upper bound on β, neutron experiments
to lower bounds. The current experimental constraint for Λ ∼ 2.4×10−12 GeV
are [Jenke14],

β < 5.8× 108 for − 2 ≤ α ≤ 2 (95 % C.L.). (4.2.8)

A second set-up has been proposed using neutron interferometry [Brax13c,
Li16]. Their experimental constraints are even more stringent. They are re-
ported in Tab. 4.1 and represented in Figs. 4.4 and 4.3.

Many other experimental tests of the chameleons have been pro-
posed so far [Ivanov13, Brax11a, Shih74, Shih75, Anderson88, Sukenik93,
Baumgärtner10, Harber05, Kasevich91, Cronin09, Harber05]. Some of them
were realized in space where the ambient density is weaker, the thin shell be-
ing thus easier to reach [Joyce15, Khoury04a, Elder16]. The list of experiments
presented in this section is not exhaustive, though leaving a part of the param-
eter space unconstrained.

In the rest of this chapter, we will focus on one lab experiment based on
atom interferometry, proposed by Burrage et al. [Burrage15] in 2014 and re-
alized by [Hamilton15] in 2015. This experiment offers the best bounds on
the chameleon parameter space from now, as reported in Figs. 4.3 and 4.4.
Like the neutrons, individual atoms are sufficiently small to let the scalar field
unscreened even if their nuclei are dense. Cold atom interferometry experi-
ments were developed recently for measuring the Newton’s constant GN =

6.67 × 10−11 m3 kg−1 s−2 with very good accuracy [Fixler07, Lamporesi08],
the statistical uncertainty being given by ±0.011 × 10−11 m3 kg−1 s−2 while
the systematic uncertainty ±0.003 × 10−11 m3 kg−1 s−2 [Lamporesi08]. Us-
ing laser-cooled atoms in a vacuum tube, the acceleration of the atoms due
to the presence of a source mass was measured outside the tube. From the
knowledge of the mass distribution of the source mass, GN was determined
according to the Newtonian gravitational force.

The experimental setup proposed by Burrage et al. [Burrage15] is based on
similar atom interferometry experiments while the source mass is now inside
the vacuum chamber. It consists in measuring the additional acceleration on
individual atoms, due to the scalar field gradient induced by the presence of a
source mass at the center of the chamber (see also Sec. 4.3). Forecasts provided
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α 1 2 3 4 5 6

βlim × 106 4.7 8.2 12.7 17.9 20.4 23.8

Table 4.1: Experimental bounds obtained using neutron interferometry. βlim

corresponds to the upper bounds on β at 95 % C.L. [Li16].

in [Burrage15] and the first experimental results obtained by [Hamilton15],
highlight the fact that most of the remaining part of the chameleon parameter
space corresponds to the case where the chameleon field is weakly coupled to
matter, i.e. for M/mpl ∼ 1 (see Figs. 4.3 and 4.4).

In the rest of this chapter, we will provide numerical simulations for the
chameleon profile and acceleration measured by the Berkeley experiment. The
experimental setup is briefly reviewed in Sec. 4.3 and the numerical strategy
is detailed in Sec. 4.4. Numerical results are presented in Sec. 4.5 for the thin
shell regime (we report the reader to [Schlögel16] for a discussion about the
weak field regime) where they are compared to analytical results reviewed
in App. C.1. We finally discuss our results and draw some conclusions and
perspectives in Sec. 4.6.

4.3 Experimental setup of the Berkeley experiment

In the last decade, the chameleon model has been tested thanks to cosmologi-
cal and astrophysical observations, as well as lab experiments, using neutron
and atom interferometry. As we can see in Figs. 4.3 and 4.4, the atom in-
terferometry experiment performed in Berkeley provides the most stringent
constraints on the parameter space of the chameleon model today, for large
β or small M . Those results were obtained by measuring the acceleration in-
duced by the chameleon field on cesium-133 atoms inside a ultra-high vacuum
chamber in the presence of a source mass. We will here explain in more detail
this experimental setup [Hamilton15].

According to quantum mechanics cesium-133 atoms exhibit matter-wave
properties in a Fabry-Perot cavity. When an atom absorbs/emits a photon,
it recoils with a momentum p = ~k, with k the wave number of the ab-
sorbed/emitted photon. So, one can reproduce the equivalent of a Mach-
Zehnder interferometer represented in Fig. 4.6 for cold atoms with three light
pulses using counter-propagating laser beams. Atoms are initially prepared
in a hyperfine state F = 3 and stored in a 2 dimensional magneto-optical trap.
A first light pulse splits the matter-wave packet in two hyperfine states F = 3

and F = 4 (see the beamsplitter (1) in Fig. 4.6) and gives an impulse of ~keff to
the atoms. The effective wave number keff depends on the two counterprop-
agating beam wave numbers. The probability of hyperfine transition can be
controlled by the intensity and duration of both laser beams. The second pulse
reverses the relative motion of the beams like the mirror of Mach-Zehnder in-
terferometer (see the mirrors (2) and (2′) in Fig. 4.6) and the third pulse acts
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Figure 4.6: Illustration of the Mach-Zehnder interferometer. The incident
beam goes through the beamsplitter (1). The two resultant beams are reflected
on mirrors (2) and (2’) and are recombined by the beamsplitter (3). A detector
measures the fringes of interference in (4).

like a beam splitter which allows overlap of partial matter wave packets (see
the beamsplitter (3) in Fig. 4.6). Because of the recoil of the atoms, the phase
difference between the two arms of the interferometer ∆φ is a function of the
acceleration a of atoms,

∆φ = keffaT
2, (4.3.1)

where T ∼ 10 ms in general, is the time interval between two pulses. To al-
leviate some systematics effects, counterpropagating laser beams are reversed
and the aluminum sphere can be positioned in two places: a near and a far
positions (the source mass surface is respectively located 8.8 mm and 3 cm far
from the atoms), which allows to disentangle the contribution from chameleon
force to Earth’s gravity. One measurement consists thus of four interference
fringes, corresponding to reversed counterpropagating laser beams and both
positions of the source mass. Using this setup, the acceleration induced by the
chameleon has been excluded up to

aexp < 5.5µm/s2 ⇔ aexp

g
< 5× 10−7 at 95% C.L., (4.3.2)

with g the Earth’s acceleration of free fall. As a comparison, the Newto-
nian gravitational attraction due to the source mass is aN/g(r = 8.8 mm) =

(GNmA/r
2)/g

∣∣
r=8.8 mm

= 2.25 × 10−10 at the position where the acceleration
of the atoms is measured. Since it is more than two orders of magnitude below
the current experimental sensitivity, the gravitational acceleration due to the
source mass is neglected.

The experimental setup proposed in [Burrage15] is similar, except that they
plan to use cooled rubidium atoms launched in a small fountain located 1 cm
far from the source mass. Our numerical simulations can be easily adapted
for such a configuration. Details of the considered experimental setup are
reported in Table 4.2. The size and density of the central mass, the geometry
of the chamber and the vacuum density are those of [Hamilton15, Burrage15].
In addition we consider the thickness and density of the vacuum chamber
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RA Radius of the source mass 1cm/5.1× 1013GeV−1

L Radius of the chamber 10cm/5.1× 1014GeV−1

Rw Wall thickness 1cm/5.1× 1013GeV−1

mA Test mass 11.3g /6.7× 1024GeV

ρA Test mass density 1.2× 10−17GeV4

ρw Wall density 3.5× 10−17GeV4

ρv Vacuum density 5.0× 10−35GeV4

ρatm Air density (Patm) 5.2× 10−21GeV4

Table 4.2: Fiducial experimental parameters, corresponding to the setup of
[Hamilton15] .

Figure 4.7: Outline of the atom-interferometry experiment, simulated by a
four-region model including the source mass, the vacuum chamber, its wall
and the exterior environment. In light gray, the near and far positions where
the acceleration on atoms is measured (note that we consider a fixed source
mass to keep spherical symmetry whereas in the real experimental setup the
source mass is moved [Hamilton15]) .

wall, as well as the exterior density. In Fig.4.7, we draw the experimental
setup considered in our numerical simulations. The four regions are labeled
by their densities: (1) the source mass made of aluminum (ρA), (2) the vacuum
where the acceleration due to the chameleon is measured (ρv), (3) the wall
of the chamber (ρw) made of stainless steel, (4) the exterior of the chamber,
mostly filled by air at atmospheric pressure (ρatm).

4.4 Numerical strategy

Analytical approaches have been considered so far [Burrage15, Hamilton15],
which are valid under some theoretical assumptions like static approxima-
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tion(7), Minkowski background spacetime, the linearization of the solution
(see also [Mota07] for a discussion), the coupling function A(φ) ∼ 1, and
experimental ones like negligible chamber wall effects. Numerical methods
enable to (in)validate those assumptions and to refine analytical results, by
including the effects due to the experimental setup, like the thickness and the
density of the wall as well as the exterior environment. In the future, numer-
ical results will be also helpful to study more realistic situations where the
vacuum chamber is not exactly spherical or cylindrical (see e.g. [Elder16]).

We consider two methods for solving the KG equation (4.2.4): a singular
and multipoint boundary value problem (BVP) solver with unknown param-
eter and a non-linear BVP solver implementing up to sixth order a mono-
implicit Runge-Kutta method with an adaptative mesh refinement, working
in quad precision(8). In the latter case, the density in the four regions was
made continuous by considering arctan profiles with negligible widths. The
requirement of the quad precision in order to solve the Klein-Gordon equation
reveals the strongly fine-tuned nature of chameleon physics.

We take the minimal assumption which states that the scalar field is settled
to its attractor at spatial infinity, i.e. φ∞ = φmin(ρatm) as [Hamilton15]. Then,
the asymptotic scalar field profile is obtained by linearizing the KG equation
up to first order around spatial infinity,

φ′′ +
2

r
φ′ =M2 (φ− φ∞) , (4.4.1)

with M2 = d2Veff/dφ
2
∣∣
φ=φ∞

, which admits the Yukawa profile solution
(M2 > 0)

φ = φ∞ +
Ce−Mr

r
, (4.4.2)

with C the constant of integration. Since the KG equation is of second or-
der and the parameter C is to be determined, three boundary conditions are
needed. They are provided by the regularity condition on the scalar field
derivative at the origin φ′(r = 0) = 0 and by the asymptotic behavior of φ
and φ′ given by Eq.(4.4.2) at the end of the integration interval. For the multi-
point BVP method, the continuity of φ and φ′ are imposed at the interfaces of
each region (6 conditions) while the profile is guaranteed to be continuous for
arctan profiles of density. The density and size of each region are reported in
Table 4.2. The two numerical methods have been checked to be in agreement
with each other. Their applicability to the various regimes and their limita-
tions in the deep thin-shell regime will be discussed in Sec. 4.5. We already
point out that this numerical method enables one to properly account for the
effect of neighboring matter on the chameleon fields and can be easily gener-
alized to other experiments, possibly more sensitive (in the limit of spherical
symmetry).

(7)A numerical method for studying screening mechanisms in cosmology beyond the quasistatic
approximation has been proposed in [Llinares13].

(8)For this purpose we have used the Matlab function bvp4c which deals with singular BVP’s
and a modified version of the mirkdc BVP solver with adaptative mesh in Fortran.
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4.5 Four-region model: numerical results

As we can see in Figs. 4.3 and 4.4, the atom interferometry experiment enables
to probe the chameleon models for relatively small M (or large β), i.e. in the
thin shell regime or the so-called strongly perturbing regime (see App. C.1 for
the mathematical definition). In this regime, the chameleon field is screened
in the source mass. On the contrary, the chameleon is unscreened inside the
source mass is the so-called weak field regime. The analytical solutions in
those two limit cases are reported in App. C.1. As we will see, the numerical
treatment allows one also to probe the transitory regime between the weakly
and strongly perturbed cases in addition to refine analytical constraints.

Since the original chameleon model has been already ruled out by the com-
bined constraints on cosmological and PPN parameters [Hees12a], we will
mainly focus on the exponential chameleon. We report thus the reader to
our paper [Schlögel16] for the complete numerical results, in particular in the
weak-field regime.

However, probing the deep thin-shell regime, i.e. for very small values
of M , is very challenging numerically because the problem becomes stiff, the
chameleon physics being strongly fine-tuned. Up to some point, it is never-
theless possible to track the solution and to check the validity of the analyti-
cal estimations, typically using mesh refinement methods. Since the original
model is easier to probe we briefly discuss our results in the thin-shell regime.

4.5.1 The original model

The numerical scalar field and acceleration profiles for several values of M
considering the original chameleon model are represented in solid lines in
Figs. 4.8a and 4.8b, the dashed lines corresponding to the analytical calcula-
tions reported in App. C.1. The shaded region indicate the upper bound on
the acceleration (4.3.2), the atom interferometry being thus able to rule out the
original chameleon model in the strong field regime. This result is in agree-
ment with the analytical analysis (see the Case (3) in App. C.1).

As expected from Eq. (4.1.10) given that ρA . ρw with similar source mass
radius and wall thickness, when lowering M, the field reaches first the poten-
tial minimum φmin(ρw) inside the wall, and then φmin(ρA) within the source
mass, over a very thin radius. Analytical results appear to be in good agree-
ment with the numerical ones, especially close to the source mass where aφ
is measured whereas important deviations are found close to the wall. In
particular, one observes that the field roughly reaches the amplitude of the
central value of the scalar field in the absence of the source mass φbg given by
Eq. (C.1.24) inside the vacuum chamber, which validates the analytical calcu-
lation of [Burrage15] (see App. C.1 for the details). In the vicinity of the cham-
ber wall, however, the acceleration changes its sign and becomes negative,
with a comparable magnitude with the acceleration close to the source mass.
This effect could be helpful experimentally to discriminate between a signal of
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(b) Acceleration profile |aφ|/g. The numerical
profile for the four-region model shows that from
the middle of the chamber to the wall, the accel-
eration becomes negative and increases in magni-
tude. The Newtonian gravitational attraction due
to the test mass is plotted in black dashed line.

Figure 4.8: Numerical results (solid lines) and analytical approximation
(dashed lines) for the original model, in the strongly perturbing (thin shell)
regime, for Λ = 2.6 × 10−6 GeV and values of the coupling M listed in Ta-
ble 4.3. Differences between the two-region and four-region models are non-
negligible inside the chamber, especially in the vicinity of the wall. Vertical
lines mark out the four regions (source mass, chamber, wall and exterior).
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Color M [GeV] aφ/g (near) aφ/g (far)
Original chameleon, thin-shell: Figs. 4.8a, 4.8b
Blue 108 5.8× 109 1.4× 108

Green 109 5.2× 108 5.7× 106

Red 1010 1.9× 107 −4.4× 106

Light blue 1011 2.5× 105 5.5× 104

Exponential chameleon, thin-shell: Figs. 4.10a, 4.10b
Blue 1014 5.2× 10−7 1.5× 10−8

Green 1015 5.2× 10−8 1.5× 10−9

Red 1016 5.2× 10−9 1.5× 10−10

Light blue 1017 5.2× 10−10 1.5× 10−11

Purple 1018 5.3× 10−11 2.4× 10−12

Beige 1019 4.6× 10−12 6.8× 10−14

Table 4.3: Properties of the numerical scalar field and acceleration profiles for
the two models in the different regimes.

modified gravity and systematic errors, by performing measurements of the
acceleration at several key positions of the chamber.

4.5.2 The exponential model

For the exponential model and the considered experimental set-up, it has been
impossible to track numerically the thin-shell regime up to the point where the
acceleration would have been large enough to be observed in laboratory ex-
periments. Nevertheless, the field and acceleration profiles are represented
in Figs. 4.9a and 4.9b, for M = 1017GeV and increasing values of ρw and ρA.
The attractor field values within the source mass and the wall are reached
progressively and the field variations at the borders between the four regions
become more steep, as expected given that (RA,w−SA,w)/RA,w ∝Mρ−1

A,wR
−2
A,w

(see Eq. (C.1.22)). In the case M = 1017GeV, the attractor is reached in-
side the source mass for ρA ' 5 × 10−20GeV4, i.e. about 1000 times lower
than the aluminum density, whereas inside the wall, it is reached for ρw '
7.5×10−20GeV4. This slight difference is explained by the fact that the central
source mass has a diameter two times larger than the wall thickness.

Inside the vacuum chamber, the analytical estimation is roughly recovered
in the first half of the chamber. Once in the thin-shell regime, one can also
observe that the field and acceleration profiles inside the chamber are inde-
pendent of the wall and mass densities, except at their immediate vicinity.
Therefore, in the deep thin-shell regime, the scalar field and acceleration both
at the near and far positions of the interferometer do not depend on the source
mass and wall densities and sizes, neither on the exterior environment. In or-
der to obtain the numerical solution inside the chamber, down to low values
of M , one can therefore use the trick to set the wall and mass densities high
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Figure 4.9: Numerical results (solid lines) and analytical approximation
(dashed line) for the exponential model, for various ρA and ρw reported in
Tab. 4.4, M = 1017 GeV being fixed.
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Color ρA

[
GeV4

]
ρw

[
GeV4

]
Blue 1.0× 10−20 1.0× 10−20

Green 2.5× 10−20 2.5× 10−20

Light blue 5.0× 10−20 5.0× 10−20

Purple 7.5× 10−20 7.5× 10−20

Beige 5.0× 10−19 7.5× 10−20

Red 1.2× 10−17 7.5× 10−20

Table 4.4: Densities inside the source mass ρA and the wall ρw for the numeri-
cal scalar field and acceleration profiles of Figs. 4.9a and 4.9b.

enough to be in the thin-shell regime but low enough for the field profile to be
numerically tractable through the borders of the four regions. As an example,
for M = 1017 GeV, the numerical solution is tractable for the real source mass
density whereas the wall density has been adapted (ρw = 7.5 × 10−20 GeV4

instead of 3.5× 10−17 GeV4) (see the red curves in Figs. 4.9a and 4.9b).
The field and acceleration profiles have been calculated numerically and

compared to the analytical results, for several values of M and Λ ' 2.4 meV.
These are represented in Figs. 4.10a and 4.10b. As expected the profiles have
the same behavior as for the original model (see Figs. 4.8a and 4.8b). Close to
the source mass, one recovers the analytical estimation but one can neverthe-
less notice differences higher than 20%.

Close to the wall, the acceleration becomes negative, and its amplitude
reaches values comparable to the acceleration at a position close to the source
mass, which is a potentially measurable prediction that could be useful to
discriminate between experimental systematic effects and an acceleration in-
duced by the presence of some scalar field.

In conclusion, we find that the atom-interferometry experiment
of [Hamilton15] has already excluded values of the coupling parameter M .
1014 GeV at 95% C.L.(9). Moreover, if the experimental sensitivity could be
reduced down to aφ/g ∼ 10−11 (as it is claimed to be feasible in [Burrage15]),
the model would be probed nearly up to the Planck scale. Finally, note that
the typical field values reached inside the chamber are too low to induce large
deviations fromA(φ) ' 1, which implies that our results are roughly indepen-
dent of the power-law index α.

4.5.3 Chamber geometry effects

The numerical method developed in this chapter takes into account the effects
of the chamber geometry, in the limit where the vacuum chamber is spherical.
Exploring various chamber size and wall density, we propose to consider the
possibility to realize the same atom interferometry experiment in a vacuum

(9)In [Elder16] they found M < 2.3× 10−5 Mpl.
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(b) Acceleration profile |aφ|/g. Strong discrep-
ancies are observed between the four-region
(numerical) and the two-region (analytical)
models in the vicinity of the wall. The New-
tonian gravitational attraction due to the test
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Figure 4.10: Numerical results (solid lines) and analytical approximation
(dashed lines) for the exponential model, in the strongly perturbing (thin shell)
regime, for Λ = 2.4 × 10−12 GeV and values of the coupling M listed in
Table 4.3. The source mass, wall and exterior densities have been adapted
for making the profile numerically tractable, with no effect inside the vac-
uum chamber (apart in the immediate vicinity of the borders), as explained
in Sec. 4.5.2. The ratios M/ρ were kept constant (with the same value as
for the red curve of Fig. 4.9a), which fixes the thin-shell radius, apart for
M = 1018GeV (purple) and M = 1019GeV (beige) for which only the wall
density was adapted. Vertical lines mark out the four regions (source mass,
chamber, wall and exterior).
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room in order to make the test of M values up to the Planck scale possible
in the near future. The largest vacuum rooms have a radius larger than R =

10 m and their walls made of concrete are sufficiently large such that the field
reaches its attractor inside the walls. One can thus neglect the exterior of the
chamber (see Sec. 4.5). The vacuum room can sustain a vacuum around 10−6

Torr (we assume ρv = 5× 10−31GeV4), low enough to prevent φbg to reach its
effective potential minimum in vacuum.

Numerical field and acceleration profiles are reported in Figs. 4.11a and
4.11b respectively. Assuming as before ρA = 1.2 × 10−17 GeV4, it results
that a source mass of 1 cm radius only enables to probe the regime where
the field does not reach φA inside the source mass (see dashed green lines on
Figs. 4.11a and 4.11b), the acceleration being thus poorly constrained. How-
ever, provided that the source mass radius is larger (e.g. RA = 3.3 cm), the
strongly perturbing regime is reached and the acceleration is large enough to
be measurable in the near future for M of the order of mpl. As a result, for
M = mpl, |aφ|/g = 2.4× 10−10 at 8.8 mm from the surface of the source mass
(the previously called near position in Sec. 4.3) while |aφ|/g = 5.7 × 10−10

for M = 0.1 mpl. In comparison, the source mass of 1 cm gives rise to
|aφ|/g = 1.7× 10−11 for M = mpl.

Similarly to what was obtained in Secs. 4.5.1 and 4.5.2, the thin shell regime
cannot be tracked numerically if the wall density is of the order of the concrete
ρ ∼ 10−17 GeV4. But one can safely consider lower values of ρw (see Fig. 4.11a)
without any significant change of the results inside the vacuum room.

4.6 Conclusion

The chameleon screening mechanism is able to suppress the fifth force in-
duced by a scalar field in locally dense environment, while allowing the scalar
field to be responsible for the current cosmic acceleration on large astrophys-
ical scales and thus to affect significantly the LSS formation. Since chameleon
models have not been already ruled out for their entire parameter space,
they are still viable candidates for explaining the current cosmic acceleration.
By the way, they will be tested by future cosmology-dedicated experiments,
such as Euclid [Amendola13, Amendola16] or the next generation of giant
radio-telescopes dedicated to 21 cm cosmology [Brax13a]. Chameleon theo-
ries are also well constrained by local tests of gravity in the Solar System, in
the galaxy, as well as in laboratory. Recently it has been proposed to use an
atom-interferometry experiment to constrain chameleon models with an un-
precedented accuracy by probing the acceleration induced by the presence of
the scalar field on cold atoms. The experiment is realized inside a vacuum
chamber in order to reduce the screening effect, and a central mass is used
to source some field gradient. Forecasts were calculated in [Burrage15] and
a first experimental setup was built and used to establish new constraints on
the chameleon model [Hamilton15]. However, the calculations of the field
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Figure 4.11: Numerical profiles for a vacuum room (L = 10 m). The green
dashed curve is obtained for a test mass of RA =1 cm with M = mp (ρw =

2.5×10−21 GeV4) while the blue and the red ones are obtained forRA = 3.3 cm
with M = 0.1 × mp (ρw = 2.5 × 10−22 GeV4) and M = mp (ρw = 2.5 ×
10−21 GeV4) respectively. We only consider a three regions model, neglecting
the effect of the exterior of the vacuum room (see discussion in Sec. 4.5).
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and acceleration profiles rely on several approximations, and until now had
not fully considered the effects of the vacuum chamber wall and of the exterior
environment.

The purpose of this work was to refine and eventually validate previous
calculations, by using a numerical approach consisting in solving the Klein-
Gordon equation in the static and spherically symmetric case for a four-region
model representing the central source mass, the vacuum chamber, its wall,
and the exterior environment. Three boundary conditions are imposed: the
field must be regular at the origin and reach the minimum of the effective po-
tential with a Yukawa profile, at large distance in the exterior environment.
Our method allows one to probe the transition between the regime where the
central source mass only weakly perturbs the field configuration, and the thin-
shell regime where the field inside the central mass and inside the chamber
wall reaches the minimum of the effective potential over a very small dis-
tance. Two typical chameleon potentials were considered, in inverse power-
laws and allowing varying powers, as well as a standard exponential form for
the coupling function.

In the weakly perturbing regime, it is found that the chamber wall en-
hances significantly the scalar field inside the vacuum chamber and reduces
the induced acceleration, by up to one order of magnitude compared to pre-
vious analytical estimations and with a maximal effect close to the wall (see
[Schlögel16] for details).

Going to the thin-shell regime, for our fiducial experimental setup, the
field reaches the attractor inside the chamber wall and the exterior environ-
ment becomes thus irrelevant. However, for reasonable value of the induced
acceleration, the field inside the vacuum chamber does not reach the mini-
mum of the effective potential and is instead related to the size of the chamber,
as first noticed in [Burrage15]. Our analysis refines the field and acceleration
profiles in the chamber and highlights noticeable deviations from the analyt-
ical estimation, which is nevertheless roughly recovered close to the central
source mass. Close to the chamber wall, the acceleration becomes negative,
with a magnitude similar to the one close to the central mass. We argue that
this prediction could be useful to distinguish between systematic effects and
fifth-force effects which should be maximal and opposite close to the central mass
and to the wall, and should vanish roughly at the middle distance between the
source mass and the wall.

Refined constraints have been derived on the coupling parameter M from
the atom-interferometry experiment of [Hamilton15]. For the chameleon po-
tential V (φ) = Λ4+α/φα and a coupling function A(φ) = exp(φ/M), one finds
M & 7 × 1016 GeV, independently of the power-law. For the bare potential
V (φ) = Λ4(1+Λ/φ), we find thatM & 1014 GeV. We have also confirmed that
a future experiment reducing its sensitivity down to a ∼ 10−10m/s2 would be
able to rule out most of the parameter space of the latter model, nearly up to
the Planck scale.

Finally, we have proposed to realize a similar atom-interferometry exper-
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iment inside a vacuum room. The density inside such rooms is low enough
for the field profile and the induced acceleration to depend only on the size
of the room. If the room radius is larger than about 10 meters, we find that
the chameleon model could be probed up to the Planck scale. Nevertheless,
further work is needed to implement realistic non-spherical geometries of the
room (or of the vacuum chamber).

We conclude that numerical results will be helpful in the future in order to
establish accurate bounds on various modified gravity models. In particular,
the effects of the vacuum chamber wall and its exterior environment cannot
be neglected. Our numerical method is easily extendable to study other forms
of the field potential and other modified gravity models requiring a screening
mechanism, such as the symmetron, dilaton and f(R) models. Finally, it can be
easily adapted to other experiments.

We point out that relaxation numerical methods have also been devel-
oped for modeling the same experiment. We developed a code based on
[Ringeval05] and Elder et al. also proposed a relaxation method on a uni-
form grid [Elder16]. The advantage of this numerical method is its adapt-
ability to various geometry (whereas the mesh refinement method is based on
the spherical symmetry) requiring to solve partial differential equations rather
than ordinary differential equations. Both results are compatible. In addition
Elder et al. propose a space-based experiment in order to prolong the time
spent by the atoms near the source mass [Elder16]. The acceleration at 2 mm
far from the source mass is then of the same order of magnitude as on the
Earth,

aφ = 2.7× 10−3Mpl

M
µm/s2, (4.6.1)

with a longer interaction time between the source mass and the atoms. Fol-
lowing [Elder16], such a set-up would in principle be sensitive to the entire
parameter space M . Mpl, the same order of magnitude as that probed in a
vacuum room.

Even more recently a novel experiment has been proposed using atom-
interferometry where atoms are trapped between two parallel plates with dif-
ferent densities but the same total mass [Burrage16]. Such a set-up enables
to subtract the gravitational background because, even if the field profile for
the gravitational profile is symmetric, the chameleon field profile is not. This
experimental setup could also probe the chameleon fifth force for smaller β
(larger M ) than the Berkeley one.
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Chapter 5

The Higgs monopoles

based on

A. Füzfa, M. Rinaldi, S. Schlögel,
Particlelike distributions of the Higgs field

nonminimally coupled to gravity
Phys. Rev. Lett. 111, 121103 (2013)

and

S. Schlögel, M. Rinaldi, F. Staelens, A. Füzfa,
Particlelike solutions in modified gravity: the Higgs monopole

Phys. Rev. D90: 044056 (2014)

In this chapter, we first discuss the possible relation between the Higgs field
and gravity. Then we focus on the Higgs inflation model where the Higgs field
is responsible at once for inflation and the elementary particle mass genera-
tion through the SU(2)×U(1) spontaneous symmetry breaking at electroweak
scale. Because of the nonminimal coupling appearing in Higgs inflation, this
model predicts nontrivial distribution of the Higgs field around compact ob-
ject rather than the Higgs field settled to its vev everywhere. The underlying
deviations from GR could rule out Higgs inflation, for instance if it does not
fulfill Solar System constraints. We will see that Higgs inflation is indistin-
guishable from GR in the Solar System and around astrophysical compact ob-
jects, even if the distribution of the Higgs field is non trivial. Moreover, we will
highlight the existence of a novel amplification mechanism of the Higgs field
at the center of compact objects due to the combined effect of the nonminimal
coupling and the Higgs potential.

113
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5.1 Higgs field and gravity

A fundamental question still open today is the nature and the origin of the
mass. In particle physics, gauge bosons and fermions have to be massless
in order to preserve gauge invariance. In particular, the W and Z gauge
bosons mediating the weak interactions appear to be massive since the weak
interactions are short-range. In the SM, the Higgs field is responsible for
the mass generation of elementary particles(1). The most general potential
which is renormalizable and gauge invariant under the electroweak symmetry
SU(2)L × U(1)Y where L refers to the left chirality and Y to the hypercharge,
is,

V (H†H) = µ2H†H+ λ
(
H†H

)2
, (5.1.1)

withH the Higgs SU(2) isospin doublet parametrized by,

H =

(
H+

H0

)
=

1√
2

(
H1 + iH2

H3 + iH4

)
, (5.1.2)

µ the mass and λ the self-interaction parameters. Before the symmetry break-
ing arising in the early Universe, all elementary particles were massless and
the local gauge invariance of the electroweak model was preserved. By allow-
ing µ2 < 0, there is an infinite number of vacua connected together through
the residual U(1) symmetry such that the symmetry SU(2)L × U(1)Y is spon-
taneously broken while U(1)EM remains invariant. By fixing the gauge to the
unitary one (H1 = H2 = H4 = 0), the complex Higgs doublet reduces to,

H =
1√
2

(
0

v +H(x)

)
, (5.1.3)

and the potential (5.1.1) reads,

V (H) =
λsm

4

(
H2 − v2

)2
, (5.1.4)

with v =
√
−µ2/λsm the Higgs vev and λsm the SM Higgs field self-interaction

parameter. When the Higgs field is settled to its vev, elementary particles start
to behave as they would have acquired a mass because of their coupling to the
Higgs field, W and Z gauge bosons via covariant derivatives (the photon re-
mains massless sinceU(1)EM is unbroken), and fermions, through the Yukawa
coupling. Since their masses are proportional to the vev, they depend on the
local value of the scalar field.

This is not dissimilar to the Brans-Dicke theory (see Sec. 3.2) where the
scalar field Φ is responsible for the variation of GN over spacetime [Kaiser07].
In the late 1970s, Zee [Zee79, Zee80] and Smolin [Smolin79] proposed (inde-
pendently) that a spontaneous symmetry breaking could be incorporated into

(1)Note that QCD interactions provide the additional mass arising from bounded microscopic
states.
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the theory of gravity. In [Zee79], Zee studied the action now referred to as
induced gravity(2),

S =

∫
d4x
√−g

[
εφ2

2
R− 1

2
(∂φ)2 + V (φ)

]
+ SM [ψM; gµν ] , (5.1.5)

where φ is a Higgs-like real scalar field responsible for the relevant symmetry
group breaking(3), ε . 1 denotes a dimensionless nonminimal coupling and V
the Mexican-hat potential,

V (φ) =
λ

4

(
φ2 − v2

)2
, (5.1.6)

which ensures that |φmin| = v. After the spontaneous symmetry breaking, the
scalar field is anchored to its minimum and it generates the Newton’s gravi-
tational constant,

GN =
1

8πεv2
. (5.1.7)

The only dimensional constant GN becomes dynamical and its weakness is
explained provided that v ∼ mpl. Assuming that φ is rigorously equal to
the vev, no deviation from GR would be noticeable and the model passes all
observational constraints. However, if d2V/dφ2 6= 0, then the scalar field ac-
quires a mass and it can affect the dynamics. The Zee’s theory looks like the
Brans-Dicke one, excepted for the self-interaction term V (φ) which is precisely
responsible for the symmetry breaking, and both SM and GR emerge as low-
energy effective theories.

Zee noticed also that a similar theory invoking symmetry breaking with
several scalar fields could explain the horizon problem [Zee80] by a weak-
ening of GN in the early Universe. One year later, Guth proposed the first
inflationary model with a scalar field modelled on the Higgs one [Guth81]. In
addition, since Linde’s work about chaotic inflation [Linde83], we know that
the Higgs field cannot lead to a viable inflationary model if the Higgs field is
minimally coupled to gravity(4).

Induced gravity (5.1.5) has been studied a lot in the framework of cosmol-
ogy, notably for inflation (see e.g. [Fakir90, Kaiser95]), considering λ and ε

as free parameters. In such models, the scalar field (not yet identified to the
Higgs field) is settled to its vev at the end of inflation in order to get the EH
action withGN fixed according to (5.1.7). Actually, if the SM Higgs field is con-
sidered as the inflaton in the framework of induced gravity, its mass is far too
large to solve the horizon and flatness problems [Cervantes-Cota95]. In order
to show this result explicitly, let us start from the induced gravity Lagrangian
with the SM Higgs field,

L =
√−g

[
ε

2
H†HR− 1

2
DµH†DµH− V

(
H†H

)
+ LSM

]
, (5.1.8)

(2)Induced gravity was first proposed by Sakharov in 1967 [Sakharov68].
(3)Zee considered the breaking of SU(5) to SU(3)× SU(2)× U(1).
(4)No interaction between gauge bosons and inflaton is assumed in chaotic inflation. We will

see that this assumption remains in Higgs inflation even if it is questionable.
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where DµH is the covariant derivative of H for the internal gauge group
SU(3)C × SU(2)L ×U(1)Y, the subscript C denoting the color quantum num-
ber. LSM contains the fermionic and massless bosonic fields of the SM, in-
cluded the Yukawa coupling. Eq. (5.1.7) where v is the Higgs vev then yields
to ε ∼ 1040, highlighting the huge difference between the Planck scale and
the vev. In order to get a viable inflationary scenario in terms of the scalar
and tensor density perturbations amplitude, the Higgs mass must be very
large, mH � G

−1/2
F ∼ 300 GeV, GF being the Fermi constant, in disagreement

with the observations, mH = 125 GeV [Olive14]. Moreover, the Higgs field
decouples from bosonic and fermionic masses after the symmetry breaking,
interacting mostly via gravity [Cervantes-Cota95]. In conclusion, this model
is able to predict viable inflation but is inconsistent with high energy physics.

Since its discovery at the Large Hadron Collider (LHC) in 2012
[Chatrchyan12, Aad12], the Higgs boson has been the first elementary
scalar field ever detected in nature (even though it could still be compos-
ite [Georgi84]). However, several questions remain today like the origin of
the spontaneous symmetry breaking of the electroweak interaction during the
cosmological history, the (classical) stabilization mechanism of the vev (which
cannot vary significantly since it would change the strength of the nuclear in-
teractions) as well as the hierarchy problem between mH and mpl mentioned
above. Recently a novel scenario has been proposed wheremH depends on the
value of an additional scalar field, the relaxion [Graham15]. This model solves
the hierarchy problem since in the early Universe, the Higgs field is naturally
large and then decreases gradually to zero. It becomes then unstable and as a
result is fixed to its current value through the spontaneous symmetry break-
ing. On the other hand, the relaxion gives rise to inflation. Maybe LHC exper-
iments will allow to reveal a part of the history by discovering the signature
of a new particle. Anyway the Higgs sector is probed today by high-energy
physics and cosmology at once.

5.2 Higgs inflation

In 2007, Bezrukov and Shaposhnikov proposed that the SM Higgs boson
could be the inflaton provided that it is nonminimally coupled to gravity
[Bezrukov08]. In this section, we briefly expose their model and review their
results for inflation.

5.2.1 The model

In Higgs inflation, the SM Higgs boson is responsible for the elementary par-
ticles mass generation and inflation at once, provided that it is nonminimally
coupled to gravity,

Ltot = LSM −
M2

pl

2

(
1 + ξH†H

)
R, (5.2.1)
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with LSM the Lagrangian density of the SM, including the Higgs sector, ξ the
nonminimal coupling parameter and H the SM Higgs doublet [GeV]. The
shape of the nonminimal coupling function differs from the one of induced
gravity (assuming the SM Higgs potential) such that Higgs inflation is able to
predict a viable inflation scenario while preserving high energy physics as we
will see in the following.

By fixing the SU(2) gauge to the unitary one,

H =
1√
2

(
0

v +H(x)

)
, (5.2.2)

the action for Higgs inflation becomes,

SHI, JF =

∫
d4x
√−g

[
F (h)

R

2κ
−
M2

pl

2
(∂h)

2 − V (h)

]
, (5.2.3)

with the Higgs field normalized asH = Mpl h. The potential V (H) is assumed
to be the SM Mexican-hat,

V (h) =
λsmM

4
pl

4

(
h2 − v2

M2
pl

)2

, (5.2.4)

with SM parameters λsm ∼ 0.1 [Olive14] and v = 246 GeV, and the nonmini-
mal coupling function reads,

F (h) = 1 + ξh2. (5.2.5)

The form of this coupling function is further justified by invoking the (semi-
classical) renormalization of the energy momentum tensor associated to the
scalar field on a curved background, which needs terms like H2R in the La-
grangian [Callan70].

By applying the usual conformal transformation [Wald84],

g̃µν = Ω2 gµν with Ω2 = 1 + ξh2, (5.2.6)

R̃ = Ω−2R− 6Ω−3gαβ∇α∇βΩ, (5.2.7)

it is possible to write the action 5.2.3 in the Einstein frame,

SHI,EF =

∫
d4x
√
−g̃
[
R̃

2κ
−
M2

pl

2
g̃µν ∂̃µχ∂̃νχ− U (χ)

]
, (5.2.8)

with χ the dimensionless scalar field defined by,

dχ

dh
=

√
Ω2 + 6ξ2h2

Ω4
, (5.2.9)

and U the potential in the Einstein frame,

U(χ) = Ω−4 V [h(χ)]. (5.2.10)

We can discuss the low energy and the high energy limits in the Einstein
frame:
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• ξh2 � 1 ⇒ Ω ' 1: In this case, the Jordan and the Einstein frames are
equivalent since h ' χ and U(χ) ' V (h), so that the Higgs field appears
to be minimally coupled to gravity in the Jordan frame, giving rise to
no inflationary phase. The SM model is thus preserved at low energy
scales.

• ξh2 � 1 ⇒ Ω2 ' ξh2: In this limit, the Higgs inflation looks like in-
duced gravity in the Jordan frame, leading to an inflationary phase. The
implicit equation for χ (5.2.9) reduces to,

dχ

dh
=

√
6

h
, (5.2.11)

the integration yielding,

h = C exp

(
χ√
6

)
, (5.2.12)

with C the integration constant. Similarly to the induced gravity sce-
nario, the Higgs vev is determined by,

1 =
ξv2

M2
pl

⇒ v =
Mp√
ξ
, (5.2.13)

leading to [Kaiser95],

H =
Mp√
ξ

exp

(
χ√
6

)
. (5.2.14)

The potential in the Einstein frame then reads,

U(χ) =
λsmM

4
pl

4ξ2

(
1− v2

H2

)2

, (5.2.15)

=
λsmM

4
pl

4ξ2

[
1− exp

(
− 2χ√

6

)]2

. (5.2.16)

Because of the flatness of U(χ) for large field χ values, it results that
slow-roll inflation is efficient.

5.2.2 Equivalence between the Starobinsky model and the
Higgs inflation

The Planck results for inflationary models depicted in Fig. 2.3 reveal that the
Starobinsky model given by,

S =
1

2κ

∫
d4x
√−gf(R), (5.2.17)
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with,

f(R) = R+
R2

6M2
, (5.2.18)

M being an energy scale, and the Higgs inflation are equivalent in terms of
ns and r. The equations of motion for the Starobinsky model are of second
order. Indeed, f(R) theories avoid the Ostrogradsky instability (see Sec. 1.3.4)
provided that d2f/dR2 = 1/(3M2) 6= 0(5) (see e.g. [De Felice10]). In this
section the equivalence between both models is explicitly shown [Whitt84].

The Legendre transform of f(R) to another function of an auxiliary field
V (Φ),

V (Φ) = ΦR(Φ)− f [R(Φ)] , (5.2.19)

enables one to rewrite the Starobinsky model as a STT in the Jordan frame in
the absence of any kinetic term. Indeed, by defining,

Φ =
df

dR
= 1 +

R

3M2
, (5.2.20)

the potential function reads,

V (Φ) = 3M2Φ (Φ− 1)− 3M2 (Φ− 1)− 3

2
(Φ− 1)

2
, (5.2.21)

=
3M2

2
(Φ− 1)

2
, (5.2.22)

and the action (5.2.18) becomes,

S =
1

2κ

∫
d4x
√−g [ΦR(Φ)− V (Φ)] , (5.2.23)

=
1

2κ

∫
d4x
√−g

[
ΦR− 3M2

2
(Φ− 1)

2

]
. (5.2.24)

The Starobinsky model corresponds thus to a STT in the Jordan frame in the
absence of a kinetic term for the scalar field Φ.

f(R) theory can also be expressed in the Einstein frame by performing the
conformal transformation (3.2.17) with Ω =

√
Φ (see also Sec. 3.2.2), which

requires to compute,

∇̃α
√

Φ =
1

2
√

Φ
∇̃αΦ, (5.2.25)

∇̃α∇̃β
√

Φ =
1

2
√

Φ

(
− 1

2Φ
∇̃αΦ∇̃βΦ + ∇̃α∇̃βΦ

)
, (5.2.26)

hence, the Ricci scalar eventually transforms as (see Eq. (3.2.17)),

R = ΦR̃+ 32̃Φ− 9

2

(
∇̃Φ
)2

Φ
. (5.2.27)

(5)Actually in order to ensure the stability of FLRW solutions, we must rather impose
d2f/dR2 > 0 [Capozziello06].
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Using Eqs. (3.2.15), it results that the action (5.2.23) becomes,

S =
1

2κ

∫
d4x
√
−g̃Φ−2

[
Φ2R̃+ 3Φ2̃Φ− 9

2

(
∇̃Φ
)2

− V (Φ)

]
, (5.2.28)

=
1

2κ

∫
d4x
√
−g̃

R̃+ 3
2̃Φ

Φ
− 9

2

(
∇̃Φ

Φ

)2

− V (Φ)

Φ2

 . (5.2.29)

Integrating the second term by parts,

�̃Φ

Φ
= −∇̃α

(
1

Φ

)
∇̃αΦ =

(
∇̃Φ

Φ

)2

, (5.2.30)

the action yields,

S =
1

2κ

∫
d4x
√
−g̃

R̃− 3

2

(
∇̃Φ

Φ

)2

− V (Φ)

Φ2

 . (5.2.31)

Eventually, by rescaling of the scalar field,

ϕ =

√
3

2
ln Φ ⇒ Φ = e

√
2/3ϕ, (5.2.32)

the potential yields (see Eq. (5.2.22)),

V (ϕ) =
3M2

2

(
e
√

2
3ϕ − 1

)2

. (5.2.33)

Hence, the action in the Einstein frame for the Starobinsky model reads,

SS,EF =
1

2κ

∫
d4x
√
−g̃
[
R̃− ∇̃µϕ∇̃µϕ−

3M2

2

(
1− e−

√
2
3ϕ
)2
]
. (5.2.34)

in agreement with the Higgs inflation (5.2.16),

S =

∫
d4x
√
−g̃
[
R̃

2κ
−
M2

pl

2
∇̃µϕ∇̃µϕ−

3M2M2
pl

4

(
1− e−

√
2
3ϕ
)2
]
, (5.2.35)

in the limit ξh2 � 1 provided that χ = ϕ (see Eq. (5.2.16)) and,

M2 =
λsmM

2
pl

3ξ2
. (5.2.36)

Another way to show the equivalence between the Starobinsky model and
the Higgs inflation in the large field limit (H � v) consists of starting from the
Higgs inflation in the Jordan frame (5.2.3) assuming the slow-roll conditions
at the action level, (∂H)2/2 � V (H) [Kehagias14]. Starting from Eq. (5.2.3),
the Euler-Lagrange equation for the scalar field yields (h 6= 0),

1√−g
∂SHI, JF

∂h
= 0 ⇔ h2 =

ξR

λsmM2
pl

. (5.2.37)
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By replacing h into Eq. (5.2.3),

S =
1

2κ

∫
d4x
√−g

(
R+

ξ2R2

2M2
plλsm

)
, (5.2.38)

the Higgs inflation and the Starobinsky model are thus equivalent if
Eq. (5.2.36) holds.

In summary, both models are equivalent for large Higgs field values
(ξh2 � 1), that is during the inflationary phase only, and at leading order.
Radiative corrections as well as the reheating temperature predicted by both
models differ [Bezrukov12] (see also Sec. 5.2.4). However, Planck results do
not enable one to distinguish both models.

5.2.3 Constraints from inflation

In order to confront the Higgs inflation with the Planck observations, the slow-
roll analysis in the large field limit (ξh2 � 1) allows to compute the spectral
index ns and the tensor-to-scalar ratio r (see also Sec. 2.4.5). Computing the
first and second derivatives of Eq. (5.2.16) and using Eq. (5.2.14), the slow-roll
parameters read,

εV ≡ 1

2

(
dU/dχ

U

)2

' 4

3ξ2h4
, (5.2.39)

ηV ≡ d2U/dχ2

U
' − 4

3ξh2
. (5.2.40)

Slow-roll inflation ends when εV ' 1 or equivalently, for the Higgs field value,
h4

end ' 4/(3ξ2). The number of e-folds (2.4.22) from the onset ti to the end of
inflation tend is then given by,

N(t) ≡
∫ tend

ti

H(t)dt =

∫ χend

χi

H(χ)
dχ

χ̇
. (5.2.41)

In the slow-roll conditions (2.4.23) and (2.4.24), the Friedmann and the Klein-
Gordon Eqs. (2.4.16), (2.4.19) and (2.4.18) reduce to(6),

H(χ) =

√
U

3M2
pl

, χ̇ = − 1√
3Mpl

Uχ√
U
, (5.2.42)

where the subscript χ denotes a derivative with respect to χ. Using the defi-
nition of εV (5.2.39), the number of e-folds is then given by,

N(χ) = −
∫ χend

χi

U

Uχ
dχ = −

∫ χend

χi

1√
2εV

dχ, (5.2.43)

(6)Note that the slow-roll conditions are given forU rather than V since the Einstein frame looks
like GR.
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which finally reads in terms of the Higgs field h using (5.2.11) and (5.2.39),

N(h) = −
∫ hend

hi

1√
2εV

dχ

dh
dh =

3ξ

4

(
h2

i − h2
end

)
. (5.2.44)

Using the definition of hend, h2
i yields,

h2
i =

4

3ξ
N +

2√
3ξ
, (5.2.45)

the slow-roll parameters at the onset of inflation reading then approximately,

εV(N) ' 12

(4N + 3)
2 , (5.2.46)

ηV(N) ' − 4

4N + 3
. (5.2.47)

The scalar spectral index ns and the tensor-to-scalar ratio r for N = 60 corre-
sponding to the pivot scale k∗ = 0.002/ Mpc then follow from Eqs. (2.4.33),

ns ' 0.97, (5.2.48)

r ' 0.0033. (5.2.49)

Those results are represented on Fig. 2.3 in agreement with the Starobinsky
model as expected.

Preheating and reheating were analyzed in detail by [Garcia-Bellido09],
Higgs inflation offering the advantage that the couplings between the Higgs
field and the other fields of the SM sector are known thanks to particle accel-
erator experiments, which is not the case for other inflationary models. The
dependence of the Higgs inflation predictions on the reheating temperature
at which inflation ends has been analyzed numerically by [Martin14b]. The
spectral index is found to in good agreement with the data while the contri-
bution of gravity waves is small, whatever reheating temperature in the range
[10−2 − 1014] GeV.

Eventually, the parameter ξ is constrained thanks to the normalization of
the CMB power spectrum Eq. (2.4.32) for the pivot scale k = k∗ yielding,

Pζ(k = k∗) '
H2
∗

πM2
plεV,∗

' U∗
3πM4

plεV,∗
, (5.2.50)

where the asterisk denotes a quantity evaluated at the pivot scale k∗ and
the Friedmann equation (2.4.16) in the slow-roll approximation (2.4.23) has
been used. According to the COBE satellite measurements Pζ(k = k∗) =

As/(2π
2) ∼ 10−10 [Lyth99]. Using the expression for εV (5.2.39) for h∗ ≡

hCOBE, the definition of U (5.2.10) in the large field limit (Ω2 ' ξh2) and the
expression (5.2.44) for NCOBE corresponding to k = k∗ gives,

U∗
ε∗

'
3λsmM

4
pl

16
h4

COBE, (5.2.51)

'
λsmM

4
pl

3ξ2
N2

COBE. (5.2.52)
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By definition of the normalization of the CMB power spectrum (5.2.50)
U∗/ε∗ ∼ 3π10−10M4

pl ∼ (0.027Mpl)
4, yielding,

ξ '
√
λsm

3

NCOBE

(0.027)2
' 49, 000

√
λsm ' 104 − 105, (5.2.53)

since NCOBE ' 62 and λsm ∼ 0.1.

5.2.4 High energy physics and extensions of the Higgs infla-
tion

Higgs inflation appears to be favored by latest cosmological observations pro-
vided the nonminimal coupling ξ ∼ 104 − 105. However, such a model
involves quantum corrections (somewhat flawed by the non-renormalizable
character of GR), either from quantum gravity or from loop corrections of
the SM fields (among them the Higgs field itself) [Bezrukov08]. The cru-
cial point is the flatness of the effective potential in the Einstein frame for
large χ which must be preserved. The one-loop and two-loop corrections
have been studied assuming that the SM is valid up to the Planck scale
[Bezrukov09b, Bezrukov09a] (see also [Martin14b]). Following [Bezrukov09a]
it results that the SM Higgs inflation is viable for Higgs mass values mH ∈
[126, 194] GeV depending on the mass of the top quark and the coupling con-
stant of strong interactions αs. Their analysis is nevertheless controversial
(see e.g. [Barvinsky08, De Simone09] where mH ∼ 120 − 135 GeV in the lat-
ter) notably because the Jordan and the Einstein frames are equivalent at tree
level only [Steinwachs12]. The slow-roll analysis of the radiatively corrected
Higgs inflation depending on the potential parameter responsible for the ra-
diative corrections (and on the reheating temperature) has been presented in
[Martin14b]. They found that, in agreement with [Barvinsky08], radiatively
corrected Higgs inflation model appears to be disfavored when cosmological
and particle physics data are taken into account altogether.

Moreover, some authors argued that Higgs inflation is an effective theory
valid up to the scale Λ0 = mpl/ξ only, below the Higgs field value during
the slow-roll inflation, H � mpl/

√
ξ, since above Λ0 the Higgs field becomes

strongly coupled to the Ricci scalar [Barbon09] (see Sec. (3.1.2)). A similar re-
sult was derived by [Burgess09] where it is shown that the semiclassical treat-
ment of Higgs inflation is correct for energy scale, mpl/ξ � Λ0 �

√
λsmmpl/ξ.

Otherwise unitarity at the quantum level could be lost for processes like the
graviton-Higgs and Higgs-Higgs scattering (in flat space). This means that
above the ultra-violet cutoff Λ0 the SM should be replaced by a more funda-
mental theory. In [Bezrukov11] authors claimed that the cutoff scale depends
to the background value of the Higgs field leading to the validity of the semi-
classical treatment during inflation where Λ0 ∼ mpl. Moreover, the effect
of the couplings to fermions does not spoil this result while those to gauge
bosons lead to a slightly lower cutoff.
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In order to avoid the loss of unitarity some modifications of the Higgs
inflation have been proposed, either via additional interactions due to the
term with covariant derivatives of the Higgs doublet in the action [Lerner10]
or by including additional scalar field like the dilaton [Garcia-Bellido11,
Bezrukov13] which can lead to the late-time accelerating phase. In addition a
model involving a nonminimal derivative coupling of the Higgs field to grav-
ity has been proposed [Germani10b, Germani10a],

S =

∫
d4x
√−g

[
R

2κ
− 1

2

(
gµν − w2Gµν

)
∂µH∂νH − λ

4
H4

]
, (5.2.54)

with w2 a coupling constant in [GeV−2]. This model also preserves unitarity
and leads to viable inflation if w is around the geometric mean of the elec-
troweak and the Planck scale [Germani10a]. In Chap. 6 we will come back on
this nonminimal coupling function.

5.3 Particlelike distributions of the Higgs Field
nonminimally coupled to gravity

Since the nonminimal coupling ξ for a viable inflation model is very large
(see Sec. 5.2), of the order of 104, it naturally raises concerns about static
configurations: how a such strongly coupled Higgs field reacts in the pres-
ence of gravitationally bound matter? What does the vacuum look like in
the vicinity of a compact object? Since the works of Damour and Esposito-
Farèse [Damour93a], we know that a non-minimally coupled scalar field can
give rise to spontaneous scalarization in compact objects (see Sec. 3.2.5.3). In
this section, we will show that all spherically symmetric distributions of mat-
ter carry a classical Higgs charge, whose magnitude depends on their mass,
their compactness, and the strength of ξ. However, contrary to spontaneous
scalarization, only one particlelike distribution of the Higgs field, that is glob-
ally regular and asymptotically flat distribution with finite energy, does exist.
This solution is characterized by the radius and baryonic energy density of the
compact object as well as the nonminimal coupling. Finally we highlight the
existence of a mechanism of resonant amplification of the Higgs field inside
the so-called Higgs monopoles that comes into play for large nonminimal cou-
pling. This mechanism might degenerate into divergences of the Higgs field
that reveal the existence of forbidden combinations of radius and baryonic
energy density.

5.3.1 The Model

We start from the same action as for the Higgs inflation (5.2.3), including the
matter part of the action,

L =
√
g

[
F (H)

2κ
R− 1

2
(∂H)

2 − V (H)

]
+ LM [gµν ; ΨM] , (5.3.1)
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whereH = mplh is the Higgs scalar field in the unitary gauge(7). The potential
V is given by Eq. (5.2.4) with the usual SM model parameters(8) and the non-
minimal coupling function by Eq. (5.2.5). As reminded in Sec. 5.2, this model
yields a successful inflation provided ξ is large, of the order 104 [Bezrukov08].
We will consider only positive values of ξ to avoid the possibility that the effec-
tive reduced Planck mass (that can be identified with (m2

pl +ξH
2)1/2) becomes

imaginary during its dynamical evolution.
A similar Lagrangian for compact objects was already considered by

[Salgado98], where, however, the potential was neglected. As we will see
below, this is an important difference as the presence of the Higgs potential
prevents the solution from converging smoothly to GR. In other words, the
solution H = 0 does not yield the Schwarzschild solution but, rather, a de
Sitter black hole with a cosmological constant proportional to v4.

It should also be kept in mind that the Higgs field is in general a complex
doublet and, here, it is reduced to a single real component by choosing the
unitary gauge [Bezrukov08]. However, the other components, also known
as Goldstone bosons, can have physical effects, especially at high energy,
when renormalizability imposes a different gauge choice (e.g. the so-called
Rξ-gauges, see for example [Peskin95]). In cosmology, the effects of the Gold-
stone boson in a toy U(1) model was investigated by [Rinaldi14, Rinaldi15b].
In the context of compact object, some results can be found in [vanderBij87]
although the potential is not of the Higgs type.

The equations of motion obtained from the Lagrangian (5.3.1) by variation
with respect to the metric read,(

1 +
ξ

m2
pl

H2

)
Gµν = κ

[
T (H)
µν + T (ξ)

µν + T (M)
µν

]
, (5.3.2)

where,

T (H)
µν = ∂µH∂νH − gµν

[
1

2
(∂H)

2
+ V (H)

]
, (5.3.3)

is the part of the stress-energy tensor associated to the Higgs field, and,

T (ξ)
µν = − ξ

4π

[
gµν∇λ (H∇λH)−∇µ (H∇νH)

]
, (5.3.4)

is the stress-energy tensor induced by the nonminimal coupling ξ. Finally, the
stress-energy tensor of the baryonic matter fields T (M)

µν is given by Eq. (1.2.8)
that we assume to have the form of a perfect fluid given by Eq. (2.2.2) with
the specific energy density Π = 0. We point out that we do not introduce any
coupling between the Higgs field and baryonic matter.

(7)Notice that the gauge symmetry does not appear explicitly in the Lagrangian (5.3.1). Follow-
ing [Bezrukov08] the effect of gauge bosons is neglected according to chaotic inflation scenario.

(8)We use the SM values for the parameters of the potential λsm and v. However, it would
be interesting to study this theory as a generic STT to see in which range these parameters are
compatible with the current observations.
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Here, we adopt the splitting of the energy momentum tensor proposed
in [Salgado98] as each part will give distinct contributions, as we will see in
Sec. 5.3.4. The set of equations of motion is completed by the Klein-Gordon
equation,

�H +
ξHR

8π
=

dV

dH
, (5.3.5)

from which we can understand in a qualitative way the main characteristics
of the solution, as we show in the next section.

5.3.2 Effective dynamics

Our first goal is to assess whether spherically symmetric and asymptotically
flat solutions to the equations of motion exist. The term in the Klein-Gordon
equation (5.3.5) that tells us if this is possible, is the one proportional to ξHR.
For a start, it is clear that the trivial function H(r) = 0 is always a solution of
Eq. (5.3.5) even with ξ 6= 0 and in the presence of matter, i.e. when R 6= 0. If
we consider a static and spherically symmetric spacetime in the Schwarzschild
coordinates, described by the metric (2.3.1), we see from (5.3.1) that, for H = 0

and in the absence of matter, we obtain a de Sitter black hole solution since
V (H = 0) = λsmv

4/4. Therefore, this solution is not asymptotically flat and
has infinite energy. In the absence of nonminimal coupling (ξ = 0), the only
asymptotically flat solution of finite energy, namely H = ±v, leads to the
usual Schwarzschild metric (with or without internal matter). On the other
hand, with a nonminimal coupling and in the absence of matter, there are no-
hair theorems that force the solution to be the Schwarzschild one, i.e. again
H(r) = ±v everywhere [Sotiriou12]. Therefore, the only non-trivial case is the
one with nonminimal coupling and nonvanishing baryonic matter density,
which, as we will show, has indeed finite energy and is asymptotically flat
unless H = ±v is a global solution.

To examine in detail the dynamics, we rewrite the Klein-Gordon equation
(5.3.5) as,

�H = −dVeff

dH
, (5.3.6)

where,

Veff = −V +
ξH2R

16π
+ C, (5.3.7)

C being a constant of integration. Note that the form of the effective poten-
tial in a time-dependent inflationary background has the opposite sign with
respect to the one in a static and spherically symmetric background. In fact, if
the metric has the flat FLRW form given by (2.4.1) with k = 0, the scalar field
rolls down (in time) into the potential well since the Klein-Gordon equation
has the form,

d2H

dt2
+

3

a

da

dt

dH

dt
=

dVeff

dH
. (5.3.8)
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h=1

Figure 5.1: Qualitative plot of the potential inside (solid line) and outside
(dashed line) the body. The effective potential corresponds to the Higgs one
outside the body while the local maxima (see hin

eq with H = mplvh) are dis-
placed from the vev inside the body.

On the other hand, with the static and spherically symmetric metric (2.3.1) the
Klein-Gordon equation becomes,

H ′′ −H ′
(
λ′ − ν′ − 2

r

)
≡ −dVeff

dH
, (5.3.9)

=

[
−ξR

8π
+ λsm(H2 − v2)

]
H,

where the prime denotes a derivative with respect to the radial coordinate r.
For minimal coupling ξ = 0, while H = ±v (H = 0) corresponds to local
minima (maximum) in the cosmological case, it corresponds to local maxima
(minimum) in the spherical symmetric static configuration. In addition, for
nonminimal coupling, H = 0 is a stable equilibrium point while H = v is an
unstable one. In order to fully characterize the stability of these points in the
nonminimal coupling case, it is necessary to compute R.

For simplicity, a top-hat distribution is assumed of baryonic matter from
now on, namely,

ρ(r) =

{
ρ0 0 < r < R,
0 r > R, (5.3.10)

whereR is the radius of the spherical body. In this case, the effective potential
shows a sharp transition between the interior and the exterior of the body.
Indeed, if ξ 6= 0, the second term in the right-hand side of Eq. (5.3.7) comes
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into play and we can show that the Ricci scalar satisfies the inequality,

R(r < R)� R(r > R). (5.3.11)

The reason is that, inside the body, the Higgs field turns out to be almost
constant, as shown in Sec. 5.3.4. Therefore, all the derivatives in the trace
of the stress-energy tensor vanish and the only consistent contribution to R

comes from the potential, as one can easily check by calculating the trace of
Eq. (5.3.2). If the Higgs field is not too much displaced from its vev inside the
body, the greatest contribution to the curvature then comes from the baryonic
matter, provided the density is sufficiently large. Outside the body, the Higgs
field drops very rapidly towards its vev andR vanishes at large r to match the
Schwarzschild solution R = 0 everywhere. For practical purposes, this means
that we can approximate R, inside the body, as there was no Higgs field but
just matter. To show this property a bit more rigorously, it is sufficient to
calculate the trace of Eq. (5.3.2) and recall that, at the center of the body, we
must have dH/dr = 0 according to the regularity conditions. Therefore, near
the center of the body, the trace of the Einstein equations is approximate by,(

1 +
ξH2

m2
pl

)
R ' −κ

(
2V + T (M) − 3ξ

4π
H�H

)
. (5.3.12)

In addition, for energies much lower than the Planck scale, H ≪ mpl, all
the terms like ξH2/m2

pl can be safely neglected, even when ξ ∼ 104. Finally
by also using the Klein-Gordon equation (5.3.5), Eq. (5.3.12) can be accurately
approximated by,

1

v2

(
R+ κT (M)

)
= − κ

v2

(
2V − 3ξH

4π

dV

dH

)
,

= −4πλv2

m2
pl

(
H2

v2
− 1

)[
H2

v2

(
1− 3ξ

2π

)
− 1

]
. (5.3.13)

Now, since (v/mpl)
2 ∼ 10−34, we need a very large ratio H/v to yield

a non-negligible right hand side, even for ξ of the order of 104. Therefore,
unless we consider planckian energies for the Higgs field, the left hand side
of the above equation is negligibly small, at least near the center of the body.
This means that, inside the body, the Einstein equations are indistinguishable
from the standard GR equation R = −κT (M). In the App. D, the validity of
this approximation is established numerically, so it can be used to investigate
the particlelike solutions for a very large range of parameters.

Let us now study the equilibrium points of Veff . Outside the body, where
T (M) = 0, the scalar curvature is almost vanishing R ' 0. Therefore, dVeff/dH

vanishes at,
Hout

eq

v
= 0, ±1. (5.3.14)

Inside the body, where R ' −κT (M),

H in
eq

v
= 0, ±

√
1 +

Rξ

8πλsmv2
, (5.3.15)
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and the crucial role of a nonvanishing ξ becomes evident.
The solutions that we are looking for, must interpolate between the value

of the Higgs field at the center of the body Hc and at the spatial infinity
H∞ = ±v. Furthermore, since H ′ must vanish at the origin, H rolls down
into the effective potential from rest. Suppose that |Hc| is greater than the
nonzero value of |H in

eq| (see the solid line curve in Fig. 5.1). Then, the Higgs
field will roll outwards increasing boundlessly its value without any possi-
bility of reaching an equilibrium point outside the body (see the dashed line
curve in Fig. 5.1), leading to infinite energy configurations. On the contrary,
if |Hc| is smaller than the nonzero value of |H in

eq|, the Higgs field rolls down
inward, towards the equilibrium at H∞ = 0, see Fig. 5.1, a solution of infinite
energy too. By requiring a Higgs distribution which is globally regular and
an asymptotically flat metric, only one initial value Hc converges to the vev
at spatial infinity, i.e. |Hout

eq |, for a given nonminimal coupling ξ as well as en-
ergy density ρ and radiusR of the body (or equivalently its compactness s and
baryonic mass m). All the other trajectories lead to either an asymptotically
de Sitter solution or to a divergent Higgs field at infinity. These particular so-
lutions, with finite energy and asymptotically flat geometry, are dubbed Higgs
monopoles since they behave like isolated SM scalar charges. Numerical so-
lutions will be obtained with a specifically designed shooting method in the
following sections.

5.3.3 Analytic properties

Before exploring the numerical solutions to the equations of motion, it is
worth investigating their analytical properties in order to obtain information
able to target more efficiently the numerical analysis. For this section, it is
more convenient to write the Lagrangian (5.3.1) in the standard Brans-Dicke
form,

LBD =

√−g
2κ

[
φR− ω

φ
(∂φ)2 − V̄ (φ)

]
+ LM. (5.3.16)

where

φ = 1 +
ξH2

m2
pl

, ω(φ) =
2πφ

ξ(φ− 1)
, (5.3.17)

and

V̄ (φ) =
κλsm

2

[
8π

ξκ
(φ− 1)− v2

]2

. (5.3.18)

The Einstein equations now read,

Rµν −
1

2
gµνR =

1

φ
∇µ∇νφ+

ω

φ2
∇µφ∇νφ

− 1

φ

[
�φ+

ω

2φ
(∂φ)2 +

V̄

2

]
gµν +

κ

φ
Tµν , (5.3.19)



130 CHAPTER 5. THE HIGGS MONOPOLES

where T νµ = diag(−ρ, p, p, p) is the energy momentum tensor of the fluid. Us-
ing the trace of this equation, the Klein-Gordon equation (5.3.5) becomes,

(2ω + 3)�φ+
dω

dφ
(∂φ)2 − φdV̄

dφ
+ 2V̄ = κT. (5.3.20)

With the metric (2.3.1), the tt− and rr−components of the Einstein equations
are, respectively,

λ′
(

2

r
+
φ′

φ

)
− κρ

φ
e2λ +

1

r2

(
e2λ − 1

)
− φ′′

φ
− 2φ′

rφ

− V̄ e2λ

2φ
− ω

2

(
φ′

φ

)2

= 0, (5.3.21)

ν′
(

2

r
+
φ′

φ

)
− κp

φ
e2λ − 1

r2

(
e2λ − 1

)
+

2φ′

rφ

+
V̄ e2λ

2φ
− ω

2

(
φ′

φ

)2

= 0, (5.3.22)

while the angular component is,

ν′′ + (ν′)2 + ν′
(

1

r
+
φ′

φ

)
− λ′

(
ν′ +

1

r
+
φ′

φ

)
+
φ′′

φ
+
φ′

rφ

+
ω

2

(
φ′

φ

)2

+
e2λ

φ

(
V̄

2
− κp

)
= 0. (5.3.23)

Finally, the Klein-Gordon equation becomes,

(2ω + 3)

(
φ′′ + φ′ν′ − φ′λ′ + 2

r
φ′
)

+ (φ′)2 dω

dφ

+e2λ

(
2V̄ − φdV̄

dφ

)
+ κe2λ(ρ− 3p) = 0. (5.3.24)

To these we must add the TOV equation (2.3.6) obtained by the usual Bianchi
identities. The total energy momentum tensor is identified with the right hand
side of Eq. (5.3.19). Therefore, the total energy density, given by ρtot = −T 0

tot 0,
reads,

ρtot = e−2λ

(
φ′′

φ
− φ′λ′

φ
+

2φ′

rφ
+
ωφ′2

2φ2

)
+
V̄

2φ
+
κρ

φ
. (5.3.25)

As mentioned in the previous section, if φ (and hence, H) varies very slowly
with r, the energy density is dominated by the baryonic matter. This is cer-
tainly true near the center, as there φ′(r = 0) = 0 is imposed, as required by
symmetry arguments. As a consequence, all the derivatives are negligible and
we are left with,

ρtot '
V̄c

2φc
+
κρ

φc
, (5.3.26)
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where a subscript “c” indicates the value of a quantity at the center of the
body. If V̄c is not too large, that is the Higgs field is not displaced too much
from its vev, then the energy density can be taken as the one of GR, as already
mentioned in Sec. 5.3.2.

Now, consider the Klein-Gordon equation (5.3.24) and suppose that there
exists a point r̄ such that φ′(r̄) = 0. Suppose also that the energy density is
constant inside the body, ρ = E. It follows that, at that point,

φ̄′′ =
e2λ̄

(2ω̄ + 3)

[
64π2λsmφv(φ̄− φv)

κξ2
− κ(E − 3p̄)

]
, (5.3.27)

where the bar denotes quantities calculated at r̄ and φv = 1 + ξκv2/(8π) is the
vev of φ. Outside the body, where p = E = 0 everywhere and e2λ is positive
definite, we have two cases:

• φ̄′′ > 0, i.e. a local minimum, which implies that φ̄ > φv ,

• φ̄′′ < 0, i.e. a local maximum, which implies that φ̄ < φv .

This shows that if there is a local maximum or a local minimum for φ at a
point outside the body, then the field cannot converge to its vev φv at infinity.
This is possible only if φ is a monotone and decreasing function of r (or if φ =

φv everywhere). As we will see further, this property allows to approximate
the Higgs field outside the body with a Yukawa function and an associated
scalar charge (see Eq. (3.2.53) for a general definition). This is no longer true
inside the body, as E − 3p̄ > 0 and the displacement of φ from its vev can
be compensated by contributions from the energy density and the pressure.
Thus, we can have both minima and maxima of the field inside the body. In
other words, φ can oscillate only inside the body. The monopole solution that
is reported in App. C.1, illustrates this analytical property.

Let us look at the equations of motion in the absence of matter, i.e. with
ρ = p = 0. From the Klein-Gordon equation (5.3.24), we see that, in this case,
asymptotic flatness (namely λ′ = ν′ = φ′ ' 0 for large r) is consistent with
φ(r →∞) = φv ≈ 1 (since κξv2 � 1) only if,

2V (φ∞)− φ∞
dV

dφ

∣∣∣∣
φ=φ∞

= 0. (5.3.28)

As discussed in [Sotiriou12], this implies that the only asymptotically flat so-
lution to the equations of motion is the one that coincides with GR, namely
the Schwarzschild metric with constant scalar field.

5.3.3.1 Classical energy

In STT, it is customary to calculate the binding energy of the system and com-
pare it to the GR value in order to see if a solution is energetically favored.
The binding energy (see also Sec. 2.3.4) is defined by the difference between
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the baryonic energy (the energy of the baryons if they were dispersed) and the
ADM energy Ebin = Ebar − EADM. The baryonic energy is defined by,

Ebar ≡
∫

V

d3x
√

(3)gT 0
0,(M), (5.3.29)

=

∫
V

d3x
√

(3)g n(r)mb, (5.3.30)

=
4π

φ

∫ R
0

dr r2ρ(r)eλ(r), (5.3.31)

where n(r) is the density number, mb is the average mass of a baryon, ρ(r) is
the density profile and

√
(3)g is the proper volume measure. The ADM energy

is defined as (see also Eq. (2.3.10)),

EADM ≡
∫

V

d3x
√

(3)g
[
T 0

0,(M) + T 0
0,(H)

]
, (5.3.32)

= −4π

∫ ∞
0

dr r2ρtot, (5.3.33)

where ρtot is the total energy density, including the scalar field contributions.
In our case, it is given by Eq. (5.3.25). In general, when the potential is such
that the scalar field vanishes at its minimum, there are always two types of so-
lutions. The first has a vanishing scalar field everywhere and coincides with
standard GR solutions. In the absence of matter and angular momentum, this
solution is the Schwarzschild metric. The second solution has a varying scalar
field and it approaches the Schwarzschild solution only at spatial infinity. In
that case, the compact object carries a scalar charge whose effects are asymp-
totically vanishing [Damour93a, Salgado98]. The important point is that the
two families of solution are smoothly connected and this allows to compare
the binding energy of the two configurations and to determine the stable one,
or at least the one that minimizes the energy(9). In our case, however, this
comparison is meaningless since the monopole solution cannot smoothly re-
duce to the Schwarzschild one because of the nonminimal coupling. In fact,
the monopole is the unique solution (for a given energy density and radius)
with finite energy. All other solutions have either a diverging or vanishing
scalar field H at spatial infinity, as highlighted in Sec.5.3.2. In the first case,
the potential term diverges so EADM is infinite. In the second case, if H → 0

then φ → (2κ)−1 so the term r2V/φ diverges, yielding again an infinite ADM
energy (10).

5.3.3.2 The TOV equation

We now find an approximate formula for the pressure as a function of the
energy density and the value of the scalar field at the center φc, in analogy

(9)The stability under small perturbations of the metric is a different and much more compli-
cated issue that will not be considered in this work.

(10)For a correct calculation of the mass associated to a de Sitter black hole see Ref. [Gibbons77].
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with the usual TOV equation (see also Sec. 2.3.4). To do so, it is sufficient to
expand and solve the equations of motion around r = 0. It should be kept in
mind that, for the monopoles, the value of φc (or, equivalently, of V̄ (r = 0))
is not arbitrary. As we explained in the previous sections, the value of φc for
a given mass and body radius is determined by the condition that φ = φv at
spatial infinity and, therefore, cannot be fixed by a local expansion. This is the
reason why the best we can do, analytically, is to find the central pressure pc =

p(r = 0) as a function of φc. As before, we assume that ρ = E = const. At the
center, owing to spherical symmetry, the scalar field can be approximated by
φ ' φc + φ2r

2 so that we can solve the tt-component of the Einstein equations
and find,

e2λ(r) =

[
1− 2m(r)

r

]−1

, (5.3.34)

where

m(r) '
(
2κE + V̄c

)
r3

12φc
, (5.3.35)

with V̄c = V̄ (φc). This result can be inserted in the rr-component of the Ein-
stein equations, which, together with the usual TOV equation (2.3.6), gives the
modified TOV equation,

dp(r)

dr
' − [p(r) + E]

[
κE + 3κp(r)− V̄c

]
r

6φc − (2κE + V̄c) r2
, (5.3.36)

that can be solved by separation of variables with the boundary condition that
p = 0 at r = R. The result reads,

p(r) =
E(κE − V̄c)

(√
1− 2m/r −

√
1− 2mR2/r3

)
3κE

√
1− 2mR2/r3 − (κE − V̄c)

√
1− 2m/r

,

(5.3.37)

where m is the function (5.3.35). This equation reproduces the relativistic ex-
pression in the limit V̄c → 0. At the center of the body we have,

pc =
E(κE − V̄c)

[
1−

√
1− 2m(R)/R

]
3κE

√
1− 2m(R)/R− κE + V̄c

, (5.3.38)

where m(R) is the mass function (5.3.35) calculated at r = R. As for the
ordinary relativistic stars, there is a maximum value of the energy density, at
which the pressure diverges, given by

Emax =
12φc − V̄cR2

2κR2
. (5.3.39)
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However, in contrast with the GR case, there exists also a critical value of the
energy density, below which the pressure becomes negative, that is

Emin =
V̄c

κ
=

λsm

2

[
8π

ξκ
(φc − 1)− v2

]2

, (5.3.40)

=
λsm

2

(
H2

c − v2
)2
.

The interpretation is that the Higgs field potential contributes with a negative
pressure at the center of the body, at least in the linearized regime considered
in this section. When this approximation is no longer valid, we need to resort
to numerical tools to calculate the central pressure and verify in which part of
the parameter space it is negative and an eventual threat to the stability of the
spherical body.

5.3.3.3 Discussion about astrophysical compact objects

In App. B, the PPN formalism (see also Sec. 2.2) for the Brans-Dicke theory
is reviewed. It leads straightforwardly to the PPN analysis for the Higgs
monopoles, which tells us the amount of deviations from GR outside a body
of the size of the Sun. However, because of the presence of the potential, PPN
parameters only give upper bounds. According to the PPN prescriptions, we
assume that far outside the Sun, the Higgs field is close to its vacuum value so
that V ' 0 and the Newton’s constant coincides with its bare value. The PPN
parameters follow immediately from Eqs. (B.0.25) and (B.0.62) [Damour92],

γPPN =
ω + 1

ω + 2
, βPPN − 1 =

1

(2ω + 3)2(2ω + 4)

dω

dφ
. (5.3.41)

When φ→ φv , ω(φ = φv) ' 2πm2
pl/(ξ

2v2) ' 1.5×1026 and (dω/dφ)(φ = φv) '
−(2π/ξ3)(m4

pl/v
4) ' −3 × 1055(−2.2 × 10−20) for ξ = 104 according to Higgs

inflation. It results that the PPN parameters βPPN − 1 = γPPN − 1 = 0 with
a precision far larger than the current observational constraints. Moreover,
these are upper bounds since the Higgs field is massive (V 6= 0) and thus
decays as a Yukawa function outside the matter distribution at a much faster
rate than 1/r (typical in the case of a vanishing scalar potential, [Damour92]).
The scalar charge is thus almost completely screened over a distance of a few
Schwarzschild radii.

Following the discussion in Sec. 5.3.2, the equilibrium point of the effec-
tive potential inside the compact object (5.3.15) gives an upper bound on the
central value of the Higgs field Hc, |H(r)| ≤ |Hc| ≤ |H in

eq| ∀ r ≥ 0. Inside the
matter distribution, the Ricci scalar is found to be nearly constant and well
approximated by R ≈ R(r = R) = 3s3/r2

s where s is the compactness of
the compact object and rs = 8πρ0/(3m

2
pl)R3 is its standard Schwarzschild ra-

dius(11) (see Eq. (5.3.48) in the next section). This allows one to give the order

(11)The physical Schwarzschild radius should take into account also the contribution of the Higgs
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of magnitude of H in
eq,

H in
eq − v '

3s3ξ

16πr2
sλsmv

. (5.3.42)

Considering the Sun (s = 10−6 and m ∼ 1030 kg) and viable nonminimal
parameter for Higgs inflation (ξ = 104) yields,

H in
eq − v ∼ 10−58v, (5.3.43)

such that no observable effect can be detected. The effect of the Higgs field in
the Sun (s = 10−6 and m ∼ 1030 kg) remains smaller than H in

eq − v � 10−2v

provided that ξ < 1058. Therefore, we can conclude that deviations from GR
around astrophysical objects like the Sun are outstandingly small, provided
that the nonminimal coupling parameter ξ is not extremely large.

Considering NSs (s = 0.2 and m ∼ 1030 kg), the variation of the Higgs
field cannot be larger than,

H in
eq − v ∼ 10−41v, (5.3.44)

for ξ = 104. For example, if ξ = 104 we find that Hc/v < 1.01 for a mass
m > 3 × 1010 kg with s = 0.2 and Hc/v < 1.01 for a compactness of s < 10−5

and a mass of 104 kg. We conclude that no effect is measurable in astrophysical
compact objects.

5.3.4 Numerical results

After discussing the dynamics of the model and some generic analytical re-
sults, we now study numerically the properties of the solutions. We report
the reader to App. D for the complete set of equations of motion, the system
of units and the numerical methods that we used. In the previous sections,
we have shown that the metric components inside the compact object are al-
most the same as in GR when we choose the SM values for the parameters
of the potential. Therefore, we follow a simplified procedure, which consists
in using the GR solution (with the top-hat matter distribution (5.3.10)) for the
metric components and focus solely on the non-trivial dynamics of the Higgs
field. We provide for a proof of this approximation in App. D through the
comparison between this approach and the numerical integration of the un-
altered system of equations of motion. With these assumptions, the problem
essentially reduces to solving the Klein-Gordon equation,

huu + hu

(
νu − λu +

2

u

)
= e2λ

(
−Rξh

8π
+

r2
s

m2
plṽ

2

dV

dh

)
, (5.3.45)

where h = H/(mplṽ), ṽ = v/mpl being the dimensionless vev, and a subscript
u denotes a derivative with respect to u = r/rs. The metric fields and the

field. Here, we define it instead as a scale of the theory, uniquely determined by the baryonic mass
of the monopole as in GR.
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scalar curvature are approximated by the interior and exterior Schwarzschild
metric, and read respectively,

e2ν(u) =


3
2

√
1− s− 1

2

√
1− s3u2, 0 < u < s−1,

1− u−1, u ≥ s−1,

(5.3.46)

e−2λ(u) =


1− s3u2, 0 < u < s−1,

1− u−1, u ≥ s−1,

(5.3.47)

R(u) =


− 6s3

r2s

(
2
√

1−s3u2−3
√

1−s
3
√

1−s−
√

1−s3u2

)
, 0 < u < s−1,

0, u ≥ s−1,

(5.3.48)

Regularity at the origin requires that hu|u=0 = 0 leaving hc = h(u = 0) as the
only initial condition for Eq. (5.3.45).

In Fig. 5.2 we plot the numerical solutions of Eq. (5.3.45) for different val-
ues of the initial condition hc = h(u = 0). We see that, for fixed mass and
compactness, there exists only one value for the initial condition hc = h0

that yields a solution that tends to h = 1 at spatial infinity (marked by a
thicker line). This solution corresponds to the non-trivial, asymptotically flat,
and spherically symmetric distribution of the Higgs field, dubbed “Higgs
monopole” in [Füzfa13, Schlögel14]. For slightly different initial conditions
hc 6= h0, the field either diverges (if hc > h0) or tends to zero after some
damped oscillations (if hc < h0). This result confirms the analytic treatment
of Sec. 5.3.2.

For each choice of mass m, compactness s, and coupling strength ξ, there
exists only one solution of the kind depicted in Fig. 5.2. Its form varies a
lot in function of the parameters, as we show in Fig. 5.3 where we plotted
several solutions, corresponding to the parametrization listed in Tab. 5.1. We
notice that the value of the Higgs field at the center of the monopole can be
lower than the vev for typically large compactness s. For small or moderate
compactness, the central value of the Higgs field is generically larger than the
vev.

Such behavior can be easily understood by considering the upper bound
for |hc| introduced in section 5.3.2 and discussed in Sec. 5.3.3.3. If we work in
GeV units, it is expressed as,

hin
eq = 0,±

√
1 +

Rξ

8πλsmṽ2
= 0,±

√
1 +

Rξ

8πm2
H

, (5.3.49)

where mH is the mass of the Higgs field. Since R depends on the radial coor-
dinate (see Eq. (5.3.48)) so does the effective potential. In order to show that
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Figure 5.2: Numerical solutions of Eq. (5.3.45) with varying initial conditions
hc = h(r/rs = 0) for ξ = 10, m = 106 kg, and s = 0.75. The thicker line
represents the unique solution that converges to h = 1 at large r/rs.

we may have |hc| < 1, we approximate R in Eq. (5.3.49) by its spatial average,

〈R〉 =

∫
R(u)

√
g d3x∫ √

g d3x
=

∫ 1/s

0
R(u)u eλdu∫ 1/s

0
u eλdu

. (5.3.50)

In Fig. 5.4 we plot the value of 〈R〉 in function of the compactness. We see that,
for s & 0.72, 〈R〉 becomes negative so that hin

eq < 1, which implies |hc| < 1.
This happens, for instance, for the monopole represented by the curve B in
Fig. 5.3. In this plot we also notice that, for large ξ, oscillations are present only
inside the compact body (see monopoles A and C), confirming the analytical
results found in Sec. 5.3.3.

Finally, we point out that the central value of the Higgs field can be sig-
nificantly larger than the vev (see e.g. the monopole D). We will see below
that there is a novel amplification mechanism that explains these large values.
The numerical relation between the mass of the monopole and the value of
hc is depicted in Fig. 5.5 for a fixed compactness s = 0.2 and a nonminimal
coupling parameter ξ = 60. The plot shows an interpolation between two
asymptotic values at small and large masses. For large masses, the value of hc

is bounded from above by hin
eq in Eq. (5.3.49) which converges to hin

eq = 1 for
m ≈ 109 kg (with s = 0.2 and ξ = 60). At small masses, the central value hc is
independent of the mass because the Higgs potential contributes very little to
the effective potential inside the matter distribution (see also Fig. 5.7).

In Fig. 5.6 we show that this behavior is present also for large compact-
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Figure 5.4: Plot of 〈R〉 as a function of the compactness in the interval [0,R].
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Figure 5.5: Plot of hc as a function of the mass for s = 0.2 and ξ = 60. The solid
line is the result of the numerical analysis, the dotted one is obtained with the
analytical approximation described in Sec. 5.3.5.
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Figure 5.6: Plot of hc in function of the mass for s = 0.73 and ξ = 60. The
solid line is the result of the numerical analysis while the dotted one is ob-
tained with the analytical approximation described in Sec. 5.3.5. We see that
the analytical approximation does not work well with large s.
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Figure 5.7: Derivative of the effective potential Veff of Eq. (5.3.7) as a function
of the mass of the monopole for fixed nonminimal coupling and compactness
(ξ = 60 and s = 0.5).
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Figure 5.3: Plots of the Higgs field with the parameters listed in Tab. 5.1. The
vertical dashed lines mark the radius of the body for each monopole.

hc ξ m s
F 0.91 10 106 kg 0.75
A - 5.37 104 103 kg 0.1

B - 0.21 10 106 kg 0.88

C 1.077 106 106 kg 0.01

D 7.88 60 104 kg 0.47

Table 5.1: Properties of the Higgs monopoles plotted in Fig. 5.2 (curve F) and
Fig. 5.3 (curves A,B,C,D).

ness (s = 0.73), which yields |hc| < 1, as seen above. In Fig. 5.7 we represent
the derivative of the effective potential Veff given in Eq. (5.3.7) inside the mat-
ter distribution as a function of the mass of the monopole for fixed ξ and s.
Local maxima and minima, where dVeff/dh = 0, are marked by the peaks ap-
pearing on the plot. We see that h = 0 is always a minimum while there are
two maxima at hin

eq (see Eq.(5.3.49)), whose value converges to one for large
masses. From the expression of the effective potential (5.3.7) (with averaged
Ricci scalar),

Veff = −V +
ξH2〈R〉

16π
, (5.3.51)

and the behavior of 〈R〉 (see Fig. 5.4) we deduce that the term ξH2〈R〉/(16π)

is dominant for small masses and becomes negligible compared to the Higgs
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potential for large masses. Thus, for small masses, the field behaves inside
the matter distribution as if there was no potential, in a way similar to that in
spontaneous scalarization [Damour93a, Salgado98] where the field inside the
body is almost constant. This explains why a plateau appears for small masses
in Figs. 5.5 and 5.6. However, outside the body R ≈ 0 and the Higgs poten-
tial can no longer be neglected compared to the nonminimal coupling term.
As a result, the Higgs field decreases faster than in [Damour93a, Salgado98]
because of the quartic potential.

What fixes the central value hc of the monopoles is a non-linear phe-
nomenon of classical resonance. In Fig. 5.8 we show an example, where hc in-
creases around a specific value of the compactness. For small values of s, hc is
close to one and the monopole distribution is pretty close to the homogeneous
GR solution h(r) = 1. We find that, for astrophysical objects like the Sun, the
combination of low compactness and large mass makes the Higgs field ex-
tremely close to its vev everywhere, yielding negligible deviations from GR.
This is in line with the PPN analysis presented in Sec. 5.3.3.3. On the other
hand, we have seen that, for s > 0.7, |hc| is smaller than one, since 〈R〉 is
negative. Between these two extreme cases, there exists a specific value of s
that maximizes hc. This is a new result due to the combined action of the non-
minimal coupling and the field potential. In fact, it is absent if the potential
vanishes as in [Salgado98].
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Figure 5.8: The plot of hc shows a peak at some value of s and for fixed ξ. In
the case plotted here (solid line) we choosem = 100 kg and ξ = 55. The dotted
line is obtained with the analytical approximation described in Sec. 5.3.5.
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5.3.5 Amplification mechanism

In this section, we present an analytical model of the scalar field resonant am-
plification found numerically in the previous section. As before, we consider
the Klein-Gordon equation (5.3.45) in dimensionless units and we suppose
that the metric fields λ and ν are the ones given by GR. The combination of
Eqs. (5.3.46) and (5.3.47) gives,

νu − λu +
2

u
=

{
− uR

6(1−s3u2) + 2
u 0 < u < 1/s,

2u−1
u(u−1) ≈ 2

u−1 u > 1/s,
(5.3.52)

where the top (bottom) line corresponds to the internal (external) solution.
We now expand dV/dh around h = h∗, where h∗ = 1 outside and h∗ = hc

inside the body. The function to be expanded has the form,

f(h) = αh
(
h2 − 1

)
, (5.3.53)

where α = 2λsmr
2
sm

2
plṽ

2, thus, up to the first order,

f(h) ≈ α
[
h∗
(
h2
∗ − 1

)
+
(
3h2
∗ − 1

)
(h− h∗)

]
. (5.3.54)

We now examine more carefully the external and internal solutions of the
Klein-Gordon equation.

5.3.5.1 External solution

For the external solution, we can assume that u � 1, R ' 0 (like for the
numerical treatment), νu − λu + 2

u ' 2
u , and e2λ ∼ 1 and the Higgs field is

essentially driven by the quartic potential with extrema at h ' ±1 since the
Higgs field settles to its vev at large distance. After the expansion, upon the
change of variables h = Y/u and Z = Y − u, Eq. (5.3.45) can be written as,

Zuu = αZ, (5.3.55)

which has the general solution,

hext =
C1
u

e
√
αu +

C2
u

e−
√
αu + 1, (5.3.56)

for arbitrary constant C1 and C2. The requirement limu→∞ h = 1 yields C1 = 0,
so we find the Yukawa distribution for the Higgs field outside the compact
object given by,

hext =
Q

u
e−u/L + 1. (5.3.57)

The parameters Q = C2 and L = 1/
√
α can be identified as the scalar

charge and the characteristic length respectively, which further justifies the
term “monopole” used to name these solutions. To fix C2, we will use the
continuity condition of the Higgs field at the boundary of the compact object
given by hext(1/s) = hint(1/s). In addition, the continuity condition of the
derivative, h′ext(1/s) = h′int(1/s), will lead to an implicit equation for hc.



5.3. HIGGS MONOPOLES 143

5.3.5.2 Internal solution

We now derive the analytical Higgs field profile for the internal region. We
make the same assumption as before for the terms involving ν and λ, excepted
u ' 0 and R ∼ 〈R〉 6= 0. We now expand f(h) around h∗ = hc and change the
variables according to h = Y/u as well as,

Z = Y +
B(hc)

A(hc)
u, (5.3.58)

where

A(hc) =
α

2

(
3h2

c − 1
)
− 〈R〉ξ

8π
, (5.3.59)

B(hc) = −αh3
c . (5.3.60)

We then obtain the differential equation,

Zuu = A (hc)Z, (5.3.61)

for which it is sufficient to discuss the solution for A (hc) < 0, the positive
case being basically the same. The case A (hc) = 0 is not considered as it
corresponds to a fine-tuning of the parameters. The solution reads,

hint =
D1

u
e
√
Au +

D2

u
e−
√
Au − B

A
, (5.3.62)

where D1 and D2 are constants of integration. The condition of regularity of
the Higgs field at the origin, hint(u = 0) = hc implies that D1 = −D2. In
addition, the limit u→ 0 enables to fix D1,

D1 =
1√
|A|

(
hc +

B

A

)
, (5.3.63)

so, the linearized expression for the Higgs field inside the compact object is
given by,

hint =
D1

u
sin
(√
|A|u

)
− B

A
. (5.3.64)

As mentioned above, the conditions of continuity of the Higgs field and its
derivative allow to fix C2 and to derive an implicit equation for determining
hc. Indeed, by imposing hext (1/s) = hint (1/s), we find that,

C2 =
1

s
e
√
α
s

[
D1s sin

(√
|A|
s

)
− B

A
− 1

]
, (5.3.65)

while the regularity condition h′ext (1/s) = h′int (1/s) yields the implicit equa-
tion, (

hc +
B

A

)[√
α

|A| sin
(√
|A|
s

)
+ cos

(√
|A|
s

)]

=

(
1 +

B

A

)(
1 +

√
α

s

)
. (5.3.66)
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The solution for the case A (hc) > 0 can be found by replacing the sine and
cosine by hyperbolic sine and hyperbolic cosine. However, the condition
A (hc) < 0 is necessary for the resonant amplification. The expression (5.3.66)
greatly simplifies when α is small as for macroscopic bodies (12). In fact, since
B/A ' 0 when α is negligible, the implicit equation for hc (5.3.66) reduces to,

hc =

∣∣∣∣∣cos

√
ξ〈R〉
8πs2

∣∣∣∣∣
−1

, (5.3.67)

where the absolute value is necessary when the positive hc branch is chosen.
In this approximation, the central value of the Higgs field hc has periodic di-
vergences corresponding to certain values of s, ξ and m. E.g. for asteroids,
the compactness is very small (s ∼ 10−12) and one finds that hc = 1 to great
accuracy. Notice that, for small s, the condition A < 0 is no longer true and
cos to cosh must be switched, which yields, however, the same result. We thus
confirm the results obtained in the previous section: for small values of the
compactness, the central value of the Higgs field hc is very close to the Higgs
vev. For larger values of the compactness, the approximate formula (5.3.67)
shows that, for a given m and ξ, hc has peaks corresponding to critical values
of s. These are the resonances that we have also seen numerically. The num-
ber of peaks depends on the nonminimal coupling ξ as we will see on the next
section. Note that the condition A (hc) < 0 is favored by a large nonminimal
coupling (see Eq. (5.3.59)), and so the approximate equation (5.3.67), is even
more accurate in the large s regime. As we will see in the next section, there
exists a critical value of ξ for which one peak splits into two separate peaks.
Another interesting limit is

√
A/s� 1. In this case, the formula reduces to,(

hc +
B

A

)(
1 +

√
α

s

)
'
(

1 +
B

A

)(
1 +

√
α

s

)
, (5.3.68)

which implies that hc ∼ 1. The regime A/s2 ∼ 0 corresponds to,

rs =
16πλv2R3

3ξ
, (5.3.69)

where R is the radius of the compact object (assuming 〈R〉 ≈ 3s3/r2
s ). This

relation can be written again as sξ ' (1018R)2 with R expressed in meters. It
is then obvious that this regime is totally unphysical unless ξ is very large (13).

5.3.5.3 Analysis of the parameter space

As we saw in Sec. 5.3.4, Figs. 5.5, 5.6, and 5.8, the value of hc as a function of
the parameters can be qualitatively reproduced thanks to the analytical model
presented in last section. There are some discrepancies (see for instance Fig.

(12)As an example, for an object of the mass range of an asteroid (M ' 107), α ' 10−25.
(13)A very large ξ is not excluded by LHC experiments, see [Atkins13].
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5.6 for large compactness) but the analytical model expressed by Eq. (5.3.66) is
sufficient to understand the amplification mechanism. For example, in Fig. 5.8
we see a good agreement between our analytical model and the full solution
for the position of the resonance, although there is an overestimation of its
amplitude, up to a factor two.

In the rest of this section, we will use the analytical model to explore the
parameter space of the monopole, given by mass, compactness, and nonmin-
imal coupling. Once these are fixed, the central value of the Higgs field is
uniquely determined by the implicit equation (5.3.66).

In Fig. 5.9 we show how the resonance in hc evolves as a function of the
compactness and of the nonminimal coupling. As ξ increases, the peak grows
and sharpens. The question is then how large the resonance can be. It seems
that there exists a critical value of ξ = ξcr above which hc diverges. This is
illustrated in Fig. 5.10 where we plotted hc for both ξ < ξcr and ξ = ξcr. The
two vertical asymptotes in hc appear when the nonminimal coupling becomes
larger than ξ = ξcr and they correspond to a phase transition, in which hc

switches sign. We recall in fact that there are two branches corresponding to
v = ±246 GeV. Even though we chose v to be the positive root, there is still the
possibility that h(r) jumps to the negative branch, which is a perfectly valid
mathematical solution of the Klein-Gordon equation (14).

This also implies that, when the nonminimal coupling is larger than ξcr,
there can be forbidden values for s (or, equivalently, for R) in the parameter
space. As an example, we plot in Fig. 5.11 hc in function of the compactness
for m = 102 kg and ξ = 104, which corresponds to the value predicted by
Higgs inflation [Bezrukov08, Bezrukov11, Bezrukov09b]. We see that there
are multiple divergences, also for relatively small values of s. However, this
does not prevent the nonminimal coupling parameter to be arbitrarily large
since ξcr basically depends on the mass of the monopole.

On Fig. 5.12, hc is plotted in function of m and s for three values of ξ. We
see that hc generically settles to its vev, hc = 1 for small compactness and large
mass. For sufficiently large ξ, the peaks appear for small masses (see Fig. 5.12c)
and tend to hc = 1 at largem values. The peaks sharpen as ξ increases, until hc

eventually diverge at some ξcr. In the small mass regime the Higgs potential
is much smaller than the coupling term, which is proportional to ξ, see Eq.
(5.3.51). In the large mass regime, however, the upper bound imposed by Eq.
(5.3.49) becomes closer and closer to one. These two competing effects explain
qualitatively the presence of the peaks in the small mass region rather than
in the large mass one, provided the compactness s is not too small, otherwise
〈R〉 is too small and always smaller than the Higgs potential. In such a case,
scalar amplification is negligible, no matter the monopole mass.

In summary, for large values of the nonminimal coupling, monopoles with
small masses cannot exist for certain values of the compactness for which the

(14)This problem could be avoided by considering a Higgs multiplet with an Abelian U(1) sym-
metry. The amplitude and the phase of the Higgs field would be under a much better analytical
and numerical control.
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Figure 5.9: Plot of hc in function of s and ξ as given by the implicit relation
(5.3.66) for a fixed mass m = 103kg. We see that the peak sharpens for increas-
ing ξ.
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Figure 5.10: Plot of hc given by the implicit Eq. (5.3.66) in function of the com-
pactness for ξ = 64.6 (solid line) and ξ = 64.7 (dashed line). The monopole
mass is fixed at m = 103kg.
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Figure 5.11: Plot of hc in function of s for ξ = 104 and m = 102kg obtained
from the expression (5.3.66).

Higgs field at the center of the body diverges. On the opposite, large mass
monopoles always exist but the scalar amplification is much smaller.

5.4 Conclusion and perspectives

The Higgs monopole is inspired by Higgs inflation, where the coupling
strength ξ & 104 in order to get a viable inflationary model. Such a large
coupling could imply a strong deviation from GR, possibly in conflict with
astrophysical observations. We show that the deviations are so small (hc−1 <

10−58 for the Sun and 10−41 for typical neutron stars parameters) that there are
not far below the observational sensitivity today. This is due to the hierarchy
between the vev and the Planck scale, which remains unexplained.

However, the main result of [Füzfa13, Schlögel14] is the existence of par-
ticlelike solutions that are asymptotically flat and have finite classical energy
and that cannot smoothly reduce to GR as they only exist because of the vi-
olation of the equivalence principle. The Higgs inflation predicts deviations
from the Higgs vev inside any compact objects, the Schwarzschild solution
being never recovered. Nevertheless, since the deviations from the Higgs vev
depends on the compactness and the baryonic mass of the compact object, the
Higgs monopoles solution is indistinguishable from the Schwarzschild one in
the case of physical objects. Whereas other particlelike solutions exist only in
the context of exact and unbroken gauge symmetry, as in the Einstein-Yang-
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Figure 5.12: Plot of hc (obtained with the analytical approximation) in func-
tion of the mass of the monopole and its compactness for ξ = 10, 60, 70 (for
Figs. 5.12a, 5.12b, 5.12c respectively).
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Mills system [Bartnik88], the Higgs monopole solution is compatible with
spontaneously broken gauge symmetry at the price of a nonminimal coupling
to gravity.

In particular, we have found a new non-linear mechanism of resonant am-
plification that is not present in the models with vanishing potentials studied
so far since spontaneous scalarization has been studied for relatively small
nonminimal coupling (see e.g. [Salgado98]). We explored this amplification
mechanism numerically and found an analytical approximation that shows
that, in the large coupling regime, there are forbidden combinations of radius
and baryonic density, at which the value of the Higgs field at the center of the
spherical body tends to diverge. As for spontaneous scalarization, the ampli-
fication mechanism found here is a general feature that can be applied to cases
with different parameters and/or potential shapes.

In principle, the shift in the Higgs expectation value inside the compact
object leads to a change in the mass of the W and Z bosons that, in turn, has
an impact on the mass of decay products, decay rates and so on. In the case
at hand, however, we have seen that the shift in objects like neutron stars
is negligible. Larger effects are possible only in ranges of mass and density
that are very unphysical, as shown in Tab. 5.1. Therefore, in realistic com-
pact objects we do not expect any observable modification. Similarly, in the
case of a Yukawa coupling to fermions we do not expect any dramatic ef-
fect for the same reasons. Technically, the addition of a Yukawa coupling to
fermions would introduce in the Klein-Gordon equation new terms (one for
each fermion) proportional toH , which will compete in the dynamics with the
non-minimal coupling term ξR, see Eq. (5.3.5). However, for realistic objects,
this contribution will be much larger than the gravitational one so we do not
expect significant deviations from the case with ordinary EoS. We point out
that this is a very different situation as in previous models, like [Salgado98],
where the amount of spontaneous scalarization was much larger. In our case,
the presence of Higgs potential in the action effectively prevents fundamental
interactions to change inside compact objects.

From the quantum field theory point of view, a r-dependent vacuum leads
to a non-local effective action whose effect are very small in the regime of small
curvature considered here but might be important in the primordial Universe
or in strong field configurations [Gorbar04].

We remark that the top-hat profile (5.3.10) is a simplifying hypothesis that
saves some computational effort. Introducing a different profile, and a spe-
cific equation of state, would be more realistic but no substantial changes are
expected in our results. This claim is supported by some previous work (e.g.
[Salgado98, Damour96]) and by some numerical tests that we performed by
smoothing out the step function.

About the stability of our solutions, we point out that any change of the
value of the Higgs field at the center of the body leads to a change in the
geometry of the spacetime at infinity: while particlelike solutions are asymp-
totically flat, any other solution is asymptotically de Sitter, as discussed in
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Sec. 5.3.2. In a realistic scenario of a spherical collapse in an asymptotically
flat spacetime we expect that the Higgs monopoles are the only solutions and
are stable. A formal proof of this statement would require the study of pertur-
bations around the (numerical) monopole solution (see e.g. [Volkov99]) and
goes beyond the scope of this thesis, although it is a very interesting question.

In Higgs inflation, these monopoles could form and if they are not washed
out by the exponential expansion, they could constitute a candidate for DM,
with a mass range similar to the one of primordial BHs below the evaporation
limit (15). However, as they also interact through their Higgs external field,
the phenomenology is expected to be distinct from the one of BHs. We also
point out that there exists an intriguing possibility that the formation of these
monopoles is related to the semiclassical instability found in [Lima10] and
discussed in terms of spontaneous scalarization in(16) [Pani11]. Although for
astrophysical bodies we do not expect that this instability plays a significant
role, as the scalarization is negligible, it could be crucial for the formation of
inflationary remnants.

There are several aspects that deserve further analysis. For instance, we
assumed that the characteristic parameters are the ones of the SM (in particu-
lar the coupling λsm and the vev v, see Eq. (5.2.4)). As a result, the deviations
from GR are negligible. It would be interesting to find to what extent these pa-
rameters can vary without violations of the current observational constraints.

Moreover, we believe that also the symmetry structure of the Higgs field
and its influence on the solutions should be studied, relaxing the assumption
of the unitary gauge which appears to be restrictive. Indeed, the Higgs field
should be treated as a complex multiplet with SU(2) gauge symmetry rather
than as a real scalar singlet. Imposing the unitary gauge is possible only if the
expansion of the Lagrangian around a classical, time-independent vacuum
state. In the case of a nonminimal coupling to gravity, the classical vacuum
state is time-dependent since H = v is not a solution anymore. In the case of a
complex multiplet, the Higgs multiplet drives rather a multifield inflation due
to the presence of Goldstone components [Greenwood13], such models being
in agreement with current observations from Planck [Kaiser14]. Moreover,
Goldstone bosons might also play a role at low energy where they lead to an
acceleration of the expansion rate due to the displacement of the Higgs field
from its vev (either in the Abelian and non-Abelian cases) [Rinaldi14], even in
the absence of the nonminimal coupling [Rinaldi15b] and if the effect of the
coupling of the Higgs field to gauge bosons is taken into account [Rinaldi15a].
Eventually, the Higgs vacuum state has been found to be metastable that is
temporarily stable on cosmological time scales, assuming that the SM is valid
up to the Planck scale, this result strongly depending on the measure of the top
quark mass and the Higgs mass [Degrassi12, Bednyakov15]. The implications
of the metastability of the electrovacuum state should be also investigated for

(15)Roughly, for h(r = R) ≈ 1.1v we have m < 1011 kg.
(16)Note, however, that the stability analysis presented in [Pani11] cannot be applied to our

model because the GR solution does not coexist with the monopole.
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compact objects and when the Higgs field is nonminimally coupled to gravity.
Static spherically-symmetric solution for non-Abelian Higgs field have

also been studied by [Brihaye15] for self-gravitating system assuming a non-
minimal coupling of the Higgs to gravity. They show that the monopole
and the sphaleron solutions [Volkov99, vanderBij00], that is classical and
non-perturbative solutions of Einstein-Yang-Mills-Higgs theory, remain in the
presence of the nonminimal coupling.

The effect of the Yukawa coupling has not been studied yet in this context.
It would imply either to build an effective action for matter fields where the
Yukawa coupling to fermions is explicit (and possibly the QCD contribution
for the energy density too [Shifman78]) either to write a field theory where
the gauge invariance is explicit and the coupling of the Higgs to fermions is
introduced through spinors fields [Boehmer07].

In relation to this, we also recall that there exist exact solutions for
Abelian and non-Abelian configuration in Minkowski space called Q-balls
[Lee89, Coleman85, Theisen86]. In the baryonic massless limit, but with the
gauge symmetry restored, Higgs monopoles could be generalized to describe
gauged Q-balls in curved space. This direction remains to be explored as it
might lead to discover solutions with physical properties that are compatible
with DM. If not, it would nevertheless be interesting to see if these solutions
are excluded by precise Solar System tests.
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Chapter 6

Fab Four: When John and
George play inflation and
gravitation

based on

J.-P. Bruneton, M. Rinaldi, A. Kanfon, A. Hees, S. Schlögel, A. Füzfa,
Fab Four:

When John and George play gravitation and cosmology
Advances in Astronomy, Volume 2012 (2012) 430694

In the last two chapters, two STT ”à la Brans-Dicke” in the presence of a po-
tential have been studied. We now turn to a more sophisticated model, that
is a subclass of the generalized Galileon model dubbed the ”Fab Four” in ref-
erence to the Beatles, introduced in Sec. 3.3. In particular, we focus on the
”John” Lagrangian which exhibits a nonminimal derivative coupling between
the scalar field and the Einstein tensor. This model is referred to as ”purely ki-
netic gravity” since no potential is invoked in order to predict inflation and/or
dark energy.

First the phenomenology of inflation predicted by this model is analyzed
in terms of number of e-folds as well as the no-ghost and causality conditions.
Since a kinetically driven inflationary phase requires highly transplanckian
values for the initial field velocity, which basically rule out the model, the
considerations are extended to a more general model including a coupling of
the scalar field to the Ricci scalar, or ”George” in the Fab Four terminology. We
then study the John plus George model, establishing how far inflation is viable
(for background cosmology), provided that the no-ghost and causality condi-
tions are satisfied. Finally, the deviations from GR around compact objects
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predicted by George and John are studied and the Solar System constraints
are derived.

6.1 The Fab Four model

The Fab Four is a subclass of Horndeski gravity [Horndeski74] (see also
Sec. 3.3) justified by cosmological considerations, assuming FLRW back-
ground. More precisely the Fab Four model contains the four Lagrangians
able to alleviate the cosmological constant problem, assuming that the WEP
is not violated. In the Fab Four scenario, even if the vacuum energy den-
sity ρvac is large at all time during the Universe history, the vacuum energy
is ”screened” by the scalar field such that the cosmic expansion is not ac-
celerated [Copeland12]. As a result, the vacuum energy does not affect sig-
nificantly the evolution of the scale factor and the inflation/radiation/mat-
ter dominated evolution could be recovered for some combination of the Fab
Four Lagrangians. The cosmological constant problem might be solved since
the vacuum energy ρvac is allowed to have a much larger value than the cos-
mological constant one ρΛ. This solution evades the Weinberg no-go theo-
rem (see Sec. 2.4.4) by breaking the Poincaré invariance in the scalar sector
[Charmousis12a].

The resulting theory reads(1),

Ljohn = Vjohn(φ)Gµν∇µφ∇νφ, (6.1.1)

Lpaul = Vpaul(φ)Pµναβ∇µφ∇αφ∇ν∇βφ, (6.1.2)

Lgeorge = Vgeorge(φ)R, (6.1.3)

Lringo = Vringo(φ)G, (6.1.4)

where V (φ)’s are arbitrary potential functions, εµναβ is the Levi-Civita tensor
and Pµναβ = − 1

4ε
µνλσ Rλσγδ ε

αβγδ is the double dual of the Riemann tensor.
GR is recovered considering George only with Vgeorge =const and the Brans-
Dicke model is recovered when Vgeorge 6=const with the parameter ω(φ) = 0.

The covariant Galileons might pass local tests of gravity thanks to the non-
linearities appearing in the kinetic term of the scalar field. This theory thus
relies on the Vainshtein screening mechanism (see Sec. 3.1.3 for a definition)
in order to be possibly allowed to reproduce inflation and/or the late-time
cosmic acceleration while passing the local tests of gravity. Therefore, con-
sidering the Fab Four Lagrangians, the Vainshtein mechanism is expected to
work for the John and/or Paul Lagrangian(s).

In the following we focus first on the John Lagrangian(2) and analyze what
are the viable inflationary solutions. As we will see, the John Lagrangian is

(1)The Fab Four Lagrangians also appear in the Kaluza-Klein reduction of Lovelock
gravity[Van Acoleyen11].

(2)George and Ringo must not be considered in isolation for theoretical and phenomenological
reasons respectively [Charmousis12b]. In addition, only John and Paul might exhibit the Vain-
shtein screening mechanism.
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not able to play alone gravitation in a static and spherically symmetric space-
time: its solution is trivial since it is the Schwarzschild one. In the rest of the
chapter, we thus study the combination of George and John. The George La-
grangian is reminiscent of the Brans-Dicke theory (with the parameter ω = 0)
or GR (Vgeorge = cst) such that the phenomenology should allow for minimal
modifications of gravity.

6.2 The John Lagrangian

In order to study the phenomenology predicted by John, we start from the
John Lagrangian (6.1.1) where the potential reduces to a constant Vjohn(φ) =

cst, combined with the EH action with a minimally scalar field,

S =

∫
d4x
√−g

[
R

2κ
− 1

2
(gµν + κγGµν) ∂µφ∂νφ

]
+ SM[ψM; gµν ], (6.2.1)

where γ is a dimensionless parameter whereas φ has the dimension of a mass
in natural units. This action is a special case of the generalized Galileon one
presented in [Kobayashi11] (see Eqs. (3.3.9)-(3.3.12)), where K(X) = X,G3 =

0, G4 = 1/(2κ), G5 = κγφ/2, G4X = 0, G5X = 0.
The modified Einstein equations are then given by (see App. E.1 for the

detailed computations) [Sushkov09],

Gµν = κ
[
T (M)
µν + T (φ)

µν + κγΘµν

]
, (6.2.2)

with,

Θµν = −1

2
Rφµφν + 2φ(µRν)α φ

α − 1

2
Gµν (∇φ)

2
+Rµανβφ

αφβ + φαµφ
α
ν

−φµν�φ+
gµν
2

[
−φαβφαβ + (�φ)

2 − 2φαφβ Rαβ

]
, (6.2.3)

T (φ)
µν = ∂µφ∂νφ−

1

2
gµν (∂φ)

2
, (6.2.4)

while the Klein-Gordon equation reads,

(gµν + κγGµν)∇µ∇νφ = 0. (6.2.5)

6.2.1 Inflation with John

As it was realized in [Sushkov09], this model allows for a quasi de Sitter in-
flation with a graceful exit without the need for any specific scalar potential.
Inflation is essentially driven by the non-standard kinetic term of the scalar
field and it crucially depends on the initial high velocity of the field, as we
will shortly see. Although, in principle, the inflationary solutions begin at
t = −∞ such that this theory does not suffer from Big Bang singularity (see
[Sushkov09]), we will consider the action as an effective model only valid from
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few Planck times after an unknown transplanckian phase. Our first concern is
to establish whether the model accommodates an inflationary phase together
with reasonable assumptions for the initial conditions at that time. This sec-
tion thus completes the analysis found in [Sushkov09] by providing the num-
ber of e-folds as a function of the free parameters of the theory. The equations
of motion derived from Eq. (6.2.1) considering the metric ansatz (2.4.1),

ds2 = −dt2 + e2α(t)dx2, (6.2.6)

read in the absence of matter,

3α̇2 =
κφ̇2

2

(
1− 9κγα̇2

)
, (6.2.7a)

2α̈+ 3α̇2 = −κφ̇
2

2

[
1 + κγ

(
3α̇2 + 2α̈+ 4α̇φ̈φ̇−1

)]
, (6.2.7b)

1

a3

d

dt

[
a3φ̇

(
1− 3κγα̇2

)]
= 0, (6.2.7c)

with α = ln a, a being the scale factor, and α̇ = H , H being the Hubble param-
eter. In order to solve the equations of motion numerically (see Sec. 6.2.3 for
the numerical results), the system is partially decoupled isolating the second
order derivatives α̈ and φ̈,

α̈ =

(
3κγα̇2 − 1

)
2

3α̇2 + κφ̇2

2

(
1− 9κγα̇2

)
1− 3γκα̇2 + κ2γφ̇2

2 (1 + 9κγα̇2)
, (6.2.8a)

φ̈ =
−3α̇φ̇

(
1 + κ2γφ̇2

)
1− 3γκα̇2 + κ2γφ̇2

2 (1 + 9κγα̇2)
. (6.2.8b)

This system can be solved as an initial value problem (IVP) by fixing the initial
conditions αi, α̇i, φi, φ̇i.

The effective EoS for the scalar field can be obtained from its stress-energy
tensor or, more simply, by comparing the equations of motion (6.2.7a) and
(6.2.7b) directly to the standard Friedmann equations (2.4.16) and (2.4.17) (V =

0):

1. From Eqs. (6.2.7a) and H2 ≡ α̇2 = (κ/3)ρφ (2.4.16), the energy density of
the scalar field reads,

α̇2

(
1 +

3

2
κ2γφ̇2

)
=
κφ̇2

6
, (6.2.9)

α̇2 =
κφ̇2

3(2 + 3κ2γφ̇2)
−→ ρφ = φ̇2

(2+3κ2γφ̇2)
, (6.2.10)

2. The EoS of the scalar field is identified by comparing the standard Fried-
mann equation α̈ + α̇2 = −(κ/6)ρφ(1 + 3wφ) (2.4.17) with the modified
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one (6.2.7b). After some algebra, we obtain,

wφ =

(
2 + 3κ2γφ̇2

)(
1− κ2γφ̇2

)
2 + 3κ2γφ̇2 + 3κ4γ2φ̇4

. (6.2.11)

The EoS of the scalar field wφ is plotted in Fig. 6.1 for γ = +1 and γ = −1.
For both signs of γ, the EoS tends to −1 in the high energy limit (κ|φ̇| � 1),
so that a large initial velocity for the scalar field will result in a quasi de Sitter
phase. However, only the case of positive γ can lead to inflation. Indeed, α̇ in
Eq. (6.2.10) needs to be positive since the Hubble parameter is a real number.
Thus, γ < 0 implies that κ

∣∣∣φ̇∣∣∣ < √−2/3γ, which, in turn, means that wφ > 0

always (1 − κ2γφ̇2 > 0 always). Therefore, the scalar field cannot even start
when wφ < 0 if γ < 0. As a result, accelerated phases driven by a scalar field
in this model require γ > 0.
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Figure 6.1: EoS of the scalar field wφ as a function of its velocity defined by
the dimensionless variable κφ̇ for γ = 1 (solid line) and γ = −1 (dashed line).
In the high energy limit (κφ̇� 1), the EoS results in a de Sitter phase (the EoS
can even be phantom-like wφ < −1 for γ < 0) where it is of stiff matter in the
low energy limit (κφ̇� 1). However, the inflationary phase is viable for γ > 0

only.

Therefore, we focus on the case where γ is positive. In that case, we can
show that the sign of φ̈ is always negative (see Eq. (23) in [Sushkov09] for
instance). Hence, the velocity of the field decreases with time and wφ is driven
towards wφ = +1. Assuming that inflation ends at the instant tend, at which
wφ = −1/3 (the condition ä > 0 is no more satisfied), κγφ̇ is initially large and
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leads to the inflationary phase. One may derive an analytical (approximate)
solution for the scale factor a(t) = eα(t) and the scalar field at early times in
this regime (κγφ̇2 � 1), considering first Eq. (6.2.10),

H = α̇ ' 1

3
√
κγ
. (6.2.12)

Integration yields the approximate scale factor,

a(t) ' ai exp

(
t− ti
3
√
κγ

)
, (6.2.13)

where the subscript i denotes the initial condition. Inserting Eq. (6.2.12) into
Eq. (6.2.8b), and expanding according to κ2φ̇2 � 1, gives φ̈/φ̇ ' −1/

√
κγ and,

after integration, yields,

φ̇(t) ' φ̇i exp

(
− t− ti√

κγ

)
. (6.2.14)

Assuming that wφ(tend) = −1/3 and defining ζend ≡ κ2γφ̇2
end > 0 with φend =

φ(tend), Eq. (6.2.11) yields,

wφ(tend) =
(2 + 3ζend)(1− ζend)

2 + 3ζend + 3ζ2
end

= −1

3
, (6.2.15)

whose solution reads,

ζend =
1

6

(
3 +
√

57
)
≈ 1.76, (6.2.16)

since only the positive solution verifies γ > 0. Then Eq. (6.2.14) reduces to,

κ2γφ̇2
i exp

[
−2(tend − ti)√

κγ

]
' ζend, (6.2.17)

leading to,

tend − ti =

√
κγ

2
ln

(
κ2γφ̇2

i

ζend

)
. (6.2.18)

Inserting this expression into Eq. (6.2.13) yields,

aend

ai
'
(
κ2γφ̇2

i

ζend

) 1
6

. (6.2.19)

Imposing that inflation lasts for a number of e-folds N = ln(aend/ai) larger
than 60, we obtain,

φ̇i
2
&
ζend

κ2γ
exp(360), (6.2.20)

which is the crucial condition for a successful (purely kinetic-driven) inflation-
ary phase. We see that it involves a rather unusual very large pure number.
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The Eq. (6.2.12) is also relevant in order to discuss naturalness(3), as it fixes the
Hubble parameter at the beginning of the inflationary phase Hi ' 1/(3

√
κγ).

Therefore, Eq. (6.2.20) might be rewritten as,

κ
φ̇i

2

H2
i

& 9 ζend exp(360) ∼ 10157. (6.2.21)

It follows that the ”natural” initial conditions Hi = O(1) ∼ Mpl and φ̇i =

O(1) ∼ M2
pl in Planckian units are not allowed. On the contrary, a natu-

ral value for the initial expansion Hi = Mpl (and thus γ ≈ 0.11) requires
an extremely high transplanckian value for the initial velocity of the field
φ̇i & 1078M2

pl.
It is not even possible to obtain a Planckian value for the initial velocity

in this model. Indeed, assuming φ̇i ∼ M2
pl, the initial Hubble parameter will

be smaller than the one today, H0 ' 2.1h × 10−42 GeV ∼ 10−61Mpl. This
implies that in such an inflationary scenario, H−1

i ∼ √κγ must be less than
the Hubble radius today H−1

0 whereas the inflation predicts a huge expansion
of the Universe.

6.2.2 Theoretical constraints

In this section, we investigate if there exist metric backgrounds for which the
propagation of the scalar field becomes pathological, that is non hyperbolic,
and thus possibly non causal (see also Sec. 1.3.1), or carrying negative en-
ergy degrees of freedom, i.e. ghosts (see also Sec. 3.1.2)). In the following,
the cosmological background is assumed to be flat (6.2.6) and we explore the
conditions for the theory to be well-defined, for both scalar and tensor metric
perturbations.

Conditions for the avoidance of ghosts in scalar, vector and tensor per-
turbations of the metric have been derived in full generality in a very wide
class of Galileon models by [De Felice12]. Let us first introduce the reduced
dimensionless variables,

x(t) = κφ̇, (6.2.22)

y(t) =
√
κα̇. (6.2.23)

The no-ghost conditions QS, T > 0 where the subscripts S and T are for scalar
and tensor metric perturbations, are given by Eqs. (23)–(25) in [De Felice12]
while the conditions for the avoidance of Laplacian instabilities c2S, T ≥ 0 are
given by Eqs. (27)–(28) in [De Felice12]. Those conditions reduce to rather sim-
ple algebraic constraints in our case, after the necessary manipulation using

(3)This argument about naturalness is questionable since the scale at which the Fab Four model
breaks down might differ from the GR one.
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the equations of motion (6.2.7) and (6.2.8),

QT > 0 ⇔ 1 +
γx2

2
> 0, (6.2.24a)

c2T ≥ 0 ⇔ 1− γx2

2
≥ 0, (6.2.24b)

for the tensor metric perturbations, and,

QS > 0 ⇔ 4 + 6γx2 + 6γ2x4

2 + 3γx2
> 0, (6.2.25a)

c2S ≥ 0 ⇔ 12 + 36γx2 + 19γ2x4 − 12γ3x6 − 3γ4x8

2 + 3γx2 + 3γ2x4
≥ 0, (6.2.25b)

for the scalar metric perturbations.
This whole set of equations is difficult to reduce algebraically because of

the last one. However, one might easily plot the four functions of x defined
above, and one typically finds that both positive and negative values for γ are
allowed on a given range |x| < ξγ , where typically ξγ behaves as O

(
1/
√
|γ|
)

,
see the Figs. 6.2a and 6.2b for γ = 1 and γ = −1. Hence, large (transplanckian)
values for |x| are only allowed for small |γ| � 1. This means that the space
for possible velocities of the field x = κφ̇ needs to be typically subplanckian,
unless γ is vanishingly small. This will be linked to the results found earlier,
where transplanckian initial velocity were required for a successful inflation,
leading to negative squared speeds c2S and c2T in that epoch. This is further
discussed in Sec. 6.2.3.

Meanwhile, we note that the claim made in the literature (see e.g.
[Tsujikawa12, Germani10b, Germani11]) according to which only the subclass
γ < 0 is a ghost-free theory is wrong (at least in the background considered
here). Notice that the scalar field is well-defined although being a phantom,
i.e. wφ < −1, in a certain regime (in the case γ < 0) (see Fig. 6.1), a situation
reminiscent of the one discussed in [Creminelli10]. However, as shown previ-
ously, the Friedmann equations actually prevent the scalar field from entering
this regime.

6.2.3 Numerical results

In this section, the cosmological evolution predicted by the John model is
quickly discussed, for both positive and negative γ. The equations of motion
(6.2.8) were solved by numerical integration as an IVP. The initial conditions
for the scalar field velocity were fixed to κφ̇i = 10 for γ = 1, and κφ̇i = 0.1

for γ = −1 in order to satisfy the condition |xi| = 0.1 < 1.4 required by the
stability conditions (see Fig. 6.2a). In Fig. 6.3, the evolution of the EoS wφ as
well as the acceleration parameter,

q = +
äa

ȧ2
, (6.2.26)



6.2. THE JOHN LAGRANGIAN 161

−1.5 −1 −0.5 0 0.5 1 1.5
−1

0

1

2

3

4

5

6

7

8

x = κφ̇

 

 

Q
T

c
2

T

Q
S

c
2

S

(a) The field velocity must be |x| < 1.4 for γ = 1.
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(b) The field velocity must be |x| < 0.7 for γ = −1.

Figure 6.2: Analysis of the causal behavior for and the metric (scalar and ten-
sor) perturbations as a function of the scalar field velocity x = κφ̇. In order
to avoid ghost and Laplacian instabilities, QS, QT and c2S, c2T must be positive.
Allowed values for the field velocity are typically |x| < ξγ ∼ O(γ−1/2) in order
to preserve causality.
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are represented depending on the scale factor. The evolution of the conditions
to avoid ghost QS, T > 0 and Laplacian instabilities c2S, T ≥ 0 are also shown.
As discussed before, the negative γ case leads only to a decelerating Universe:
the phantom regime is not an acceptable initial condition (as it entails an imag-
inary Hubble parameter), and neither can be reached. Only a positive γ leads
to an accelerated phase of the expansion, and to an inflationary phase in the
early Universe, a drawback being the presence of non-causal behavior for the
scalar and tensor perturbations of the metric.
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Figure 6.3: Cosmological evolution of q,QS, c
2
S, QT, c

2
T as a function of the

scale factor. (Top): This model leads to an accelerating expansion (q > 0).
However, the large initial velocity of the scalar field drives the speed of both
scalar and tensor metric perturbations to imaginary values (c2S < 0 and c2T < 0,
the corresponding curves terminate since the scale of the y axis is logarithmic),
thus signaling a breakdown of hyperbolicity for metric perturbations. (Bot-
tom): The field starts with an EoS wφ ∼ 0.5 and the Universe only decelerates
(q < 0). This model with γ < 0 is well-behaved but does not accommodate
inflation.

6.2.4 Discussion

We have established that kinetically driven inflation in the Galileon theory
involving the simplest coupling to the Einstein tensor, that is the John La-
grangian, is not viable. It requires unnatural transplanckian values for the
initial velocity of the field, which, in turn, implies various instabilities.

This model has anyway another serious drawback. In the absence of any
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direct coupling to the Ricci scalar, there is no reason why the scalar field
should be generated at all since there is no source term in the Klein-Gordon
equation (6.2.5) (even in the presence of a cosmological matter fluid). In other
words, φ = 0 is always a solution in this class of models, whatever the matter
content is.

This statement is further justified by considering the prediction of the John
Lagrangian (6.2.1) at local scales, in a static and spherically symmetric space-
time. Using the metric ansatz (2.3.1), the Klein-Gordon equation yields,

κγ r2e−2λ

(
3
ν′φ′

r2
− 6

φ′ν′λ′

r
+ 2

ν′2φ′

r
− 3

φ′λ′

r2
+ 2

φ′′ν′

r
+ 2

φ′ν′′

r
+
φ′′

r2

)
+r2

[
φ′′ + φ′

(
ν′ +

2

r
− λ′

)]
+ κγ (φ′λ′ − ν′φ′ − φ′′) = 0, (6.2.27)

the prime denoting derivative with respect to the radial coordinate. By im-
posing the regularity condition at the origin φ′(r = 0) = 0, the solution of the
Klein-Gordon equation is trivial,

φ′′ = 0 ⇒ φ′ = cst = 0 ∀ r. (6.2.28)

Imposing that the solution is asymptotically flat at spatial infinity, i.e. φ(r −→
∞) = 0, the solution for a relativistic star is the GR one, i.e. the Schwarzschild
solution (φ = 0∀r), even in the presence of matter.

To conclude, the model considered so far is trivial in the sense that it cannot
be different than GR, except if one imposes non-vanishing initial conditions
for the scalar field at early times. In order to obtain non-trivial solutions, we
consider the combination of the John and the George Lagrangians, the latter
introducing a direct coupling to the Ricci scalar, Vgeorge(φ)R (6.1.3).

6.3 The John and George Lagrangian

We now consider the extended model given by,

S =

∫
d4x
√−g

[
R

2κ

(
1 + ε

√
κφ
)

−1

2
(gµν + κγGµν) ∂µφ∂νφ

]
+ SM[ψM; gµν ], (6.3.1)

where the nonminimal coupling function is fixed to Vgeorge(φ) = 1 + ε
√
κφ

from now on, and ε is a dimensionless, free parameter. The modified Einstein
equations then read (see Sec. 3.2.1 and App. E.1 for the calculations of the
equations of motion),

Gµν
(
1 + ε

√
κφ
)

+ ε
√
κ (gµν�φ−∇µ∇νφ) = κ

(
T (φ)
µν + κγΘµν

)
, (6.3.2)
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with T
(φ)
µν and Θµν defined in Eqs. (6.2.3), while the Klein-Gordon equation

reads,

(gµν + κγGµν)∇µ∇νφ+
εR

2
√
κ

= 0. (6.3.3)

Notice that one can argue that the effective gravitational constant Geff =

G/(1 + ε
√
κφ) might easily become negative in this model, meaning that the

action chosen here shall trivially lead to dynamical pathologies for εφ suffi-
ciently large and negative(4).

Such an argument would call in favor of defining a better coupling func-
tion Vgeorge(φ). However, this would be a misleading conclusion here, since
the John term introduces a derivative coupling between the metric and the
scalar field, thus impacting the propagation of the metric and scalar degrees
of freedom. Therefore, only the entire set of stability conditions for both the
scalar and the metric perturbations (i.e. positivity of the squared velocities
c2S ≥ 0 and c2T ≥ 0) can decide which regions of the configuration space are
well-behaved. The results are presented in the following sections assuming a
cosmological background, based on the conditions derived in App. E.3. In this
light, the function Vgeorge(φ) chosen above is just one of the simplest that we
can choose, and might furthermore be understood as retaining only the first
term in a series expansion of a more general function Vgeorge(φ) = eε

√
κφ.

The cosmological evolution predicted by John and George is typically a
function of four parameters: the initial value of the field φi, its velocity φ̇i, as
well as the two dimensionless parameters γ and ε. It goes beyond the scope of
this thesis to provide a comprehensive study of this parameter space. How-
ever, the numerical results presented in the next section, highlight some es-
sential features in the case where John and George are playing cosmology to-
gether. As for the case where John plays alone, the cosmological evolution
is studied in terms of wφ and q for particular combination of the parameters
γ and ε. The conditions for causality and for energy positivity are analyzed,
depending on the signs of γ and ε.

6.3.1 Cosmological behavior

The equations of motion in a flat, empty Universe, derived from Eq. (6.3.1) are
given in App. E.2 (see Eqs. (E.2.1)-(E.2.3)). The analysis of the no-ghost and
causality conditions to this more general framework is reported in App. E.3
while the derivation of the scalar field EoS is given in App. E.2.

The numerical results are the following. The case ε = 1 and γ = 1 is pretty
similar to the case John alone (γ > 0), see Figs. 6.4a and 6.4b. Inflation thus

(4)In fact, what matters in the case γ = 0, is that the scalar field propagates positive energy in
the Einstein frame. Performing a conformal transformation, this is equivalent to the usual Brans-
Dicke condition 2ω + 3 > 0, where ω = ε−2(1 + ε

√
κφ) here. Then, our model with γ = 0

would indeed be pathological if φ ≤ −[3/(2ε2)+1]/(ε
√
κ) . However, there are new terms in the

equations of motion for the scalar field due to the presence of the John terms, which invalidate
such a conclusion in the general case γ 6= 0.
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Figure 6.4: Evolution of q, wφ (on the left) as well as QS, QT and c2S, c
2
T (on

the right), as a function of the scale factor a, assuming the initial conditions
φ̇i = 100 and φi = 1.

occurs in the case ε > 0 and γ > 0, but the acausal behavior still shows up
in the very early Universe. The number of e-folds is a function of the two
initial conditions for the field and its velocity, as well as of the dimensionless
parameters ε and γ. A further analysis would determine whether the addition
of the George term helps in solving the naturalness problem encountered with
John alone in Sec. 6.2.

The case ε = −1, γ = 1 is pathological since c2T < 0 and wφ becomes
imaginary as seen on Fig. 6.5. Actually this theory leads to a double inflation
scenario (see the acceleration parameter): the Universe transits from one de
Sitter phase to another one, and experiences in between a super-acceleration
phase.

Finally, the case with negative γ is similar to the John alone model (γ <

0): the theory is well-defined, ghost free and causal, but fails to exhibit any
acceleration, see Fig. 6.5.

6.3.2 Compact objects

In the last two sections, we explore the phenomenology predicted by the John
and George Lagrangians around compact objects and, in particular, in the So-
lar System. As we will see, the tests of GR in the Solar System put severe
constraints on the parameter space of the model.

In order to study the Fab Two model around compact objects, the full sys-
tem of equations of motion for a static and spherically symmetric spacetime
(E.4.1)–(E.4.4) reported in App. E.4, is solved numerically inside and outside
the compact object, using a boundary value problem. Inside the compact ob-
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Figure 6.5: Cosmological evolution of q, wφ, QS, c
2
S, QT, c

2
T with the scale fac-

tor. (Top): In the case ε = −1 and γ = 1, a ”double inflation” scenario is
predicted, i.e. q comes twice close to 1. This model is pathological in many
respects: wφ is imaginary (consequently it is not plotted), c2T < 0 (the y axis
is logarithmic such that it is not represented), and there are periods for which
c2S < 0 and QT < 0 (see top right). (Bottom): In the case ε = 1 and γ = −1,
the model is well behaved but the expansion is not accelerated as in the John
alone model. The universe is actually in a super-stiff regime, and hence, in a
highly decelerating phase.

ject, the TOV equation (2.3.6) characterizes the pressure profile. For the sake of
simplicity, we assume a top-hat profile ρ = ρ0 ∀ r < R, R being the radius of
the compact object, and a perfect fluid (2.2.2) inside the compact object. Three
of the four Einstein equations as well as the TOV equation are integrated nu-
merically, the fourth Einstein equation serving to validate the numerical re-
sults(5). The boundary conditions corresponding to the dynamical variables
read,

ν(0) = 0, ν′(0) = 0, λ(0) = 0, (6.3.4)

φ(0) = φc, φ′(0) = 0,
p

ρ0
(R) = 0, (6.3.5)

(5)One of the Einstein equations is redundant to the others because of the Bianchi identities.
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the conditions at the origin being justified by the same arguments as in
App. D. The value of the scalar field at the center of the compact object φc

is the only remaining unknown and is determined by a shooting method,
imposing that the spacetime is asymptotically flat at spatial infinity, namely
φ (r −→ rmax) = 0, rmax being the maximal value of the integration interval.
Outside the compact object, the equations of motion are solved as an IVP, the
initial conditions being given by the inner solution at r = R.

Contrary to the case where John is playing alone, if George is included, de-
viations from GR arise. As an example, the pressure profile for a NS (s = 0.3)
is plotted on Fig. 6.6 for ε = 1 and γ = 0. Allowing γ 6= 0 affects negligibly the
solution such that the Vainshtein mechanism possibly arising in the presence
of John, seems to be not that efficient in order to hide the George’s effect. De-
pending on the compactness, the pressure at the center of the NS is expected
to be larger than GR (s = 0.3, see Fig. 6.6) or smaller (s = 0.5) if George plays
alone (ε = 1). The relative error [pc(ε = 1)− pc(GR)] /pc(GR) = 5× 10−3 (see
Fig. 6.6) and −0.08 respectively.

A second physical quantity to be computed is the effective gravitational
constant Geff defined as,

Geff =
GN

1 + ε
√
κφ(r)

, (6.3.6)

which tells one to what extent the SEP is violated. Its profile for a NS (s = 0.3)
is represented on Fig. 6.7 for ε = 1 and various γ. As a result, the spontaneous
scalarization arises for the George model as in other STT (see Sec. 3.2.5.3). Im-
posing that φ = 0 at spatial infinity, variations of the gravitational constant
are more than 5% at the center. The larger the John coupling is, the smaller the
variation, while of the same order of magnitude. The spontaneous scalariza-
tion is further modelled by the scalar charge αs (3.2.53) given by,

φ(r) = φ∞ + αs
rs

r
. (6.3.7)

The scalar charge is numerically determined by,

αs = −R
2φ′(r = R)

rs
, (6.3.8)

and is plotted on Fig. 6.8 for ε = 1 and γ = 0, 1, 10 assuming s = 0.3. We
observe that the scalar charge does not vary significantly for values of Geff

deviating from GN by a few percents, γ being fixed. However, γ has a non
negligible influence. Depending on the compactness, αs increases (s = 0.5)
or decreases (s = 0.3) for increasing γ. Further analysis would reveal if those
values are compatible with the current NSs observations.

6.3.3 Solar system

The reader is reported to our paper [Bruneton12] for the detailed analysis of
the John and George model using Solar System observables. The results ob-
tained are briefly exposed in this section.
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Figure 6.6: Pressure profile (in solid line) predicted by GR and the George
model (ε = 1) in a NS (s = 0.3). The relative error at the center of the star
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5× 10−3. John has negligible influence on this result.
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The Solar System constraints are usually derived using the isotropic coor-
dinates, the line element of the metric reading,

ds2 = −A(r)2dt2 +B(r)2
(
dr2 + r2dΩ2

)
, (6.3.9)

A and B being the metric fields. The equations of motion for the John and
George model in the isotropic gauge are reported in App. E.4. The post-
Newtonian analysis requires first to expand the metric componentsA(r),B(r)

as well as the scalar field ϕ(r) in the equations of motion depending on the
powers of 1/r,

A2(r) = 1 +
∑

i

ai/r
i, (6.3.10)

B2(r) = 1 +
∑

i

bi/r
i, (6.3.11)

ϕ(r) = p0 +
∑

i

pi/r
i, (6.3.12)

with p0 = φ∞ and p1 = αsrs. By inserting the field expansions (6.3.10-6.3.12)
into the equations of motion reported in App. E.4, and equating the coeffi-
cients of corresponding powers of r, we find,

A2 = 1− rs

r
+

r2
s

2r2
+

ε2p2
1

4M2
plz

2r2
+

p1εr
2
s

24Mplzr3
(6.3.13a)

− p2
1rs

24M2
plzr

3
+

3

4

γ̄ε2

M4
plz

2r4
− rsγ̄

8M4
plzr

5
,

B2 = 1 +
rs

r
− 2

εp1

Mplzr
− p2

1

4M2
plzr

2
− γ̄

4M4
plzr

4
, (6.3.13b)

where z = 1 + εp0/Mpl, and γ̄ = γp2
1. In the expansion above, we ne-

glected higher order terms in rs/r, ε, p1/(rMpl) and γ̄/(rMpl) (which means
we suppose these terms to be smaller than 1). We recall that, in our conven-
tions, γ and ε are dimensionless parameters. The asymptotic scalar field value
p0 = φ(r → ∞) (in GeV) is a free parameter that can eventually be connected
to the cosmological evolution of the scalar field since there is no additional
scale in the theory in the absence of a potential term for the scalar field. Note
that the dimensionless parameter p1 can be related to the scalar charge of the
central body derived numerically in Sec. 6.3.2.

In principle, we could identify the PPN parameters from the metric expan-
sion (2.2.13),

γPPN = −2
εp1

zMplrs
, βPPN =

ε2p2
1

2z2M2
plr

2
s

. (6.3.14)

However, the terms 1/r3, 1/r4 and 1/r5 can be larger than the ones 1/r, 1/r2

depending on the nonminimal coupling parameters ε and γ. As a result, the
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PPN expansion is not relevant in order to test the Fab Four in the Solar System,
which rather requires other tools for computing the observable effects from
the metric. In our paper [Bruneton12], the anomalous perihelion shifts of the
planets and radioscience observables, i.e. using the propagation of light rays
in the Solar system [Hees12b] were computed. The four parameters of the
John and George model which must be constrained, are γ̄/z, γ̄ε2/z2, p2

1/z and
p1ε/z.

The secular perihelion precession rates were computed for the planets of
the Solar System (excepted Uranus and Neptune) in [Bruneton12]. The most
stringent constraints for the John and George model are obtained by the data
from Mercury and read,

−3.12× 1031 m4 < γ̄
M4

plz
< 6.25× 1030 m4, (6.3.15a)

−2.06× 1023 m4 < γ̄ε2

M4
plz

2 < 4.12× 1022 m4, (6.3.15b)

−1.13× 1010 m2 <
p21
M2

plz
< 2.26× 109 m2, (6.3.15c)

−5.16× 10−2 m < p1ε
zMpl

< 1.03× 10−2 m. (6.3.15d)

The constraints on the John and George Lagrangians were also computed
using radioscience simulations (see [Bruneton12] for technical details). The
Doppler effect, i.e. the ratio of frequencies between the emitted and the re-
ceived signals, perturbing the propagation of light between the Earth and the
Cassini spacecraft in orbit around Saturn has been measured with very good
accuracy [Bertotti03]. Requiring the residuals, i.e. deviation between the John
and George predictions and the observations, to be lower than the Cassini
accuracy yields, ∣∣∣∣∣ γ̄

M4
plz

∣∣∣∣∣ =

∣∣∣∣∣ γp2
1

M4
pl(1 + εp0

Mpl
)

∣∣∣∣∣ < 3.65× 1026 m4, (6.3.16a)∣∣∣∣∣ γ̄ε2

M4
plz

2

∣∣∣∣∣ =

∣∣∣∣∣ γp2
1ε

2

M4
pl(1 + εp0

Mpl
)2

∣∣∣∣∣ < 1.15× 1026 m4, (6.3.16b)∣∣∣∣∣ p2
1

M2
plz

∣∣∣∣∣ =

∣∣∣∣∣ p2
1

M2
pl(1 + εp0

Mpl
)

∣∣∣∣∣ < 3.53× 108 m2, (6.3.16c)

∣∣∣∣ p1ε

zMpl

∣∣∣∣ =

∣∣∣∣∣ p1ε

Mpl(1 + εp0
Mpl

)

∣∣∣∣∣ < 5.56× 10−2 m. (6.3.16d)

It should be noted that radioscience constraints are significantly better for
γ̄/(M4

plz) and p2
1/(M

2
plz) compared to the Mercury perihelion advance ones.

On the other hand, the constraint from the Mercury perihelion advance on
γ̄ε2/(M4

plz
2) is significantly better than the radioscience one, the constraint on

p1ε/(zMpl) being of the same order of magnitude.
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6.4 Conclusions

In this chapter, we explored the phenomenology associated to a subset of the
Fab Four Lagrangians in cosmology, around compact objects and in the Solar
System. The philosophy behind this preliminary work was that we cannot
forget about Solar System constraints on the parameter space, even when we
deal with inflationary solutions. In general, inflationary models rely upon the
fact that the inflaton field decays, at some stage, into ordinary matter through
some reheating mechanism. Therefore, the scalar-tensor nature of inflationary
gravity is lost very soon in the evolution of the Universe. On the opposite, in
the John and George models, the scalar field should live and show its effects
until nowadays. Therefore, the parameter space determined by the constraints
from cosmological observations must overlap with the one determined by So-
lar system tests. The Fab Four theory has many parameters with a very rich
phenomenology and the entire parameter space must still be further studied.
In this work, we restricted ourselves to the cases John and John plus George.

When John, i.e. a theory with a nonminimal derivative coupling between
the scalar field and the Einstein tensor whose strength is parametrized by γ,
plays inflation and gravitation:

• It was already known that the John Lagrangian admits inflationary so-
lutions with a graceful exit without any ad hoc potential [Sushkov09].

• If the nonminimal derivative coupling parameter γ is positive, John
drives an inflationary phase (the acceleration parameter is positive q >
0). However, very unnatural initial conditions are required. In particu-
lar, the field velocity, which is related to the energy density, must be huge
compared to the Planck scale, rendering the theory no longer trustwor-
thy. Moreover, the analysis of the scalar field and metric perturbations
reveals that κφ̇i . 1/

√
γ in order to preserve causality such that γ must

be very small.

• Negative values for γ are permitted in the sense that the scalar field and
metric perturbations preserve causality. However, this model, while ad-
mitting a solution with accelerated expansion, does not allow for infla-
tion since the Hubble parameter would become imaginary. It results that
the EoS for the scalar field must be positive.

• Finally, the most serious problem comes from the fact that the model
turns out to be trivial when one tries to solve the equations of motion
inside a compact object. Indeed, we found that the only solution allowed
by the regularity conditions is ϕ = 0 everywhere.

These facts have convinced us to extend the theory to include the term
named George, which is nothing but a coupling between the scalar field and
the Ricci scalar whose strength is parametrized by ε. When George and John
are playing together:
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• The numerical solutions of the equations of motion in cosmology (in the
absence of stress-energy-momentum sources) highlight that the sign of
the two coupling constants γ and ε must be positive in order to have an
inflationary phase with graceful exit. However, a non-causal behavior of
metric perturbations is expected in the very early Universe. The analysis
of the naturalness of the initial conditions for inflation, i.e. the need for
extreme initial conditions, is still an open question.

• By solving the Einstein equations for a static and spherically symmetric
spacetime, we show that there are non-trivial solutions inside compact
objects, like the Sun and NSs, provided that ε 6= 0. The John’s effect
tends to lower the deviation from GR induced by George. However, the
John’s effect is negligible with respect to the George’s one. The efficiency
of the Vainshtein mechanism is thus questionable and requires a careful
analysis of the complete parameter space.

• The variation of the gravitational coupling Geff/GN due to George is up
to 5% at the center of the NSs, the effect of the John being negligible.

• The George model predicts that NSs are spontaneously scalarized
whereas the scalar charge only slightly depends on the deviation of Geff

fromGN at the center of the compact objects even for deviations of a few
percents. Spontaneous scalarization is decreasing for increasing values
of γ.

• In order to provide combined constraints with the tests of GR in the So-
lar System, a PN analysis of the theory was performed. It required to
solve the Einstein equations in a static and spherically symmetric space-
time order by order by expanding the fields to large radial distance. The
results still allow for a large parameter space, therefore future work is
necessary in order to improve the constraints.

Systematic study of the Fab Four phenomenology is still to be investigated,
in order to isolate which part of the parameter space is viable from the theo-
retical and phenomenological point of view. Besides these aspects, there are
several issues that deserve further analysis:

• If the Fab Four model truly leads to inflation with a graceful exit, an
alternative to the reheating mechanism is needed since the scalar field is
not expected to decay in the early Universe.

• The question arises if the Fab Four can lead to late-time acceleration.
This would include, at the background level, the study of tracking so-
lutions with a convergence mechanism towards GR, if any (see e.g.
[Copeland12]). The study of cosmological perturbations, in particular
CMB spectra and LSS, might then further reduce the parameter space
(see [De Felice12, Barreira13] and references therein).
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• Astrophysical constraints for Horndeski gravity have been derived in
the last few years. While no-hair theorems put severe constraints on
the existence of BH solutions, there exists an exact static BH solution
considering John provided that the action reads,

S =

∫
d4x
√−g

[
R

2κ
− κγ

2
Gµν∂µφ∂νφ

]
, (6.4.1)

in the absence of the cosmological constant [Rinaldi12]. This result was
further generalized [Babichev14].

• Finally, the existence of NSs has been verified in the static and slowly ro-
tating regime (see [Cisterna16, Maselli16] and references therein). John
appears to be the most interesting term (Paul does not give rise to viable
stars [Maselli16]), the maximal NS mass Mmax predicted by John being
generally smaller than in GR. The limit ofMmax = 2M� (see Sec. 2.3.5) is
reachable for specific EoS only. Provided that the action for gravitation is
given by Eq. (6.4.1) (in the absence of the cosmological constant), cosmo-
logical and astrophysical configurations are found to be consistent with
each other [Cisterna16].
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Conclusion

GR has opened the way to precision cosmology. According to Einstein’s the-
ory of gravitation, the cosmological observations today converge towards the
Λ−CDM concordance picture. However, cosmology requires understanding
the nature of the matter-energy sources in the Universe. Within the Λ−CDM
concordance picture, only baryonic matter and radiation which constitute 5%

of the Universe’s content, are described by the SM. While the question of the
nature of DM has shifted to (astro-)particle physics today, the nature of the
late-time cosmic acceleration is still debated. It could reveal the existence of
new fields like DE, or modifications of GR at large scales.

The Λ−CDM concordance picture also suffers from the fine-tuning prob-
lem of the initial conditions in the early Universe. The current paradigm as-
sumes an inflationary phase. The simplest models relying on the assumption
of a single scalar field responsible for the huge accelerated expansion, are still
favored today by the latest CMB observations. Again, the nature of this scalar
field is still unknown.

In this thesis the assumption stating that late-time cosmic acceleration and
inflation come from modifications of gravity, was investigated. In particu-
lar, we considered models where the Einstein metric field has a scalar field
counterpart. However, as developed in Chap. 1, GR has a privileged status.
Indeed, if the Schlögel-Füzfa conjecture applies, GR is the only theory of grav-
ity in four spacetime dimensions which satisfies the SEP, i.e. the existence of a
gravitational field cannot be detected locally whatever observations or exper-
iments are undertaken (see Sec. 1.6).

Modifications of gravity are thus challenging, first from the theoretical
point of view: modifications of gravity must be well-defined like GR. Fur-
ther, modified gravity models have to be confronted with the observations:
in cosmology, if those models are dedicated to late-time cosmic acceleration
or inflation; with local tests of gravity, in the Solar System or in labs; and in
astrophysics, looking at compact objects (black holes, gravitational waves and
neutron stars). In Chap. 2, the tests of GR are reviewed and classified depend-
ing on the regime the tests investigate (strong or weak field, in the presence of
sources or not, the sources being relativistic or not).

In the rest of this thesis we focused on three different modified gravity
models: the chameleon model, the Higgs gravity and the Fab Four. Those
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models appear to be well-posed, even if the chameleon model possibly suffers
from strong coupling (see Sec. 3.1.2) and the Higgs gravity could suffer from
a loss of unitarity (see Sec. 5.2.4). The predictions of these three models were
studied at different scales: in the lab, in compact objects and in cosmology.
For these cases, the equations of motion were solved numerically.

Laboratory experiment: the chameleon model

In Chap. 4, we focused on the chameleon model which has been extensively
studied in the last decade. Initially, this model was built in order to reproduce
the late-time cosmic acceleration. This model exhibits a screening mechanism
due to the combined effect of the potential and the nonminimal coupling to
gravity. It can pass the Solar System constraints provided that the potential is
exponential and the value of the potential parameter Λ is of the same order of
magnitude as the cosmological constant.

Recently, this model was tested with an unprecedented accuracy in the lab-
oratory, using an atom interferometry experiment inside a vacuum chamber.
Analytical forecasts were derived by [Burrage15, Hamilton15], assuming neg-
ligible chamber wall effects. The first experimental bounds were obtained in
Berkeley [Hamilton15, Elder16]. In this thesis we provide numerical simula-
tions for the Berkeley experiments. They lead to the following results:

• The numerical method we developed in this thesis allowed us to take the
minimal assumption that the chameleon field settled to the minimum of
its effective potential far away from the vacuum chamber. Moreover, the
effects of the experimental set-up were taken into account using the limit
of spherical symmetry, contrary to analytical calculations.

• In the strongly perturbing regime, the numerical method enabled vali-
dation and refinement of the analytical calculations close to the test mass
where the acceleration induced by the chameleon field is measured. In
addition, we highlighted that the acceleration becomes negative close to
the wall, this effect being of the same order of magnitude as close to the
test mass and thus possibly measurable.

• The effect of the size and the density of the test mass were analyzed. We
found that a larger test mass gives rise to a larger induced acceleration.
Moreover, the experimentalists in Berkeley now use a test mass made of
tungsten rather than aluminum.

• The numerical method confirmed that the chameleon model would be
ruled out up to the Planck scale if the induced acceleration is measured
with about 3 orders of magnitude more sensitivity. This limit should be
reachable in the near future. Indeed, the control of systematics will allow
the experimentalists in Berkeley to improve the sensitivity of their exper-
imental set-up. We also provided a forecast for probing the chameleon in
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a very large vacuum chamber, i.e. vacuum room of 10 m radius, where
the chameleon acceleration is found to be (almost) measurable for val-
ues of the nonminimal coupling parameter up to the Planck scale with
the current experimental sensitivity.

• The numerical method developed in this thesis is easily adaptable to var-
ious experiments, in the limit of spherical symmetry, the general model-
ing of the experiment requires other numerical methods like relaxation.

• Eventually, the experimental set-up developed in Berkeley should also
offer the opportunity to test other screening mechanisms like the sym-
metron, the dilaton and f(R).

Such an experimental set-up reveals that stringent bounds on modified
gravity can be obtained in the laboratory, at least for some particular models
exhibiting screening mechanisms.

Compact objects: the Higgs gravity

The Higgs inflation appears to be a promising model today since it is still
favored by the latest observations, among them the Planck satellite, provided
that there is nonminimal coupling ξ > 104 [Ade15e]. The Higgs inflation
predicts that the tensor-to-scalar ratio is very small r ' 0.0033 such that as
long as r is not detected, for instance by the future space mission COrE+, this
model will be favored.

In Chap. 5, the numerical solutions for the same STT were derived around
compact objects, in the presence of baryonic matter. Indeed, no-hair theorems
guarantee the Schwarzschild solution in the vacuum, i.e. for black holes. The
solution that we derived numerically has the following characteristics:

• The distribution of the Higgs field around compact objects is particlelike.
The Higgs field converges to the vev at spatial infinity. Its distribution is
globally regular, i.e. there is no singularity, it is asymptotically flat (the
spacetime is Minkowski at spatial infinity, the Higgs field being settled
to its vev) and of finite energy. The Higgs field distribution is character-
ized by the nonminimal coupling as well as the baryonic mass and the
compactness of the object.

• Contrary to the case of spontaneous scalarization (see Sec. 3.2.5.3) there
is only one solution which always differs from that of GR, i.e. when the
scalar field is minimally coupled to gravity. Indeed, in GR, there exist
only unrealistic homogeneous distributions of the Higgs field around
compact objects while Higgs inflation predicts non-trivial distributions
of the Higgs field. Whatever the compact objects, the vev will be shifted
to the center of the objects.
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• However, no measurable deviations were found for astrophysical ob-
jects. At the center of the Sun, the variation of the Higgs field around its
vev is less than 1% provided that the nonminimal coupling is ξ < 1058,
thus, far above the critical value for the inflation ξ > 104. Inside neutron
stars, the variation of the Higgs field cannot be higher than 10−41× the
vev, assuming ξ = 104. We concluded that this effect was not measur-
able, either with gravitational or nuclear physics experiments.

• Considering nonphysical values of the compactness and the mass, we
highlighted the existence of a mechanism of amplification of the central
value of the Higgs field in compact objects. This means that there exists
a critical nonminimal coupling above which some compactnesses – or
radii - of compact objects are forbidden, since the central value of the
Higgs field diverges. This is due to the combined effects of the Higgs
potential and the nonminimal coupling function.

• This amplification mechanism could possibly be generalized to other
STT.

• The fact that divergence from the central values of the Higgs field ap-
peared, is related to the assumption of the unitary gauge. Indeed, in
Higgs inflation, they consider one real scalar field only rather than the
Higgs doublet, the positive and negative asymptotic values of the vev
no longer being equivalent. In a realistic model, the SU(2) gauge sym-
metry of the electroweak interaction should be included. It shows that
the Higgs inflation model should rather be considered as a multifield
model due to the presence of the Goldstone bosons [Greenwood13]. In
that case, the Yukawa coupling between the Higgs field and elementary
particles could be also considered in-side compact objects.

• Lastly, the question of the stability of this particlelike solution has not
been investigated yet. The only argument in favor of this solution is that
it is the only one with a finite energy. Indeed, if the scalar field is not
settled to its vev at spatial infinity, the potential energy is non-vanishing
and becomes infinite at large distances. Also, the question of the forma-
tion of the Higgs monopoles as a result of gravitational collapse is still
open.

STT provide a framework to model the nonminimal coupling of the Higgs
field to gravity. The realistic modeling of the nonminimally coupled Higgs
field around compact objects, that is in agreement with the SU(2) gauge of the
electroweak interactions, requires further investigation. It has already been
studied for dark energy [Rinaldi15a]. However, in the presence of baryonic
matter, the Yukawa coupling of the Higgs field to elementary particles should
also be taken into account.
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From inflation to compact objects: the Fab Four
model

STT consist of a subclass of Horndeski gravity, i.e. the theory of gravity in-
voking a scalar field counterpart to the metric and leading to second order
equations of motion.

In Chap. 6, we focused on the Fab Four model which belongs to the Horn-
deski gravity theory while not being a STT. More precisely we studied the
phenomenology predicted by two of the four: John, a nonminimal derivative
coupling between the scalar field and the Einstein tensor, and George, a non-
minimal non-derivative coupling between the scalar field and the Ricci scalar.
In particular, this model does not exhibit any potential term in the Lagrangian.

In this thesis, we explored the predictions of this model for inflation, in the
Solar System and for compact objects:

• In the case where John plays alone, it can succeed in reproducing infla-
tion provided that the non-minimal coupling parameter is positive. The
number of e-folds generated during inflation is sufficient for solving the
horizon and the flatness problems and this model predicts a graceful
exit. However, the initial conditions, in particular the kinetic energy of
the scalar field, were found to be super-Planckian.

• In compact objects, John only predicts trivial solutions: imposing reg-
ularity conditions at the center of the compact objects, the scalar field
vanishes everywhere.

• In order to obtain a richer phenomenology, we included the George
term. In that case, inflation exhibits a graceful exit provided that both
nonminimal coupling parameters are positive. Considering that the So-
lar System constraints are obtained by radio-simulations, a large part of
the parameter space appears to still be viable. When John and George
play together, spontaneous scalarization arises around compact objects.

The work presented in Chap. 6 is prospective in the sense that a careful anal-
ysis of the parameter space of two of the Fab Four is missing, either in cos-
mology, in the Solar System or around compact objects. The analysis of two
of the Fab Four around NSs has been presented [Cisterna16, Maselli16]. It has
been found that John can predict the existence of NSs of the maximal mass ob-
served today, i.e. 2M�, assuming a realistic equation of state. Finally, we only
considered two of the Fab Four Lagrangians, the phenomenology predicted
by Paul and Ringo being still unexplored.
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Appendix A

General covariance:
a variational approach

In this appendix, the implications of active diffeomorphism invariance on the
EH action are analyzed. As we will see, it results that the second Bianchi
identity holds in GR assuming the Levi-Civita connection.

Infinitesimal active diffeomorphisms φ∆λ, with ∆λ the infinitesimal shift
along the vector field ξ from the point P = {xµ} to the point φ∆λ(P ) = {yµ}
where yµ = xµ + ξµ∆λ, are generated by the Lie derivative Lξ. Applied to a
tensor field T, this linear operator is defined as,

LξT ≡ lim
∆λ−→0

φ∆λT(x)−T(x)

∆λ
. (A.0.1)

The only tensor field appearing in the EH action is the metric gµν . Its Lie
derivative reads (up to first order),

Lξgµν ∆λ = ḡµν(x)− gµν(x),

= gαβ(x+ ξ∆λ)
∂xα

∂xµ
∂xβ

∂xν
− gµν(x),

' (gαβ + ∂ρgαβ ξ
ρ∆λ) (δαµ + ∂µξ

α∆λ)(δβν + ∂νξ
β∆λ)− gµν ,

' [ξα∂αgµν(x) + gαν(x)∂µξ
α + gµα(x)∂νξ

α] ∆λ,

Lξgµν ' ξα∇αgµν + gαν∇µξα + gµα∇νξα + Tαµβgανξ
β + Tανβgµαξ

β ,

where ḡµν(x) = φ∆λgµν(x) is the metric obtained by applying the infinitesimal
active diffeomorphism to gµν(x), and Tανβ is the torsion defined by Eq. (1.2.15).
We also used,

ξα∇αgµν = ξα
(
∂αgµν − Γραµgρν − Γρανgµρ

)
, (A.0.2)

gαν∇µξα = gρν
(
∂µξ

ρ + Γρµαξ
α
)
. (A.0.3)

Assuming the Levi-Civita connection, the Lie derivative of the metric tensor
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reads(1),
Lξgµν = ∇µξν +∇νξµ. (A.0.4)

The variation of the EH action (in the absence of the cosmological constant)
under an infinitesimal active diffeomorphism, i.e. with δgµν = Lξgµν yields,

δSEH =
1

2κ

∫
d4x

(
R δ
√−g + δgµν

√−g Rµν +
√−g gµν δRµν

)
,

=
1

2κ

∫
d4x
√−g (Gµν δg

µν + gµν δRµν) , (A.0.5)

using Eq. (1.2.5). The last term of this equation is vanishing. Indeed, the vari-
ation of the Ricci tensor reads (see e.g. [Hobson06]),

δRµν = ∇ρδΓρνµ −∇νδΓρρµ, (A.0.6)

such that,∫
d4x
√−g gµν δRµν =

∫
d4x
√−g gµν

(
∇ρδΓρνµ −∇νδΓρρµ

)
,

=

∫
d4x
√−g

[
∇ρ
(
gµν δΓρνµ

)
− (∇ρgµν) δΓρνµ

]
−
∫

d4x
√−g

[
∇ν
(
gµν δΓρρµ

)
− (∇νgµν) δΓρρµ

]
,

=

∫
d4x
√−g

[
∇ρ
(
gµν δΓρνµ

)
−∇ν

(
gµν δΓρρµ

)]
,

=

∫
d4x
√−g∇ν

(
gµρ δΓνρµ − gµν δΓρρµ

)
,

assuming the Levi-Civita connection. Because of the total derivative, the co-
variant Gauss-Ostrogradsky theorem applies (see e.g. [Wald84] for a careful
treatment of this term),∫

M
d4x
√−g (∇µV µ) =

∫
∂M

d3y
√−γnµV µ, (A.0.7)

whereM is the spacetime manifold and ∂M its 3 dimensional hypersurface
border with γ(yµ) the induced metric on the border and nµ a unit vector nor-
mal to the border. Fixing the boundary conditions, it results that the contribu-
tion of δRµν in Eq. (A.0.5) vanishes,∫

d4x
√−ggµνδRµν =

∫
∂M

d3y
√−γ nν

(
gµρ δΓνρµ − gµν δΓρρµ

)
,

= 0,

and the variation of the EH action finally yields,

δSEH =
1

2κ

∫
d4x
√−g Gµν δgµν . (A.0.8)

(1)This equation reduces to the Killing equation when Lξgµν is required to vanish, defining the
Killing vectors is the direction of spacetime isometries.
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Considering now that the variation of the metric δgµν is generated by the
Lie derivative (A.0.2),

δgµν = Lξgµν ' ∇µξν +∇νξµ, (A.0.9)

and using Eq. (1.2.4), the variation of the EH action reads,

δSEH = − 1

κ

∫
M

d4x
√−g Gµν∇µξν , (A.0.10)

=
1

κ

[∫
M

d4x
√−g (∇µGµν) ξν −

∫
∂M

d3Σµ
√−g (Gµνξν)

]
,(A.0.11)

≡ 0. (A.0.12)

assuming the Levi-Civita connection, using Eq. (1.2.4) and applying the
Gauss-Ostrogradsky theorem (A.0.7). Since the vector field ξν is arbitrary,
it results that the second Bianchi identity is a consequence of the active
diffeomorphism-invariance, assuming the Levi-Civita connection.
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Appendix B

Application
of the PPN formalism
to the Brans-Dicke theory

The Brans-Dicke formalism leads straightforwardly to the PPN analysis for
the Brans-Dicke theory or for any STT in the absence of a potential (see also
Sec. 2.2). In this appendix, the Brans-Dicke formalism is briefly reviewed and
the expressions for γPPN and βPPN are derived.

The Lagrangian density in the standard generalized Brans-Dicke form
reads(1),

LBD =

√−g
2κ

[
ΦR− ω(Φ)

Φ
(∂Φ)2 − V̄ (Φ)

]
+ LM[ψM; gµν ]. (B.0.1)

It is equivalent to Eq. (3.2.4) with F (φ) = Φ, Z(φ) = ω(Φ)/(2κΦ) and V̄ (φ) =

V/(2κ). The modified Einstein equations now read (see Sec. 3.2.1),

Rµν −
1

2
gµνR =

1

Φ
∇µ∇νΦ +

ω

Φ2
∇µΦ∇νΦ

− 1

Φ

[
�Φ +

ω

2Φ
(∂Φ)2 +

V̄

2

]
gµν +

κ

Φ
Tµν , (B.0.2)

where the stress-energy tensor is assumed to be a perfect fluid (2.2.2)(2). The
Ricci scalar then yields,

R =
1

Φ

[
−κT +

ω(Φ)

Φ
(∂Φ)2 + 3�Φ + 2V̄ (Φ)

]
. (B.0.3)

(1)The original Brans-Dicke theory does not admit any potential and the function ω is inde-
pendent of Φ [Brans61]. For the sake of generality, the potential is included here even if it does
not appear in the derivation of the PPN parameters. The function ω(Φ) is considered since it is
relevant for the derivation of βPPN.

(2)In this appendix, we use the notation Tµν ≡ T (M)
µν
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The Klein-Gordon equation follows from Eq. (3.2.3) which after replacing R

according to Eq. (B.0.3) reads,

(2ω + 3)�Φ +
dω

dΦ
(∂Φ)2 − Φ

dV̄

dΦ
+ 2V̄ = κT, (B.0.4)

and the modified Einstein equations becomes,

Rµν =
8πG

Φ

(
Tµν −

ω + 1

2ω + 3
Tgµν

)
+

ω

Φ2
∂µΦ∂νΦ +

1

Φ
∇µ∇νΦ

−ωΦ

2Φ

(∂Φ)
2

3 + 2ω
gµν +

1

2Φ (3 + 2ω)

[
Φ

dV

dΦ
+ V (2ω + 1)

]
gµν , (B.0.5)

where the subscript Φ denotes a derivative with respect to Φ. As previously
shown in Sec. 2.2, in order to compute γPPN and βPPN, the modified Einstein
equations must be solved up to O(2) or 1PN and O(4) or 2PN for g00, up to
O(3) or 1.5PN for g0i and up to O(2) or 1PN for gij . The bookkeeping of the
different quantities has already been introduced in Sec. 2.2 excepted for the
scalar field which is expanded as,

Φ (xµ) = Φ0 + ζ (xµ) , (B.0.6)

where Φ0 is the constant background value and ζ is at least of order O(2). In
the rest of this appendix, we assume V = 0 since the PPN derivation for STT is
exact for vanishing potential only. The steps of the computations then follow:

1. Solution for the scalar field ζ up to O(2),

The expansion of the Klein-Gordon equation (B.0.4) up to O(2) enables
one to determine ζ as a function of the gravitational potential U (2.2.12).
Indeed,

�Φ ≡ |g|−1/2∂µ(|g|1/2∂µΦ) ∼ ∇2Φ− ∂2
0Φ ∼ ∇2ζ +O(4), (B.0.7)

where gµν = ηµν , the derivative of the scalar field being at least of order
O(2). Only the trace of Tµν further contributes to O(2) and reads,

T = gµνT
µν = −ρ

(
1 + 3

p

ρ

)
' −ρ [1 +O(2)] , (B.0.8)

according to the bookkeeping rules given by Eqs. (2.2.8). The Klein-
Gordon equation (B.0.4) up to O(2) finally yields,

∇2ζ(2) = − 8πG

3 + 2ω
ρ, (B.0.9)

the superscript denoting the order of the expansion. Replacing ρ accord-
ing to the Poisson equation (1.2.10) with U ≡ −Φ/G, the solution for ζ
reads,

ζ(2) − ζ0 =
2GU

3 + 2ω
. (B.0.10)

where ζ0 is the constant of integration.
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2. Solution for h00 up to O(2),

Given the expansion of the Levi-Civita connection up to O(2),

Γλ, (2)
µν =

1

2
ηλρ (∂µhρν + ∂νhµρ − ∂ρhµν) , (B.0.11)

the expansion of the Ricci tensor up to O(2) reads(3) [Will93],

R(2)
µν =

1

2

(
−�hµν − ∂µ∂νh+ ∂α∂µh

α
ν + ∂ν∂αh

α
µ

)
, (B.0.12)

with h = hµµ, hence,

R
(2)
00 ' −

1

2
∇2h00 +O(> 2). (B.0.13)

The only additional terms up to order O(2) of the 00−component of
Eqs. (B.0.5) involve the stress-energy tensor, with T (2)

00 = ρ and T (2) = −ρ
(see Eq. (B.0.8)). The expansion up to O(2) thus yields,

−1

2
∇2h00 =

8πGρ

Φ0

(
1− ω + 1

2ω + 3

)
+O(4). (B.0.14)

Given the Poisson equation (1.2.10), the solution for h00 up to O(2) is,

h
(2)
00 =

4G

Φ0

ω + 2

2ω + 3
U ≡ 2ḠU, (B.0.15)

where we used Eq. (2.2.13), Ḡ ≡ GCav (see Sec. 3.2.4.2) being the mea-
sured gravitational constant, for instance by Cavendish experiments,
which differs from G in STT,

Ḡ =
2G

Φ0

ω + 2

2ω + 3
(B.0.16)

In the limit ω −→ ∞, the measured gravitational constant is the New-
ton’s constant,

Ḡ =
G

Φ0
= G, (B.0.17)

assuming that Φ0 corresponds to the value of Φ at large distance from
the central body. Considering Eq. (B.0.16), the perturbation around the
scalar field background Eq. (B.0.10) yields,

ζ

Φ0
=

ḠU

ω + 2
, (B.0.18)

where ζ0 has been absorbed in Φ0.
(3)Notice that only the terms involving the derivative of the Christoffel symbols are relevant

here contrary to orderO(4).
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3. Solution for hij up to O(2),

The expansion of Rij to order O(2) reads (see Eq. (B.0.12)),

R
(2)
ij = −1

2

(
∇2hij − ∂i∂jh00 + ∂i∂jh

k
k − 2∂k∂jh

k
i

)
. (B.0.19)

Because of the diffeomorphism-invariance (see Sec. 1.3.3), four gauge
conditions must be imposed to the modified Einstein equations for fix-
ing the gauge. The first three gauge conditions are given by(4),

∂µh
µ
i −

1

2
∂ih

µ
µ =

1

Φ0
∂iζ. (B.0.20)

The derivative with respect to spatial component of these conditions ex-
panded up to O(2) then yields,

∂j∂kh
k
i −

1

2

(
∂i∂jh

k
k − ∂i∂jh00

)
=

1

Φ0
∂i∂jζ, (B.0.21)

leading to,

R
(2)
ij = −1

2
∇2hij +

1

Φ0
∂i∂jζ. (B.0.22)

Since Tij is at least of O(4) according to Eq. (2.2.8), the only term up
to O(2) involving the stress-energy tensor is the one involving T (see
Eq. (B.0.8)). The ij−component of Eqs. (B.0.5) thus reads,

∇2hij = −16πG

Φ0

ω + 1

2ω + 3
ρδij , (B.0.23)

which is solved using the Poisson equation (1.2.10) and Eq. (B.0.16)
yielding,

h
(2)
ij = 2

ω + 1

ω + 2
Ḡ U δij ≡ 2 γPPN Ḡ U δij . (B.0.24)

According to the standard PPN metric expansion (2.2.13) the parameter
γPPN for the Brans-Dicke theory is thus,

γPPN =
ω + 1

ω + 2
(B.0.25)

4. Solution for h0j up to O(3),

Since h0j is at least of O(3), the expansion of R0j up to O(3) reads (see
also Eq. (B.0.12)),

R
(3)
0j = −1

2

(
∇2h0j − ∂j∂khk0 + ∂0∂jh

k
k − ∂0∂kh

k
j

)
. (B.0.26)

(4)Note that this gauge condition is valid to all orders.
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The fourth gauge condition is now useful(5),

∂µh
µ
0 −

1

2
∂0h

µ
µ +

1

2
∂0h00 =

1

Φ0
∂0ζ, (B.0.27)

and yields up to order O(3),

∂ih
i
0 −

1

2
∂0h

i
i =

1

Φ0
∂0ζ. (B.0.28)

Combining the four gauge conditions (∂0 [Eq. (B.0.20)]× ∂j [Eq. (B.0.27)])
up to order O(3) yields,

R
(3)
0j = −1

2
∇2h0j −

1

4
∂0∂jh

(2)
00 +

1

Φ0
∂0∂jζ. (B.0.29)

Since g0j is at least of order O(3), the 0j−component of the modified
Einstein equations (B.0.5) reads to order O(3),

R
(3)
0j =

8πG

Φ0

[
T

(3)
0j −O(> 3)

]
+O(> 3) +

1

Φ0
∂0∂jζ, (B.0.30)

where T (3)
0j = −ρvj assuming a perfect fluid (2.2.2). Using Eq. (B.0.15) it

finally leads to,

∇2h0j =
16πG

Φ0
ρvj − Ḡ∂0∂jU. (B.0.31)

Defining two additional potentials, Vj and χ [Will93],

∇2Vj = −4πρvj , ∇2χ = −2U, (B.0.32)

and using Eqs. (B.0.18) and (B.0.15), h(3)
0j reads,

h
(3)
0j = −4ω + 6

ω + 2
ḠVj +

1

2
Ḡ∂0∂jχ. (B.0.33)

5. Solution for h00 up to O(4)

The expansion of the Levi-Civita connection up to O(4) yields,

Γλ, (4)
µν =

1

2

(
∂µh

λ
ν + ∂νh

λ
µ − ∂λhµν

)
+

1

2
hλρ (∂µhρν + ∂νhµρ − ∂ρhµν) ,

(B.0.34)
the expansion of R00 up to O(4) thus reading [Will93],

R
(4)
00 = −1

2
∇2h

(4)
00 −

1

2

(
∂0∂0h

j (2)
j − 2∂0∂jh

j (3)
0

)
− 1

4
∂ih

(2)
00 ∂ih

(2)
00

+
1

2
∂jh

(2)
00

(
∂kh

j (2)
k − 1

2
∂jh

k (2)
k

)
+

1

2
hjk (2)∂j∂kh

(2)
00 .

(B.0.35)
(5)Note that this fourth gauge condition cannot be compactified with the three first ones (B.0.20)

in a covariant way.
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Using the fourth gauge condition (B.0.27) and Eq. (B.0.18),

∂0∂ih
i
0 −

1

2
∂2

0h
k
k =

1

Φ0
∂2

0ζ, (B.0.36)

=
Ḡ

ω + 2
∂2

0U, (B.0.37)

as well as the expressions for h(2)
00 (B.0.15), h(2)

ij (B.0.24), and ζ (B.0.18),

the expansion for R(4)
00 finally reads,

R
(4)
00 = −1

2
∇2h

(4)
00 +

Ḡ

ω + 2
∂2

0U − Ḡ2 2ω + 3

ω + 2
(∇U)2

+ 2Ḡ2ω + 1

ω + 2
U∇2U. (B.0.38)

The modified Einstein equations (B.0.5) expanded to O(4) then yield,

R
(4)
00 =

8πG

Φ0 + ζ

[
T

(4)
00 −

ω + 1

2ω + 3
T (4)g00

]
+O(6)

+
1

Φ0
∇0∂0ζ −

ωΦ

2Φ

(∂Φ)2

3 + 2ω
g00, (B.0.39)

We first focus on the term involving Tµν . In order to expand Tµν up to
O(4), the four-velocity given by,

gµνu
µuν = −1, (B.0.40)

is expanded as,

u0u0 = −1 + giju
iuj

g00
, (B.0.41)

' − 1 + v2

−1 + 2ḠU
, (B.0.42)

' 1 + 2ḠU + v2 +O(4), (B.0.43)

where uiui = v2. Thus, assuming a perfect fluid (2.2.2), the stress-energy
tensor Tij and its trace read up to O(4),

T
(4)
00 = ρ(1 + Π− 2ḠU + v2), (B.0.44)

T
(4)
ij = ρ(uiuj +

p

ρ
δij), (B.0.45)

T (4) = −ρ
(

1 + Π− 3p

ρ

)
, (B.0.46)

with Π the specific energy density (see Sec. 2.2.1). Moreover the multi-
plicative term Φ−1 needs to be expanded as,

1

Φ
' 1

Φ0

[
1− ζ

Φ0
+O(4)

]
. (B.0.47)
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The first term of the right-hand side of Eq. (B.0.39) thus reads,

8πG

Φ0 + ζ

[
T

(4)
00 −

ω + 1

2ω + 3
T (4)g00

]
=

8πGρ

Φ0

(
1− ζ

Φ0

)
×[

1 + Π− 2ḠU + v2 +
ω + 1

2ω + 3

(
1 + Π− 3p

ρ

)(
−1 + 2ḠU

)]
. (B.0.48)

The second term in Eq. (B.0.39) to be expanded involves the second
derivative ∇0(∂0ζ) that requires the expansion of the Levi-Civita con-
nection (B.0.11). Since Γ0

00∂0ζ > O(4) the only relevant term is,

Γi00 = −1

2
∂ih00 +O(4) ' −Ḡ∂iU, (B.0.49)

hence,

∇0(∂0ζ) = (∂2
0 − Γµ00∂µ)ζ = (∂2

0 + Ḡ∂iU∂i)ζ. (B.0.50)

In the case where ω = ω(Φ), the last term involving ωΦ has also to be
expanded,

−ωΦ

2Φ

(∂Φ)2

2ω + 3
g00 ' − ωΦ

2(2ω + 3)

1
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(
1− ζ
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(2)
00 )

×
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(2)
00 )(∂0ζ)2 + (δij + h

(2)
ij )∂iζ∂jζ

]
,

=
ωΦḠ

2Φ0

2(2ω + 3)(ω + 2)2
(∇U)2 +O(6), (B.0.51)

where Eq. (B.0.18) has been used. Therefore, the 00-component of
Eqs. (B.0.5) becomes up to order O(4),

−1

2
∇2h

(4)
00 +

Ḡ

ω + 2
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0U − Ḡ2 2ω + 3

ω + 2
(∇U)2 + 2Ḡ2ω + 1

ω + 2
U∇2U =

4πḠρ
2ω + 3

ω + 2

(
1− ḠU

ω + 2

)
×[(

1 + Π− 2ḠU
) ω + 2

2ω + 3
+ v2 +

ω + 1

2ω + 3

3p

ρ

]
+
(
∂2

0 + Ḡ∂iU∂i
) ḠU

ω + 2
+

ωΦḠ
2Φ0

2(2ω + 3)(ω + 2)2
(∇U)2,(B.0.52)

where Φ0 has been removed using Eqs. (B.0.16) and (B.0.18). For the
term involving ωΦ, we assume that Φ0 corresponds to the value of Φ at
large distance from the central body, where Ḡ ' G. Therefore, from Eq.
(B.0.16),

Φ0 '
2ω + 4

2ω + 3
. (B.0.53)
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After some algebra, we obtain,

−1

2
∇2h

(4)
00 = 4πḠρ

[
1 + Π− 2ω + 5

ω + 2
ḠU +

2ω + 3

ω + 2
v2 +

3ω + 3

ω + 2

p

ρ

]
+2Ḡ2(∇U)2 − 2ω + 2

ω + 2
Ḡ2U∇2U

+

[
ωΦ

(2ω + 3)2(ω + 2)

]
Ḡ2 (∇U)

2
. (B.0.54)

By using the identity,

2(∇U)2 = ∇2(U2)− 2U∇2U, (B.0.55)

in order to remove the terms proportional to (∇U)2, and by defining
four potentials in addition to the one given by Eq. (1.2.10),

∇2Φ1 = −4πρv2, ∇2Φ2 = −4πρU, (B.0.56)

∇2Φ3 = −4πρΠ, ∇2Φ4 = −4πp, (B.0.57)

one can solve the equation for h(4)
00 (B.0.54) and find,

h
(4)
00 = 2ḠU − 2

[
1 +

ωΦ

(2ω + 3)2(2ω + 4)

]
Ḡ2U2 +

6 + 4ω

2 + ω
ḠΦ1

+

[
2 + 4ω

2 + ω
+

2ωΦ

(2ω + 3)2(ω + 2)

]
Ḡ2Φ2 + 2ḠΦ3

+
6 + 6ω

2 + ω
ḠΦ4. (B.0.58)

In the limit where ω → ∞ and ωΦ = 0, the GR result is recovered as
expected [Will93],

h
(4)
00 = 2ḠU − 2Ḡ2U2 + 4ḠΦ1 + 4Ḡ2Φ2 + 2ḠΦ3 + 6ḠΦ4. (B.0.59)

In the vacuum (Φ1 = Φ2 = Φ3 = Φ4 = 0), the expansion becomes
(ωΦ 6= 0),

g
(4)
00 = −1 + 2ḠU − 2

[
1 +

ωΦ

(2ω + 3)2(2ω + 4)

]
Ḡ2U2, (B.0.60)

that must be compared to the standard PPN expansion (2.2.13),

g00 = −1 + 2ḠU − 2βPPNḠ
2U2 +O(6), (B.0.61)

yielding,

βPPN = 1 +
ωΦ

(2ω + 3)2(2ω + 4)
(B.0.62)

These results are consistent with [Nutku69, Ni72] reported by [Will93].



Appendix C

The chameleon model:
an analytical approach

In this appendix we reproduce the main steps of [Burrage15] and derive an-
alytically the chameleon field profile in the spherically symmetric and static
Minkowski spacetime for a two-region model (the source mass and the vac-
uum chamber). For the sake of simplicity, we assume in this appendix that
α = 1. Those analytical calculations are compared to the numerical compu-
tations in Sec. 4.4 where the analytical analysis is found to be reliable close to
the source mass where the induced acceleration is measured. In the second
part of this appendix we use the acceleration profiles derived analytically in
order to compute the viable parameter space for the Berkeley experiment, as
represented in Figs. 4.3 and 4.4.

C.1 Four different regimes

Assuming A(φ) = eφ/M ' 1, the minimum of the effective potential and its
effective mass around it are respectively given by (see Eqs. (4.1.10)–(4.1.11)
with α = 1),

φmin =

(
Λ5M

ρ

)1/2

, mmin =
√

2

(
ρ3

Λ5M3

)1/4

. (C.1.1)

The case where the effect ofA(φ) becomes important, is discussed in our paper
[Schlögel16] for the original model. For a two-region model the density ρ is
either the source mass density ρA or the density in the vacuum chamber ρv.

Four different regimes can be identified, depending on whether the field
reaches the effective potential minimum or not: (1) the field does not reach
the minimum of the effective potential in any region, (2) the field reaches the
minimum in the vacuum chamber but not in the source mass, (3) the field
reaches the minimum in the source mass but not in the vacuum chamber,
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(4) the field reaches the minimum both inside the test mass and the vacuum
chamber. The Cases (1) and (2) were referred to as the weakly perturbing regime
in [Burrage15], whereas the Cases (3) and (4) were referred to as strongly per-
turbing. Below we consider those four cases separately, as in [Hamilton15].
In principle, one should also distinguish between the cases where the field
reaches φmin inside the chamber wall, or not. When lowering M , depending
on the central mass density and size, on the chamber wall density and thick-
ness, φmin can be reached first inside the central mass or inside the chamber
walls. Nevertheless, for the considered experimental set-up, the wall and the
central mass have similar densities and sizes, and so those two cases will not
be distinguished in the following.

• Case (1): φ(r = 0) 6= φmin(ρA) and φ(RA < r < L) 6= φmin(ρv)

Within the source mass the field does not reach the attractor that is the
minimum of the effective potential. Since ρv < ρatm < ρA, the second
term in the effective potential (4.2.4) dominates, Veff ' φρA/M . The
Klein-Gordon equation inside the source mass then reads,

φ′′ +
2

r
φ′ =

ρA

M
. (C.1.2)

By setting φ = Z/r, the Klein-Gordon equation reads Z ′′ = (ρ/M)r,
whose solution is given by,

Z =
ρA

6M
r3 + Cr +D, (C.1.3)

with C and D the two constants of integration. Imposing that the field
profile is regular at the origin, implies that C = 0,

φ = D +
mAr

2

8πMR3
A

. (C.1.4)

The constant of integration D is fixed by matching φ and φ′ to the field
solution in the vacuum chamber at r = RA. Inside the vacuum chamber
the field does not reach the attractor value. Let us denote φbg the value
that the field would take at the center of the chamber in the absence of
the source. Then one can consider a harmonic expansion of the potential,

Veff(φ) ' Veff(φbg) +
m2

bg

2
(φ− φbg)2 , (C.1.5)

higher order terms being subdominant, the Klein-Gordon equation in
the vacuum chamber then reading,

φ′′ +
2

r
φ′ = m2

bg (φ− φbg) . (C.1.6)

By setting Y = φ − φbg and Y = Z/r, the Klein-Gordon equation be-
comes,

Z ′′ = m2
bgZ, (C.1.7)
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whose solution reads,

Z = A e|mbg|r + B e−|mbg|r, (C.1.8)

with A and B the two constants of integration. Assuming that the field
profile decays at spatial infinity implies that A = 0, the scalar field pro-
file thus yielding,

φ(r) = φbg +
B
r

e−|mbg|r . (C.1.9)

Note that at r = RA, one has mbgRA � 1 for typical experimental pa-
rameters and thus φ(RA) ' φbg + B/RA.

By matching the solutions (C.1.4) and (C.1.9) at r = RA, we obtain,

B = − 1

4π

mA

M
embgRA

1

1 +mbgRA
' − 1

4π

mA

M
, (C.1.10)

D = φbg −
1

8πRA

mA

M
− 1

4πRA

mA

M

1

1 +mbgRA
, (C.1.11)

' φbg −
3

8πRA

mA

M
, (C.1.12)

the second equality being obtained assuming mbgRA � 1. Eventually
the field profile in the Case (1) reads,

φ(1)(r) = φbg −
mA

8πRAM
×
[(

3− r2

R2
A

)
Θ(RA − r)

+

(
2
RA

r
e−mbgr

)
Θ(r −RA)

]
, (C.1.13)

where Θ is the Heaviside function. Therefore the effect of the source
mass is to deepen the field profile, by a quantity 3mA/(8πRAM) � φbg

at r = 0. By definition, the Case (1) is valid as long as |φbg − φ(1)(r =

0)| � φbg. Outside the source mass, the difference |φbg−φ| decreases like
∝ 1/r for realistic experimental configurations where the exponential
decay factor can be neglected.

A subtlety arises in the evaluation of φbg, which in [Burrage15] was ei-
ther the attractor in the vacuum or related to the chamber size(1), under
the assumption that the scalar field reaches its attractor inside the vac-
uum chamber wall. This assumption is actually not valid in the Case (1)
because ρw ∼ ρA, and because the wall thickness is about the radius of
the source mass. So in most of the parameter space corresponding to the

(1)ρv is much lower than the wall density ρw where the field was assumed to reach its attractor
φmin (ρw). Thus the first term of Veff in Eq. (C.1.5) dominates the Klein-Gordon equation inside
the chamber, which can be solved to get φbg as a function of the size of the vacuum chamber.
However, behind this calculation is hidden the assumption that the field reaches φmin (ρw) in the
wall, which is not valid in the Case (1) in most of the parameter space.
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Case (1), the scalar field does not reach its attractor inside the wall. As
a result, φbg is better approximated by φmin(ρatm), as highlighted by our
numerical results which take the effects of the chamber wall on the scalar
field profile into account (see our paper [Schlögel16] for the comparison
between analytical and numerical results). Even if the background field
value has no effect on the acceleration itself, this result is important be-
cause it changes the region in the parameter space in which the Case (1)
applies: it is extended to lower values of M , as developed thereafter.

The acceleration induced by the scalar field gradient inside the vacuum
chamber is well approximated by,

aφ ≈
mA

4πM2r

(
1

r
+mbg

)
. (C.1.14)

Since mbgr � 1 for realistic laboratory experiments, the acceleration
is independent of Λ and thus one can constrain directly the value of M .
This is the reason why the power-law of the potential has no effect on the
acceleration as long as |A(φ) − 1| � 1 (see [Schlögel16] for a discussion
about the original chameleon model).

• Case (2): φ(0) 6= φmin(ρA) and φbg = φmin(ρv)

When the size of the vacuum chamber is larger than the characteristic
distance over which the field reaches its attractor, that is when,

L� 1

mmin(ρv)
=

(
Λ5M3

4ρ3
v

)1/4

, (C.1.15)

the field profile is still governed by Eq. (C.1.13). However, the value of
φbg is now simply φmin(ρv). In the case of the original chameleon poten-
tial V (φ) = Λ5/φ, one has Λ ' 2.6× 10−6 GeV in order to reproduce the
late-time cosmic acceleration. For typical vacuum densities and chamber
sizes, e.g. those reported in Table 4.2, one finds that this regime would
occur when M . 10−6 GeV. This does not correspond anymore to
the weakly perturbing regime requiring φbg & mA/(4πRAM), yielding
M & 2×109 GeV in our fiducial experimental setup. In the case of the ex-
ponential potential V (φ) = Λ4(1+Λ/φ), Λ ' 10−12 GeV is the cosmolog-
ical constant. It results that the field in the chamber is expected to reach
φmin(ρv) only if M . 105 GeV. This is far from the regime where the
source mass perturbs only weakly the field, valid when M & 1020 GeV,
i.e. in the super-Planckian regime.

• Case (3): φ(0) = φmin(ρA) and φ(RA < r < L) 6= φmin(ρv)

In the Case (3) the field reaches φA ≡ φmin (ρA) inside the source mass.
One can define a radius S such that φ(S) = φA(1 + ε) with 0 < ε� 1, so
that, for r < S,

φ ' φA. (C.1.16)
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For S < r < RA, the density term dominates in Veff and the solution
of the linearized Klein-Gordon equation is given by Eq. (C.1.3) (with
φ = Z/r), the scalar field profile reading,

φ = D +
C
r

+
mAr

2

8πMR3
A

, (C.1.17)

which is the same as Eq. (C.1.4) but with a non-vanishing integration
constant C. Outside the test mass, the field still obeys Eq. (C.1.9). The
constants of integration C and D are fixed by matching the solutions for
φ and φ′ given by Eqs. (C.1.16) and (C.1.17) at r = S, yielding,

C =
1

4π

mA

M

S3

R3
A

, (C.1.18)

D = φA −
3

8π

mA

M

S2

R3
A

. (C.1.19)

By matching the solutions for φ and φ′ given by Eqs. (C.1.17) and (C.1.9)
at r = RA, the last constant of integration B is given by,

B =
1

4π

mA

M

(
S3

R3
A

− 1

)
, (C.1.20)

assuming mbgRA � 1. The resulting field profile in the Case (3) corre-
sponding to the thin shell regime reads [Burrage15],

φ(3)(r) =


φA , r < S,

φA + mA

8πR3
AMr

(
r3 − 3S2r + 2S3

)
, S < r < RA,

φbg − mA

4πMr e−mbgr
(

1− S3

R3
A

)
, r > RA,

(C.1.21)

with the so-called thin-shell radius,

S ≡ RA

√
1− 8πMRAφbg

3mA
, (C.1.22)

being such that one has typically (RA − S)/RA � 1. The induced accel-
eration is well approximated (mbgRA � 1) by,

aφ ≈
mA

4πM2r2

(
1− S3

R3
A

)
' RAφbg

Mr2
, (C.1.23)

and contrary to the Case (1), it is related to the value of φbg. If the wall is
sufficiently large, then the field reaches φmin(ρw) and so the calculation
of φbg for a spherical chamber in [Burrage15] is valid,

φbg ' 0.69
(
Λ5L2

)1/3
. (C.1.24)
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Following [Hamilton15], φbg is rather given by,

φbg = ℵ
[
α (α+ 1) Λ4+αρv

] 1
α+2 , (C.1.25)

with ℵ = 1.6, 1.8 if the vacuum chamber is assumed to be spherical or
an infinite cylinder respectively. Compared to the Case (1), the induced
acceleration (C.1.23) does not only depend on M but also on Λ and on
the size of the vacuum chamber L (see Eq. (C.1.24)). When Λ is set to the
cosmological constant and L to the fiducial value reported in Table 4.2,
one finds that the Berkeley experiment [Hamilton15] constrains the cou-
pling parameter down toM ∼ 1015 GeV. The above calculation does not
involve the power-law index α (apart indirectly via mbg, but there is no
effect in the limitmbgr � 1). Therefore it is expected that the predictions
are independent of α, as long as |A(φ)− 1| � 1.

Remark: In the strongly perturbing regime, the reliability of the theory
is questionable. Indeed the quantum corrections, either in the matter
or in the chameleon sector must remain small. Most of the parameter
space reachable by the Berkeley experiment [Hamilton15] belongs to this
regime. Following [Upadhye12c] the underlying instabilities are harm-
less and the classical analysis is reliable, keeping in mind that quantum
corrections can become large at very small scales. However, since our
aim consists of modeling how the environment can affect the analytical
results derived for the classical field, we also provide numerical forecasts
in the questionable strongly perturbing regime. Nevertheless we do not
explore the deeply strongly perturbing regime but focus on the tran-
sition between the strongly and the weakly perturbing regimes, where
the numerical computations allow one to follow the smooth evolution of
the field and acceleration profiles whereas analytical assumptions break.
Our computations show that the analytical estimations are recovered
once in the strongly perturbing regime, and that they are quite reliable,
at least classically. The underlying quantum aspects are not discussed in
this thesis.

• Case (4): φ(0) = φmin(ρA) and φbg = φmin(ρv)

In the Case (4) the field profile is governed by Eq. (C.1.21) since the
field reaches the effective potential minimum at the center of the source
mass. However, as long as the condition Eq. (C.1.15) is satisfied, φbg =

φmin (ρv). For the original chameleon potential V (φ) = Λ5/φ, the Case
(4) takes place when M . 10−3 GeV, whereas for the exponential poten-
tial V (φ) = Λ4(1 + Λ/φ) one needs M . 10 GeV in order to reach the
strongly perturbing regime inside the source mass. Therefore the Case
(4) is irrelevant for values of Λ compatible with cosmology and realistic
experimental configurations.
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C.2 Parameter space

It is possible to understand the shape of the viable parameter space depicted
on Fig. 4.3 in the light of the analytical computations. Following [Burrage15,
Hamilton15], it is possible to rewrite the acceleration aφ given by Eqs. (C.1.14)
and (C.1.23) as,

aφ =
2GNmA

r2
λatλA

(
Mpl

M

)2

=
8πGNρA

3

R3
A

r2
λatλA

(
Mpl

M

)2

, (C.2.1)

with GN = (8πM2
pl)
−1, mA = ρA(4/3)πR3

A and,

λi '
{

1 ρir
2
i < 3Mφbg,

1− S3
i

r3i
ρir

2
i > 3Mφbg,

(C.2.2)

corresponding to the weakly and strongly perturbing regimes respectively,
the i subscript denoting the species under consideration (atoms or the source
mass).

Four regimes are distinguishable in Fig. 4.3, depending on whether the
source mass and/or the atoms are screened as well as on φbg = φmin(ρv) or
given by Eq. (C.1.25). In Fig. 4.3, the acceleration is normalized with respect
to the Earth’s acceleration of free fall g = GNM⊕/R

2
⊕ = (4/3)πGNR⊕ρ⊕, M⊕,

R⊕ and ρ⊕ denoting the Earth mass, radius and density respectively. The
normalized acceleration then reads,

aφ
g

=
2ρA

R⊕ρ⊕

R3
A

r2
λatλA

(
Mpl

M

)2

. (C.2.3)

For large values of M the source mass is unscreened (and a fortiori the atoms
are), so λat = λA = 1, the normalized acceleration reading,

aφ
g

(i)
= 2

(
Mpl

M

)2
ρAR

3
A

r2R⊕ρ⊕
. (C.2.4)

This regime corresponds to the Case (1) in App. C.1 and is marked by the
vertical line at the top right of Fig. 4.3. If the source mass strongly perturbs
the chameleon field whereas the atoms remain unscreened then λat = 1 while
λA ' 3Mφbg/(ρAR

2
A) according to Eq. (C.1.22). This regime corresponds to

the Case (3) in App. C.1 and the acceleration then yields (see Eq. (C.1.23)),

aφ
g

(ii)
=

6M2
pl

r2R⊕ρ⊕

φbgρA
M

, (C.2.5)

=
6M2

pl

r2R⊕ρ⊕

ρA
M
ℵ
[
α (α+ 1) Λ4+αρv

] 1
α+2 , (C.2.6)

with φbg given by Eq. (C.1.25). In the previous section we implicitly assumed
that the atoms remain unscreened, which is true only as long as ρatRat <
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3Mφbg. Otherwise λat ' 3Mφbg/(ρatR
2
at) and the acceleration becomes,

aφ
g

(iii)
=

18M2
pl

ρatR2
atR⊕ρ⊕

RA

r2
φ2

bg, (C.2.7)

=
18M2

pl

ρatR2
atR⊕ρ⊕

RA

r2
ℵ
[
α (α+ 1) Λ4+αρv

] 2
α+2 . (C.2.8)

In this case the acceleration is independent of M . If the vacuum chamber is
larger than the Compton wavelength of the chameleon (see Eq. (C.1.15)), then
the chameleon reaches its attractor inside the vacuum chamber such that φbg

is given by φmin (ρv), yielding,

aφ
g

(iv)
=

18M2
pl

ρatR2
atR⊕ρ⊕

RA

r2
φ2

bg, (C.2.9)

=
18M2

pl

ρatR2
atR⊕ρ⊕

RA

r2

(
αΛα+4M

ρv

) 2
α+1

. (C.2.10)

In this latter case, aφ depends on M (see on the bottom left of Fig. 4.3). This
latter regime is not tractable by our numerical simulations, as discussed in
Sec. 4.4. Notice also that atom interferometry is not able to test the strongly
coupled chameleon (M > mpl).



Appendix D

Numerical methods for the
Higgs monopoles

In Sec. 5.3.4 we present monopole solutions obtained by a simplified integra-
tion method, considering the Klein-Gordon equation only. To show that this
method is accurate, here we present the results obtained by integrating the
full set of equations of motion, namely the Klein-Gordon together with the
Einstein equations (5.3.2). This result confirms that we can safely replace the
metric inside the compact object by the standard GR metric as explained in
Sec. 5.3.2.

D.1 Equations of motion

We first list the full set of equations to be solved. The explicit tt−, θθ− and
rr− components of the Einstein equations (5.3.2) are, respectively,

ν′′ + ν′2 − λ′ν′ + (ν′ − λ′)
(

1

r
+
H ′

F

dF

dH

)
+

1

F

dF

dH

(
H ′′ +

H ′

r

)
+
H ′2

F

(
κ

2
+

d2F

dH2

)
+

(
κV − 3p

R2ρ

)
e2λ

F
= 0, (D.1.1)

λ′
(

2

r
+
H ′

F

dF

dH

)
− H ′′

F

dF

dH
− H ′2

2F

(
κ+ 2

d2F

dH2

)
− 2H ′

rF

dF

dH

− 1

r2

(
1− e2λ

)
− e2λ

F

(
κV +

3

R2

)
= 0, (D.1.2)

ν′
(

2

r
+
H ′

F

dF

dH

)
− κH ′2

2F
+

1

r2

(
1− e2λ

)
+

2H ′

rF

dF

dH

−e2λ

F

(
3p

R2ρ
− κV

)
= 0, (D.1.3)
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where the prime denotes a derivative with respect to r and R2 = R3/rs, rs

being the standard Schwarzschild radius. We assume a top-hat density profile
(5.3.10) so that R = 3/(κρ0). Finally, the Klein-Gordon equation reads,

H ′′ −H ′
(
λ′ − ν′ − 2

r

)
+ e2λ

(
R

2κ

dF

dH
− dV

dH

)
= 0,

(D.1.4)

where the Ricci scalar R is given by,

R=
2

r2
− e−2λ

(
2ν′′ − 2ν′λ′ +

4ν′

r
+

2

r2
− 4λ′

r
+ 2ν′2

)
.

(D.1.5)

D.2 Dimensionless system

To implement the numerical integration we need to write the above equations
in a convenient dimensionless units system. This step is actually crucial in
order to extract significant numerical results because of the involved scales,
like the Planck mass. We first rescale the Higgs field as,

H[GeV] = mplṽh = mplṽ (1 + χ) , (D.2.1)

where h and ṽ = 246 GeV/mpl are dimensionless. The quantity χ character-
izes the dimensionless displacement of the Higgs scalar field around its vev.
We express the radial coordinate in term of rs,

u =
r

rs
, (D.2.2)

and we remind that the Schwarzschild radius in Planck units is,

rs[GeV−1] =
2m

m2
pl

× 5.61× 1026[GeV kg−1], (D.2.3)

where m is the baryonic mass of the monopole in [kg]. The numerical factor
converts mass from [kg] to [GeV] in such a way that the units are consistent.
We also define the dimensionless potential,

V = V
r2
s

m2
pl

, (D.2.4)

which becomes according to the definition (D.2.1),

V (χ) =
λsm

4
m2

plr
2
s ṽ

4χ2 (2 + χ)
2
. (D.2.5)

Finally, we define the dimensionless coupling function in an analogous way,
as,

F (χ) = 1 + ξṽ2 (1 + χ)
2
. (D.2.6)
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D.3 Numerical integration method

There exist different ways to perform the numerical integration of the Eqs.
(D.1.1)-(D.1.4). We choose to treat them like an IVP, by integrating from the
center of the body. We first find the internal solution and then use it at the
boundary of the compact object to fix the initial conditions for the external
solution. We choose to solve the system of equations with respect to the vari-
ables λ, ν, h and p since ρ = ρ0 is constant. In addition to the equations of
motion, we must consider the TOV equation,

pu = −νu (p+ ρ0) , (D.3.1)

where a subscript u denotes a derivative with respect to u. In the top-hat
profile approximation, this equation admits the exact solution,

p

ρ0
= Ce−ν − 1, (D.3.2)

where C is a constant of integration to be fixed by the numerical shooting
method. In order to find a guess for the shooting method, we use the standard
GR expression for the pressure (2.3.14). This is a very good approximation
since a small discrepancy between the GR solution and the numerical one is
expected, as explained in Sec. 5.3.3. In our units, Eq. (D.3.2) becomes (see also
Sec. 2.3.4),

p(u)

ρ0
=

[ √
1− s−

√
1− s3u2

√
1− s3u2 − 3

√
1− s

]
. (D.3.3)

Imposing the initial condition ν(u = 0) = 0 (1), C reads,

C =
pc

ρ0
+ 1, (D.3.4)

where pc = p(u = 0) is the pressure at the center. Then we optimize the value
of C in such a way that it satisfies also the boundary condition for the pressure
at the boundary p(u = 1/s) = 0. In addition, this method has the advantage
that it allows to test the limit for the central pressure coming from GR (2.3.15),

p(u = 0) −→∞⇔ R =
9m

4
. (D.3.5)

It turns out that the difference between C in GR and in our model is so small
that the two solutions are undistinguishable so this step can be safely ne-
glected.

Therefore, we are left with the four equations Eqs. (D.1.1), (D.1.2), (D.1.3)
and (D.1.4). Of these, we keep Eq. (D.1.3) as the Hamiltonian constraint and

(1)Note that ν(u = 0) = 0 is not a regularity condition, which is instead given by asymptotic
flatness, namely ν (u→∞) = 0. Since we solve an IVP, we prefer to fix ν(u = 0) = 0 and then
shift the solution to ν(u)− νend, without loss of generality.
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we integrate the other three as an IVP. The initial conditions for λ, νu and hu
are obtained from the regularity conditions of the solution at the center of the
Higgs monopole,

λ(0) = 0, (D.3.6)

νu(0) = 0, (D.3.7)

hu(0) = 0. (D.3.8)

In addition, we need to choose a value for hc to begin the integration. We
know that this value is an irrational number that can be determined numeri-
cally with finite accuracy only. Thus, the basic idea of our algorithm consists
of incrementing the value of hc digit by digit for a given number of digits.
We also have an indication that makes integration easier. Indeed, we saw in
Sec. 5.3.2 that if hc is larger than hin

eq (see Eq. (5.3.49)) then it never reaches
the vev at spatial infinity. So, we can stop the integration as soon as h > hin

eq

and reject the chosen value of hc. Therefore, we begin by integrating from the
approximate value of hin

eq (we recall that this value is calculated in the approx-
imation that the internal solution is the same as GR) and if h becomes larger
than hin

eq we stop the integration, we keep the previous digit and perform once
again numerical integration with a value of hc incremented by one less signif-
icant digit. Otherwise, namely when the Higgs field does not become higher
than hin

eq and is trapped into the local minimum of the effective potential h = 0,
we increment the same digit. With this algorithm, we are able to maximize the
precision on hc in the limit of the precision we impose or, in other words, we
are able to push back the radial distance from the center of the body at which
the scalar field is trapped into the local minimum of the effective potential
h = 0.

We have also to take care of the “degeneracy” of the solution at spatial in-
finity. Indeed, the scalar field can tend to ±v. So, when we perform numerical
integration for different values of the parameters, we have to choose between
the positive and the negative solution.

In order to check the validity of our numerical code, we plot in Fig. D.1
the Hamiltonian constraint for the same monopole solution as represented in
Fig. 5.2 and obtained with the full numerical integration. Here, the Hamilto-
nian constraint is defined as the absolute value of the difference between νu
coming from Eq. (D.1.3), where we replaced the values of all fields with the
ones found numerically, and the value of νu determined numerically by solv-
ing the system of equations. The divergence appearing at the boundary of the
monopole comes from the abrupt transition of energy density due to the top-
hat approximation. Otherwise, the order of magnitude of the Hamiltonian
constraint corresponds to what we expect from the numerical precision.
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Figure D.1: Hamiltonian constraint for the same monopole solution as repre-
sented in Fig. 5.2 (ξ = 10, m = 106 kg and s = 0.75) obtained with the full
numerical method.

D.4 Comparison between the full integration
method and the simplified one

In Sec. 5.3.3 we argue that we can safely neglect the Higgs field inside the
body as long as it is sufficiently constant and not too much displaced from its
vev. This means that, instead of integrating the whole system of equations,
we could use the inner Schwarzschild expressions for λ and ν (Eqs. (5.3.46)
and (5.3.47)) and integrate only the Klein-Gordon equation as an IVP. We now
demonstrate the correctness of this claim by comparing our results with a
complete numerical integration. We first plot on Fig. D.2 the contribution of
each term appearing in the trace of Eq. (5.3.2) obtained with the full numerical
integration in the case when m = 106 kg, s = 0.75 and ξ = 10. In the dimen-
sionless unit system, the contributions of the trace of the stress-energy tensor
are given by,

r2
s

m2
pl

T (h) = −h2
u + 2V (h), (D.4.1)

and,

r2
s

m2
pl

T (ξ) =
3ξ

4π

{
h2
u + he−2λ

[
huu − hu

(
λu − νu −

2

u

)]}
.

(D.4.2)
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Figure D.2: Plot of the trace of the stress-energy tensor contributions T (h)

(curve 2), T (ξ) (curve 3) and of the left-hand side of Eq. (5.3.2) (curve 1). The
parameters are chosen as m = 106 kg, s = 0.75, and ξ = 10.

We observe in Fig. D.2 that the geometric part is clearly dominant while the
contribution coming from the stress-energy tensor components of the scalar
field is negligible. This result is confirmed by the comparison of the Ricci
scalar given by Eq. (5.3.48) and Eq. (D.1.5) evaluated numerically. In Fig. D.3
we plotted the absolute value of the difference between the two expressions
in function of the radial distance for the same parameters as in Fig. D.2. The
difference is clearly negligible while the peak at the boundary of the body is
caused only by the top-hat approximation for the energy density.

As a further check, we plot the Higgs field profiles obtained with the two
numerical methods in Fig. D.4 for ξ = 10, m = 106 kg, and s = 0.75. The
discrepancy inside the body appears only because the scalar field contribution
is neglected in the simplified model. In order to get a quantitative result, we
plot on Fig. D.5 the relative errors between the Higgs field solutions obtained
with the full numerical method and the simplified one for various monopole
solutions. In general, we see that there is a very good agreement between
numerical and approximate solutions only for small compactness.
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Figure D.3: Absolute value of the difference between the standard GR cur-
vature scalar and its value calculated with our numerical algorithm for m =

106 kg, s = 0.75 and ξ = 10.
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Figure D.4: Numerical solutions for the monopole with m = 106 kg, s = 0.75,
and ξ = 10 obtained with the full numerical integration and the simplified
one. The difference between the two solutions becomes apparent only inside
the body and is negligible outside the body.
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Figure D.5: Relative error between the Higgs field solutions obtained with
the full numerical method and the simplified one. Labels refer to Higgs
monopoles listed in Tab. 5.1.



Appendix E

Fab Two: equations of motion
and ghosts conditions

We report in this appendix some of the calculations used in Chap. 6.

E.1 Equations of motion for the Fab Two

In this section, we focus on the non-standard kinetic term of the Fab-Four
Lagrangian,

SJohn =

∫
d4x
√−g φαφβ Gαβ ,

=

∫
d4x
√−g gραgσβ φρφσ

(
Rαβ −

1

2
Rgαβ

)
, (E.1.1)

where we adopted the convention φα = ∇αφ. The variation of SJohn reads,

Eµν ≡
1√−g

δSJohn

δgµν
= φρφσGρσ

δ
√−g
δgµν

+ φρφ
βGαβ

δgρα

δgµν
+ φαφσGαβ

δgσβ

δgµν

+φαφβ
δRαβ
δgµν

− 1

2
φαφα

δR

δgµν
− 1

2
φαφβR

δgαβ
δgµν

,

= −1

2
gµν φ

ρφσ Gρσ + 2φ(µRν)α φ
α

−1

2
Rφµφν +φρφσ

δRρσ
δgµν︸ ︷︷ ︸

(T1)

−1

2
φαφ

α δR

δgµν︸ ︷︷ ︸
(T2)

, (E.1.2)

using Eqs. (1.2.4)–(1.2.5) and adopting the convention on the symmetrization
of indices,

T(µν) ≡
1

2
(Tµν + Tνµ) , (E.1.3)
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for any tensor T. The variation of the Ricci scalar is given by Eq. (1.2.6) while
the one of the Ricci tensor reads,

δRρσ
δgµν

=
1

2

[
gρµgσν�+ gµν∇ρ∇σ − 2 gµ(ρ∇σ∇ν)

]
. (E.1.4)

The term (T1) becomes,

(T1) =
1

2
φµφν�+

1

2
φρφσgµν∇ρ∇σ − φ(µφ

σ∇σ∇ν), (E.1.5)

=
1

2
� (φµφν) +

1

2
gµν ∇σ∇ρ (φρφσ)−∇σ∇(ν

(
φµ)φ

σ
)
, (E.1.6)

by integrating by parts twice the expression and neglecting the boundary
terms. Using the commutation relations between the covariant derivatives,

[∇µ,∇ν ]φ = 0, (E.1.7)

[∇µ,∇ν ]V ρ = RρκµνV
κ, (E.1.8)

for any vector field V, the term (T1) eventually yields,

(T1) = −φµν�φ− φµνσφ
σ

+
1

2
gµν

[
(�φ)

2
+ φρσφρσ + φρ

(
φσρσ + φσσρ

)]
. (E.1.9)

In the same way, the term (T2) becomes,

(T2) = −1

2

[
Rµν (∂φ)

2
+ φαφ

α (gµν�−∇µ∇ν)
]
, (E.1.10)

= −1

2

[
Rµν (∂φ)

2
+ gµν� (φαφ

α)−∇ν∇µ (φαφ
α)
]
, (E.1.11)

= −1

2

[
Rµν (∂φ)

2
+ 2 gµν

(
φ ζ
ρζφ

ρ + φρζφ
ρζ
)

− 2 (φρµνφ
ρ + φρµφ

ρ
ν)
]
. (E.1.12)

By recombining all the terms we finally obtain,

Eµν = −1

2
Rφµφν + 2φ(µRν)α φ

α − 1

2
Gµν (∇φ)

2
+Rµανβφ

αφβ + φρµφ
ρ
ν

−φµν�φ+
gµν
2

[
−φαβφαβ + (�φ)

2 − 2φαφβ Rαβ

]
. (E.1.13)

The Klein-Gordon equation is derived by computing the variation of LJohn

with respect to the scalar field,

∂LJohn

∂φ
= 0, (E.1.14)

∇ρ
∂LJohn

∂φρ
= ∇ρ (2Gρνφν) = 2Gρνφνρ, (E.1.15)

using the second Bianchi identity for the last equality.
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E.2 Cosmological equations

In terms of the reduced variables x(t) = κφ̇, y(t) =
√
κα̇ and z(t) = 1 +

ε
√
κφ(t), the equations of motion for a flat and empty universe derived from

action (6.3.1) are,

6εxy + x2
(
−1 + 9γy2

)
+ 6y2z = 0, (E.2.1)

4x
(
ε+ γ

√
κẋ
)
y + x2

(
1 + 3γy2 + 2γ

√
κẏ
)

+6y2z + 2
√
κ(εẋ+ 2ẏz) = 0, (E.2.2)

3y
(
x− 2εy − 3γxy2

)
+
√
κ
(
ẋ− 3γẋy2 − 3(ε+ 2γxy)ẏ

)
= 0, (E.2.3)

which can be decoupled in the following way,

ẋ =
−3x

[
εx+ 4

(
ε2 + γx2

)
y + 7εγxy2

]
+ 6y(−2x+ εy)z

2κ1/2 (3ε2 + 12εγxy + γx2 (1 + 9γy2) + (2− 6γy2) z)
, (E.2.4)

ẏ =
2εxy

(
1− 15γy2

)
+ x2

[
−1 + 3γy2

(
4− 9γy2

)]
− 6y2

(
2ε2 + z − 3γy2z

)
2κ1/2 [3ε2 + 12εγxy + γx2 (1 + 9γy2) + (2− 6γy2) z]

.

(E.2.5)

The scalar field EoS is given by,

wφ = −x
(
3γx2 + 2z

) N
D
, (E.2.6)

with,

N = 6x
(
γx2 − z

) (
3γx2 + 2z

)2
+ 6
√

3ε3
√
x2 (3ε2 + 3γx2 + 2z)

(
7γx2 + 2z

)
−2
√

3ε
√
x2 (3ε2 + 3γx2 + 2z)

(
33γ2x4 + 16γx2z − 4z2

)
+9ε2

(
15γ2x5 + 4γx3z − 4xz2

)
− 18ε4

(
7γx3 + 2xz

)
, (E.2.7)

D =
[
−3εx+

√
3
√
x2 (3ε2 + 3γx2 + 2z)

]2
×[

18γ3x6 + 30γ2x4z + 24γx2z2 + 8z3

+6
√

3εγx
(
γx2 + 2z

)√
x2 (3ε2 + 3γx2 + 2z) + 3ε2

(
3γ2x4 + 4z2

) ]
.

(E.2.8)

E.3 Stability conditions

We derive the metric perturbations based on Eqs. (23) and (25-27) of
[De Felice12],

QT > 0 ⇒ z +
γx2

2
> 0, (E.3.1)

c2T ≥ 0 ⇒ z − γx2

2
≥ 0, (E.3.2)
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for the tensorial part, and,

QS > 0 ⇒ 3ε2 + 12εγxy + 9γ2x2y2 + 2z + γ
(
x2 − 6y2z

)
> 0, (E.3.3)

for the scalar part of the metric perturbations, while the condition on the
squared speed c2S ≥ 0 leads to,

2x
(
ε+ γ

√
κẋ
) (
γx2 + 2z

) (
εx+ 3γx2y + 2yz

)
+2y

(
γx2

2
+ z

)2 (
εx+ 3γx2y + 2yz

)
+

1

2

(
γx2 − 2z

) (
εx+ 3γx2y + 2yz

)2
−2
√
κ

(
γx2

2
+ z

)2 [
ε

(
ẋ+

2xy√
κ

)
+ 3γx(2ẋy + xẏ) + 2ẏz

]
≥ 0. (E.3.4)

E.4 Spherically symmetric equations of motion

We derive the equations of motion for the action (6.3.1) in the vacuum for
a spherically symmetric and static field configuration, assuming the metric
ansatz (6.3.9),

0 =
(

2ϕ′2Br2B′′ + 4ϕ′B2rϕ′′ + 4ϕ′Br2ϕ′′B′ − 5ϕ′2B′2r2 + 2ϕ′2B2
)
γκ2

−
(

4B3ϕB′′r2 + 2B3B′r2ϕ′ + 4B4ϕ′r + 8B3ϕB′r + 2B4r2ϕ′′

− 2B2ϕB′2r2
)
εκ1/2 − 8B3rB′ − 4B3r2B′′ + 2B2r2B′2 − ϕ′2κ2B4r2,

0 =
(

4ϕ′2B′ArB + 2ϕ′2B2A− 3ϕ′2B′2Ar2 + 4ϕ′Br2ϕ′′AB′ + 8ϕ′2B2rA′

+ 2ϕ′2B′A′Br2 + 2ϕ′2A′′r2B2 + 4ϕ′B2rϕ′′A+ 4ϕ′A′r2ϕ′′B2

+ 2ϕ′2ABr2B′′
)
γκ2 −

(
4B3AB′r2ϕ′ − 2B2AϕB′2r2 + 8B4Aϕ′r

+ 8ϕrA′B4 + 8B3AϕB′r + 4B3AϕB′′r2 + 4ϕB′A′r2B3 + 6A′r2ϕ′B4

+ 4ϕA′′r2B4 + 4B4Ar2ϕ′′
)
εκ1/2 − 4B3Ar2B′′ − 4r2A′′B4 − 8rA′B4

− 8B3ArB′ − 4A′r2B′B3 + 2B2Ar2B′2 − ϕ′2κ2B4Ar2,
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0 =
(

4ϕ′A′B3 + 4ϕ′AB′B2 + 4ϕ′B′Ar2B′′B + 4ϕ′B′′A′r2B2

+ 4ϕ′′rA′B3 + 4ϕ′rA′′B3 + 4ϕ′′B′A′r2B2 + 8ϕ′B′A′rB2 + 4ϕ′B′′ArB2

+ 4ϕ′′B′ArB2 − 4ϕ′B′2ArB − 6ϕ′B′2A′r2B − 6ϕ′B′3Ar2

+ 4ϕ′B′A′′r2B2 + 2ϕ′′B′2Ar2B
)
γκ−

(
8B′ArB4 + 4B5rA′

+ 4r2AB′′B4 + 2B′A′r2B4 + 2B5r2A′′ − 2B′2Ar2B3
)
εκ−1/2

+ 2A′r2ϕ′B5 + 2B5r2ϕ′′A+ 4ϕ′B5Ar + 2B′r2ϕ′AB4,

0 =
(

2ϕ′2A′B2 + 2rϕ′2A′′B2 − 6ϕ′2B′2Ar + 4ϕ′Aϕ′′B2 − 2ϕ′2B′AB

− 4ϕ′2A′B′rB + 4ϕ′rB′Aϕ′′B + 4rϕ′A′ϕ′′B2 + 2ϕ′2rB′′AB
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γκ2
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+ 4B4ϕA′ + 4B4ϕ′A+ 4ϕB′′ArB3
)
εκ1/2 + 4rB′2AB2 − 4rAB′′B3

− 4B′AB3 − 4B4A′ − 4B4A′′r − 2B4ϕ′2Arκ2.
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[Füzfa02] FÜZFA, A., GERARD, J.M., and LAMBERT, D. The
Lemaitre-Schwarzschild problem revisited. Gen. Rel.
Grav. 34:1411–1422 (2002).
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2014).

[Govaerts08] GOVAERTS, J. Lecture notes on Quantum Field Theory II
(2008).

[Graham15] GRAHAM, P.W., KAPLAN, D.E., and RAJENDRAN, S.
Cosmological Relaxation of the Electroweak Scale. Phys.
Rev. Lett. 115(22):221801 (2015).

[Greenwood13] GREENWOOD, R.N., KAISER, D.I., and SFAKIANAKIS,
E.I. Multifield Dynamics of Higgs Inflation. Phys. Rev.
D87:064021 (2013).

[Gubser04] GUBSER, S.S. and KHOURY, J. Scalar self-interactions
loosen constraints from fifth force searches. Phys.Rev.
D70:104001 (2004).

[Guth81] GUTH, A.H. Inflationary universe: A possible solution to
the horizon and flatness problems. Phys. Rev. D 23:347–
356 (1981).

[Hamber05] HAMBER, H.W. and WILLIAMS, R.M. Nonlocal effective
gravitational field equations and the running of Newton’s
G. Phys. Rev. D72:044026 (2005).

[Hamilton15] HAMILTON, P., JAFFE, M., HASLINGER, P., et al. Atom-
interferometry constraints on dark energy. Science
349:849–851 (2015).



BIBLIOGRAPHY 233

[Harber05] HARBER, D.M., OBRECHT, J.M., MCGUIRK, J.M., et al.
Measurement of the casimir-polder force through center-
of-mass oscillations of a bose-einstein condensate. Phys.
Rev. A 72:033610 (2005).

[Hawking73] HAWKING, S. and ELLIS, G. The Large Scale Structure of
Space-Time. Cambridge University Press (1973).
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