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Abstract: Because of the temporal incoherence of sunlight, solar cells
efficiency should depend on the degree of coherence of the incident light.
However, numerical computation methods, which are used to optimize
these devices, fundamentally consider fully coherent light. Hereafter, we
show that the incoherent efficiency of solar cells can be easily analytically
calculated. The incoherent efficiency is simply derived from the coherent
one thanks to a convolution product with a function characterizing the inco-
herent light. Our approach is neither heuristic nor empiric but is deduced
from first-principle, i.e. Maxwell’s equations. Usually, in order to reproduce
the incoherent behavior, statistical methods requiring a high number of
numerical simulations are used. With our method, such approaches are not
required. Our results are compared with those from previous works and
good agreement is found.

© 2013 Optical Society of America

OCIS codes:(040.5350) Photovoltaic; (030.1640) Coherence; (050.1755) Computational elec-
tromagnetic methods; (300.6170) Spectra.
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1. Introduction

Improvement of solar cell technology as well as cost reduction is an increasingly challenging
topic in the quest of renewable energy sources. One of the strategy currently followed to reduce
the fabrication cost is the use of ultrathin active layers. This approach could help reducing the
cost of photovoltaic technologies since a smaller quantity of material is used [1,2]. However, re-
ducing the thickness brings new problems. The fact that the film thickness could be much lower
than the absorption length leads to a significant reduction of the absorption. Ultrathin technolo-
gies need solutions to keep solar light absorption high. One already well-known solution is the
use of front-side or/and back-side surface texturing to help coupling incident light into the ac-
tive layer via light trapping techniques [3–6] . The optimization of light-trapping structures (see
Fig. 1(a)) in solar cell is still of high interest [7,8]. In this approach, numerical computations are
needed to investigate how electromagnetic field propagates in those devices. Usually, numerical
methods used for calculating the absorption inside a solar cell (Finite-Difference Time-domain
Method (FDTD) [9,10], Rigorous Coupled Wave Analysis (RCWA) [11–14], ...) basically con-
sider the cell response under coherent incident light. Unfortunately, it is known that the absorp-
tion of an optical device depends on the coherent or incoherent nature of the light. Coherent
light leads to oscillations (such as Fabry-Perot) in the absorption spectrum. Incoherent light in-
stead, leads to the disappearance of these oscillations due to destructive-interference effects: a
fact that is well known from anyone performing measurements in solar cells. Therefore, the cal-
culated absorption spectrum of the active layer is strongly affected by the choice of the incident
source (coherent or not). Since the absorption spectrum is used to determine the photocurrent
and the efficiency of solar cells [8, 15, 16], it should be recommended to use only incoherent
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absorption spectrum. Solar light is indeed a strongly incoherent light source: incoming waves
from the sun have a finite coherence time (finite spectral width). The photocurrentJ supplied
by the solar cell is given by:

J =
e
hc

∫
A(λ )SG(λ )λdλ (1)

whereA(λ ) is the absorption spectrum andSG(λ ) the global power spectral density of the sun.
In most studies, the absorption spectrumA(λ ) is computed from numerical codes which prop-
agate the electromagnetic field. Nevertheless, such computedA(λ ) is calculated from coherent
fields and then we writeA(λ ) = Acoh(λ ). This quantity does not correspond to the required
effective incoherent absorptionAincoh(λ ) experienced by the solar cell. In order to theoretically
predict the performance of a solar cell, it is therefore very important to improve numerical
methods and to take incoherent incident light into account, i.e. to useA(λ ) = Aincoh(λ ) in Eq.
(1).

It must be noted that, as far as the propagation of the electric field of incident optical radi-
ation is concerned, a solar cell, whatever the complexity of its structure is, behaves as a linear
system (thanks to Maxwell equations), which is fully characterized by its scattering matrix (see
Appendix A). However, as soon as energy fluxes need to be calculated, linearity does not stand
anymore since the intensity (Poynting vector flux) is proportional to the electric field squared,
i.e. I ∝ E ·E∗ = |E|2. The way the square modulus of the fields enters into the calculation of
the absorption (reflectance, transmittance) of the system is far from being trivial (see, for exam-
ple, the case of RCWA method, in Appendix B). In any case, there exists no transfer function
relating linearly the solar cell absorption to the incident Poynting vector flux. The fact that
the relevant quantities (absorbed flux, photocurrent,...) do not obey the superposition principle
(sinceI ∝ |E|2) prevents us from applying common principles of the linear response theory [17].
In particular, the incoherent response cannot be treated in the same way as the coherent one, a
fact that is known for long time in optics [18], at least for simple cases, such as thin films.

In order to overcome this limitation, numerical solutions have been proposed for modeling
incoherent processes [19–27]. Basically, light propagation is computed many times for various
incident waves, and the final result relies on a global numerical statistical analysis. Many recipes
and algorithms have been proposed to achieve this task. Nevertheless, in the present article,
we show that it is not necessary to upgrade numerical codes or to perform time consuming
statistical analysis in order to deal with incoherent light. Indeed, the efficiency of solar cells
under incoherent light illumination can be analytically calculated from the coherent response
computed with usual numerical codes, as explained hereafter. Results obtained with our method
are compared with those from previous studies.

2. Incoherent absorption

When the active domain of a solar cell is illuminated by a coherent monochromatic light, a
steady state is reached in which the intensity of the electromagnetic field|E(ω , r)|2 exhibits a
typical stationary pattern. The absorption coefficientAcoh(ω) is then given by [18]:

Acoh(ω) =−ε0ω
2Pin

∫

V
ε ′′(ω , r) |E(ω , r)|2d3r (2)

whereε ′′(ω , r) is the imaginary part of the permittivity of the active medium of the solar cell
andPin is the power of the incident light.V is the volume of the active domain. By contrast,
if the light is incoherent, the incident electromagnetic field exhibits a time-dependent fluctuat-
ing behaviour with a characteristic timeτc, defined as the coherence time of the incident light.
Therefore, light inside the active volume cannot exhibit the same constructive interference pat-
tern as in the fully coherent case: incoherence affects the way the light propagates. In addition,
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Fig. 1. (a) Sketch of a light trapping diffracting structure (ZI < z< ZII I ) with many diffrac-
tion orders. DomainsI and III are respectively the incident and emergence media. (b)
Model of field amplitudeFin(t) for the incoherent monochromatic incident light.m(t) is
the corresponding modulation which characterizes the random phase switching at different
timesτi . τc is the coherence time, equal to the average value< τi >.

a specific medium mainly interacts with light through electronic and ionic motions of its com-
ponents. As a consequence, the response of a medium to an incident electromagnetic wave is
not instantaneous and occurs with a given response timeT related to dielectric relaxation time
and/or to charge carrier generation and recombination. Ifτc ≪ T, then the medium undergoes
many different field intensity patterns during the characteristic timeT. As a result, the absorp-
tion and the generated photocurrent both fluctuate in time. The effective incoherent absorption
Aincoh(ω) (and the photocurrent) is the time averaged value during a typical time aboutT (see
appendix A).

It is important to point out that the incoherent absorptionAincoh(ω) is physically different
from the coherent oneAcoh(ω). Indeed,Acoh(ω) can be considered as an intrinsic property of
the solar cell which only depends on its geometry and on its constitutive materials. By contrast,
Aincoh(ω) reflects the effective measured response of the solar cell while it interacts with its
environment, i.e. for instance when the photocurrent is produced and flows in a closed electrical
circuit.

In a numerical computation approach, the absorption coefficientA can be obtained from at
least two ways. In FDTD for instance, Eq. (2) can be used as such, since maps of the electro-
magnetic field are directly computed. In RCWA, reflectionRand transmissionT are calculated
andA is deduced fromA= 1−R−T. In the following, we consider a RCWA formalism of the
light propagation (see appendix B), and we use it to determine the effective incoherent absorp-
tion Aincoh(ω) (see Appendix A). The main results of Appendix A are summarized hereafter.

Let us consider an incoherent radiation spectrum, the solar spectrum for instance. Such a
spectrum can be considered as constituted by an infinite set of incoherent quasi-monochromatic
spectral lines, each line being expressed by the temporal signal:

|Fin(t)〉= m(t)e−iωct
∣∣∣F(0)

in

〉
. (3)

The bracket notation denotes the fact that|Fin(t)〉 is a supervector which contains the time-
dependent complex Fourier components related to each diffraction orders (see Appendix B).∣∣∣F (0)

in

〉
describes the incident wave amplitudes, assumed to be non zero only for the zeroth

diffraction order (see Fig. 1(a) and Appendix B).ωc is the angular frequency. The function
m(t) is a modulation which ensures the incoherent behaviour of the spectral line.m(t) is a
stochastic function which has an average time fluctuation equal to the coherence timeτc. As an
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illustration, a simple but non-restrictive modulation is shown in Fig. 1(b). The autocorrelation
function of a random process has a spectral representation given by the power spectrum of that
process (Wiener Kinchine’s theorem) [17]. The functionm(t) can therefore be characterized by
its spectral density:

D(ω) = |m(ω)|2 (4)

with m(ω) =
∫

m(t)eiωtdt. We then introduce the normalized incoherence functionI(ω),

I(ω) =
D(ω)∫

D(ω)dω
(5)

which characterizes the incoherence of incident light. Assuming thatm(t) describes a random
process which follows a Gaussian distribution, the incoherent source illuminating the device
is characterized by a Gaussian spectral densityD(ω). As a result, the incoherence function is
simply written as:

I(ω) = τc

√
ln2
π3 e−

ln2
π2 τ2

c ω2
(6)

with a Full Width at Half Maximum∆ω = 2π/τc. Though the coherence time is estimated
from the solar spectrum, it must be noted thatD(ω) is not a model of the solar spectrum.
D(ω) simply describes the stochastic behaviour of each spectral line composing the whole
solar spectrum itself.

It can then be shown (see Appendix A) that the incoherent absorptionAincoh(ω) results from
the convolution product, noted⋆, between the coherent absorptionAcoh(ω) and the incoherence
functionI(ω):

Aincoh(ω) = I(ω)⋆Acoh(ω). (7)

This extremely simple formula is easy to use in practice. But its demonstration is not obvi-
ous and is therefore detailed in Appendix A. Eq. (7) can also be used to compute incoherent
reflection and transmission spectra from their coherent counterparts (see appendix A).

3. Numerical Application

In order to illustrate the usefulness of the convolution formula, i.e. Eq. (7), we use it for the
calculation of the incoherent absorption of a 500 nm-thick crystalline silicon (c-Si) slab either
planar (see Fig. 2(a)) or corrugated (see Fig. 2(b)).

The first step is the numerical calculation of the coherent absorption using the RCWA method
(see Fig. 2, red lines). In the RCWA simulations, we use unpolarized light at normal incidence,
where the(x,z) plane is the plane of incidence (polar and azimuthal angles equal to 0) (see Fig.
1(a)). The permittivities of materials are taken from the literature [28]. The second step is the
convolution of the coherent absorption spectrum with the incoherence functionI(ω). This step
leads to the incoherent absorption spectra.

The first step is the longest one. For example, using 225 orders of diffraction (15 plane
waves along thex direction and 15 plane waves along they direction), it takes a few hours. The
second step is very fast. It takes only a few minutes on a personal computer. It is an important
improvement in terms of computational time, in comparison with other computational methods
[19–27]. In these methods, the first step is performed several times for various incident waves,
and the final result relies on a global numerical statistical analysis. Five different coherence
times are considered here (95 fs, 41 fs, 20 fs, 10 fs and 5 fs). These values are chosen according
to the ones used by W. Lee and coworkers in a previous work [26].

In the case of a planar slab, computed spectra are compared with the approximate incoher-
ent absorption spectrum obtained from a standard analytical expression of the absorption using
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Fresnel equations [18], but in which propagation phases are roughly set to zero to mimic in-
coherence (orange curve in Fig. 2(a)). We note that this kind of analytical expression must
be considered carefully in the present case. Indeed, such an expression considers the effect of
incoherence on light propagation only and does not consider the incoherent response of the per-
mittivities of the materials, contrary to our present approach using convolution (see appendix
A). In spite of that, both spectra (orange and black curves in Fig. 2(a)) are quite similar, which
validates our method (in our method, the incoherence limit is approached by takingτc = 5
fs). The weak discrepancies are due to the absence of incoherent permittivity response in the
Fresnel approach.

We also reproduced some results reported in the literature [26]. Two structures were stud-
ied under TM polarization. The first one is a 225 nm-thick film of crystalline silicon (c-Si),
deposited on a 75 nm-thick layer of Gold (Au) on a glass substrate. The second one is a 250
nm-thick c-Si film deposited on a gold grating on a glass substrate. The gold grating has a
height of 50 nm, a period of 400 nm and a fill factor of 0.5. The grating is built on a 50 nm-
thick gold layer. A sketch of both structures can be found in [26]. The results obtained with the
convolution formula are presented in Fig. 3 and can be compared with those shown in figures
2 and 4 in [26]. Some small discrepancies are observed, which are due to the fact that we did
not use the same numerical method (RCWA vs FDTD). However, our results give the same
trends as the results obtained by W. Leeet al. It is therefore possible to account for the light

Fig. 2. Simulation of the absorption spectra of planar and corrugated 500 nm-thick c-Si
slabs. The coherent spectra were obtained using RCWA and the incoherent ones using
our convolution formula, Eq. (7). ”(a) Absorption spectra of the planar slab according to
various coherence times. (b) Absorption spectra of the corrugated slab according to various
coherence times. Inset: corrugated structure ;p= 500 nm,t = 500 nm,h= 300 nm,D =
450 nm,d = 320 nm. The structure follows a super-Gaussian profile withm= 3 (see Ref.
[8]).
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Fig. 3. Comparison between the coherent spectra obtained with the RCWA method (blue
lines) and incoherent spectra with various coherence times, for planar and grating struc-
tures, defined in [26]. (a) Reflectance spectrum of an unpatterned c-Si layer (225 nm) de-
posited on a 75 nm-thick Au film on a glass substrate. (b) Reflectance spectrum of the
whole grating structure.

Table 1. Computed photocurrents related to the corrugated device of Fig. 2(b) for various
coherence times. Photocurrent was integrated over the spectral range: 300 nm - 1200 nm.

τc( f s) jsc(mA/cm2)

coherent 20.69
95 20.70
41 20.75
20 20.81
10 20.93
5 21.16
3 21.14
2.5 21.01

incoherence with a simple method, which does not require long computational times contrary
to other previously reported methods.

Coming back to Fig. 2, the absorption spectra of a three-dimensional corrugated 500 nm-
thick c-Si slab were calculated using the same method as for the planar slab. The corrugation
follows a super-Gaussian profile such as the one defined in [8] (m= 3). The period of the
corrugation is 500 nm and its height is 300 nm. The absorption spectra according to various
coherence times are shown in Fig. 2(b). We notice that the value of the coherence time affects
the absorption spectrum. The highest coherence time (here 95 fs) leads to the strongest oscil-
lations in the spectrum. Physically, these oscillations are due to Fabry-Perot resonances (in the
thin-slab) and to guided mode resonances (enabled by the corrugation). With the decrease of
τc, these oscillations are expected to be smoothened which is actually observed whenτc < 20
fs. This smoothing effect is indeed observed when measuring absorption spectra with an inco-
herent source.

We finally calculated the photocurent of the corrugated slab, according to Eq. (1) (see Table
1). The aim was to quantify the effect of the coherence time on the value of the photocurrent.
The photocurrent fluctuates as the coherence time varies. As expected, the incoherent light
behaviour affects both the absorption spectrum and the photocurrent.
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4. Conclusion

We demonstrated that reflection, transmission, and absorption spectra of a photonic structure
illuminated with incoherent light can be easily calculated. The only input is the knowledge
of their coherent counterparts and of the coherence time of the source (used to determine the
incoherence function). The incoherent response is simply the convolution between a function
accounting for the incoherent source and the coherent response. This result is theoretically
demonstrated from first principle and is confirmed by numerical simulations. In analogy with
signal processing theory, it can be interpreted as the consequence, in the frequency domain, of
the temporal filtering associated with the intrinsic incoherent modulation. The proposed method
allows to significantly simplify the description of incoherent phenomena which are regarded
as key problem in solar cells optimization. The inherent simplicity of our method allows to
minimize the computational time cost and the algorithm complexity. Reflection, transmission,
and absorption spectra, but also the photocurrent, were shown to depend on the coherence time.

A. Appendix: Demonstration of the convolution formula

A.1. Scattering matrix as response function

The following demonstration is based on the formalism of the Rigorous Coupling Wave Analy-
sis (RCWA) [11–14]. This analysis takes into account the periodicity of the device and describes
the permittivity (ε) through Fourier series. The electromagnetic field is then described by Bloch
waves also expanded in Fourier series. In this formalism, the Maxwell’s equations take the form
of a matricial first-order differential equation in thezvariable. Thezaxis is perpendicular to the
plane (x,y) where the permittivity is periodic (Fig. 1(a)). The essence of the method is to solve
this equation but is not the topic of the present article.

Reflected and transmitted field amplitudes are linked to the incident field amplitudes by the
use of the scattering matrix (S) which is calculated by solving Maxwell equations using Fourier
series (see Appendix B). Let us defineFscat as the scattered field andFin as the incident field,
such that the associated supervectors are:

|Fscat〉=




N
+
I II

X
+
I II

N
−
I

X
−
I


 , |Fin〉=




N
+
I

X
+
I

N
−
I II

X
−
I II


 . (A.1)

The subscriptsI andIII denote the incidence and emergence media, respectively. The super-
scripts+ and− denote the positive and negative directions along thezaxis associated with the
field propagation. All the Fourier components related to the reciprocal vectorsg are contained
in the vectorN or X . For each vectorg of the reciprocal lattice,N−

I ,g andX−
I ,g are thes and p

polarization amplitudes of the reflected field, respectively.N+
III ,g andX+

III ,g represent thes and
p polarization amplitudes of the transmitted field. Accordingly,N+

I ,0 andX+
I ,0 define thes and

p polarization amplitudes of the incident field, respectively.Fscat is connected toFin via the
scattering matrix by:

S(ω) |Fin(ω)〉= |Fscat(ω)〉 . (A.2)

The flux J of the Poynting vector through a unit cell areaσ for the incident plane wave in
homogeneous mediumI is given by:

Jin = σ
1
2

ε0c
√

εI cosθ 〈Fin(ω)| Fin(ω)〉 . (A.3)
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For the refracted (X = R) or transmitted (X = T) wave, it is given by

JX = 〈Fscat(ω)|C†
X(ω)CX(ω) |Fscat(ω)〉 , (A.4)

where we define the connection matrices

CT(ω) =




QIII (ω) 0 0 0
0 QIII (ω) 0 0
0 0 0 0
0 0 0 0


 ,CR(ω) =




0 0 0 0
0 0 0 0
0 0 QI (ω) 0
0 0 0 QI (ω)


 , (A.5)

with

QI(III )(ω) =




... 0 0

0
√

σ
2µ0ω Re

{
kI(III ),g,z

}
0

0 0 ...


 . (A.6)

In (A.6), ku,g,z = [(εu(
ω
c )

2− |k//+g|2)]1/2 with k// andω being the wave vector component
parallel to the surface and the pulsation of the incident plane wave, respectively.εu represents
either the permittivity of the incident medium (εI ), or of the emergence medium (εIII ). We now
introduce a convenient notation:

JX = 〈FX(ω)| FX(ω)〉 , (A.7)

where
|FX(ω)〉= SX(ω) |Fin(ω)〉 , (A.8)

with
SX(ω) =CX(ω)S(ω). (A.9)

A.2. R, T, A coefficients for a coherent monochromatic incident wave

Let us first consider a coherent monochromatic incident wave:

|Fin(t)〉=
∣∣∣F (0)

in

〉
e−iωct (A.10)

with an (optical) angular frequencyωc. The response|FX(t)〉 of the device is given by [17]

|FX(t)〉= SX(t)⋆ |Fin(t)〉 (A.11)

where⋆ denotes the convolution product. The response can then be written explicitely as:

|FX(t)〉 =
∫

SX(t − t ′)e−iωct′dt′
∣∣∣F (0)

in

〉

= e−iωctSX(ωc)
∣∣∣F(0)

in

〉
, (A.12)

where
SX(ωc) =

∫
SX(t

′)eiωct′dt′ (A.13)

is the Fourier transform ofSX scattering matrix defined in (A.9). We note thatSX(−ωc) =
S∗X(ωc) sinceSX(t) must be real.

From (A.12), we set

|FX(t)〉=
∣∣∣F (0)

X

〉
e−iωct , (A.14)
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with ∣∣∣F (0)
X

〉
= SX(ωc)

∣∣∣F (0)
in

〉
. (A.15)

We remind here thatX stands either for the reflected (R) or the transmitted (T) wave. Reflec-
tion Rcoh and transmissionTcoh coefficients associated with a coherent process can be obtained
thanks to:

Rcoh(ωc) =
JR

Jin
=

〈
F(0)

R

∣∣∣ F(0)
R

〉

Jin
=

〈
F(0)

in

∣∣∣S†
R(ωc)SR(ωc)

∣∣∣F(0)
in

〉

Jin
, (A.16)

and

Tcoh(ωc) =
JT

Jin
=

〈
F (0)

T

∣∣∣ F (0)
T

〉

Jin
=

〈
F (0)

in

∣∣∣S†
T(ωc)ST(ωc)

∣∣∣F (0)
in

〉

Jin
. (A.17)

The absorptionAcoh is then simply given by the energy conservation law: i.e.Acoh= 1−Rcoh−
Tcoh. The incident Ponyting fluxJin(t), i.e.

Jin(t) = σ
1
2

ε0c
√

εI cosθ 〈Fin(t)| Fin(t)〉

= σ
1
2

ε0c
√

εI cosθ
〈

F(0)
in

∣∣∣ F(0)
in

〉
, (A.18)

turns out to be time independent (see Eq. (B.13) in Appendix B). Therefore, the time-averaged
incident fluxJin is identical toJin(t)

Jin =
1
T

∫ T/2

−T/2
Jin(t)dt = σ

1
2

ε0c
√

εI cosθ
〈

F (0)
in

∣∣∣ F (0)
in

〉
≡ Jin(t). (A.19)

This result is only valid as far as the incident wave is coherent.

A.3. R, T, A coefficients for an incoherent monochromatic incident wave

Let us now consider an incoherent quasi-monochromatic incident wave:

|Fin(t)〉=
∣∣∣F (0)

in

〉
m(t)e−iωct . (A.20)

By quasi monochromatic, we mean that the spectral line has a finite though narrow spectral
width. As explained in the present article, the functionm(t) is a modulation which ensures
the incoherent behaviour. On average,m(t) has a coherence time equal toτc (see Fig. 1(b)).
Thanks to the Wiener-Khinchine theorem, the autocorrelation function of a random process has
a spectral decomposition given by the power spectrum of that process [17]. The functionm(t)
is then equally characterized by its spectral density:

D(ω) = |m(ω)|2 , (A.21)

where
m(ω) =

∫
m(t)eiωtdt (A.22)

is the Fourier transform ofm(t).
The device response is then calculated by the same convolution product as in (A.11):

|FX(t)〉 = SX(t)⋆ |Fin(t)〉 (A.23)

=
∣∣∣F (0)

X (t)
〉

e−iωct
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whereX again stands for the reflected (R) or transmitted (T) wave but now
∣∣∣F (0)

X (t)
〉
=UX(t)

∣∣∣F (0)
in

〉
, (A.24)

with
UX(t) = m(t)⋆SX(t)e

iωct . (A.25)

A.3.1. Effective response approach

Upon incoherent illumination, the device with its structure and combination of various ma-
terials undergoes a set of many incident wave trains randomly dephased with respect to each
other. These wave trains have the same pulsationωc and an average duration equal to the co-
herence timeτc. The coherence time plays a key role while light propagates since it prevents
constructive interferences from taking place. But it also changes the way matter responds to
light. Indeed, a specific medium mainly interacts with light thanks to electronic and ionic mo-
tions of its components. As a consequence, the response of a medium to an incident electro-
magnetic wave is not instantaneous and occurs according to the dielectric relaxation time. If
the incoherence timeτc is short enough in comparison with the relaxation time, the medium
response is not coherent. In this case, the medium response is not simply given by the value of
the permittivity atω = ωc.

In this way, we must consider that the full response of the medium is a time averaged value
of the response recorded during a typical time aboutTc such thatTc ≫ τc. The timeTc is
the sampling time interval [26] which reflects the non-instantaneity of any measurement pro-
cess. For instance, a spectrophotometric measurement is characterized by such a sampling time.
Likewise, the photocurrent of a solar cell is a measure of the response of the solar cell to the
incident light. In this context, the sampling time corresponds to the recombination/generation
time of charged carriers (carrier lifetime). For instance, in silicon, carrier lifetime ranges from
0.1 ns to 1 ms according to the doping density [29]. These delays are very large compared to
the coherence time of sunlight, which is about 3 fs [30]. Therefore, the conditionTc ≫ τc is
well verified in solar cells.

The flux of the Poynting vector for an incoherent incident lightJX,incoh is given by [26]:

JX,incoh=
1
Tc

∫ Tc

0
JX(t)dt. (A.26)

The integral can be easily expressed according to the Fourier transform ofJX(t), notedJX(ω):

JX,incoh=

∫ ∞

−∞
JX(ω)

(
1

2π
sin(ωTc/2)

ωTc/2

)
dω . (A.27)

We note that

lim
Tc→+∞

Tc

2π
sin(ωTc/2)

ωTc/2
= δ (ω), (A.28)

whereδ is the Dirac distribution. SinceTc ≫ τc, JX(ω) should have a frequency distribution
spreading over∆ω ∼ 1/τc around zero frequency, quite comparable toD(ω), the spectral den-
sity of the random process. We can therefore assume that the angular frequenciesω for which
JX(ω) is significantly different from zero are such thatTc ≫ 1/ω , i.e.Tc →+∞ roughly speak-
ing. We can then fairly consider the following substitution: (1/2π)sin(ωTc/2)/(ωTc/2) →
(1/Tc)δ (ω). As a result, we get:

JX,incoh∼
1
Tc

JX(ω = 0). (A.29)
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A.3.2. Incoherent response

Since, using (A.24), we have († sign denotes the adjoint matrix, i.e. the conjugate transpose
of the matrix)

JX(t) =
〈

F (0)
X (t)

∣∣∣ F (0)
X (t)

〉
=
〈

F (0)
in

∣∣∣U†
X(t)UX(t)

∣∣∣F (0)
in

〉
, (A.30)

we can then deduce from Eqs. (A.25), (A.29) and (A.30):

JX,incoh=
1
Tc

〈
F (0)

in

∣∣∣ IX(ω = 0)
∣∣∣F (0)

in

〉
(A.31)

where

IX(ω) =

∫
U†

X(t)UX(t)e
iωtdt

=
1

2π
U†

X(ω)⋆UX(ω). (A.32)

From (A.25), we deduce thatUX(ω)=m(ω)SX(ω+ωc) andU†
X(ω)=m(ω)St

X(ω−ωc), where
t sign denotes the transpose of the matrix. Then, (A.32) becomes:

IX(ω) =
1

2π
m(ω)S†

X(ω −ωc)⋆m(ω)SX(ω +ωc), (A.33)

from which, by writing explicitly the convolution product, one deduces

IX(ω = 0) =
1

2π

∫ ∞

−∞
m(−ω ′)St

X(−ωc−ω ′)m(ω ′)SX(ω ′+ωc)dω ′. (A.34)

Sincem(−ω ′) = m∗(ω ′) andSt
X(−ωc−ω ′) = S†

X(ω ′+ωc), one obtains:

IX(ω = 0) =
1

2π

∫ ∞

−∞

∣∣m(ωc−ω ′)
∣∣2S†

X(ω
′)SX(ω ′)dω ′. (A.35)

Then, using Eqs. (A.21) and (A.31), we can deduce

JX,incoh=
1

2πTc

∫ ∞

−∞
D(ωc−ω ′)

〈
F(0)

in

∣∣∣S†
X(ω

′)SX(ω ′)
∣∣∣F (0)

in

〉
dω ′. (A.36)

A.3.3. Incident flux

Let us estimate the flux of the incident incoherent waveJin,incoh. For a non dispersive incident
medium, we get:

Jin,incoh(t) = σ
1
2

ε0c
√

εI cosθ 〈Fin(t)| Fin(t)〉 (A.37)

= σ
1
2

ε0c
√

εI cosθ |m(t)|2
〈

F(0)
in

∣∣∣ F(0)
in

〉
.

Following the same argument as in section A.3.1, at a given angular frequencyωc, we assume
that the effective flux impinging on the deviceJin,incoh is given by the time average:

Jin,incoh =
1
Tc

∫ Tc

0
Jin,incoh(t)dt

= Jin
1
Tc

∫ Tc

0
|m(t)|2dt (A.38)
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whereJin is the incident flux for the coherent wave, see Eq. (A.19). Using the same calculation
as in section A.3.1 for estimating the time average, one deduces:

1
Tc

∫ Tc

0
|m(t)|2 dt =

1
Tc

1
2π

m∗(ω)⋆m(ω)|ω=0

=
1

2πTc

∫ ∞

−∞
D(ω)dω . (A.39)

As a consequence, one gets:

Jin,incoh= Jin
1

2πTc

∫ ∞

−∞
D(ω)dω . (A.40)

A.3.4. R, T, A coefficients

ReflectionR(ωc) and transmissionT(ωc) coefficients can always be written as the ratio of
a scattered flux to the incident flux, i.e.Xincoh(ωc) = JX,incoh/Jin,incoh. Then, from (A.36) and
(A.40), we can deduce

Xincoh(ωc) =
1∫ ∞

−∞ D(ω)dω

∫
D(ωc−ω ′)

〈
F (0)

in

∣∣∣S†
X(ω ′)SX(ω ′)

∣∣∣F (0)
in

〉

Jin
dω ′, (A.41)

sinceJin does not depend onω . For the coherent case, we showed previously (A.16-A.17) that

Xcoh(ω ′) =

〈
F(0)

in

∣∣∣S†
X(ω ′)SX(ω ′)

∣∣∣F (0)
in

〉

Jin
. (A.42)

Therefore, the incoherent response can be expressed as a function of the coherent one:

Xincoh(ωc) =

∫ ∞

−∞
I(ωc−ω ′)Xcoh(ω ′)dω ′

= I(ωc)⋆Xcoh(ωc) (A.43)

where

I(ω) =
D(ω)∫ ∞

−∞ D(ω)dω
(A.44)

is the normalized spectral density ofm(t). As the quantityX stands forR andT (reflection and
transmission coefficients) and since the absorptionA is defined byA= 1−R−T, we can deduce
the main result of our first principle calculation, i.e. Eq. (7), that is the absorptionAincoh(ω) re-
sulting from an incoherent scattering process can be related to the same quantity resulting from
a coherent scattering process, i.e.Acoh(ω). The two quantities are related through a convolution
product which involves the normalized spectral density ofm(t), i.e. the incoherence function.

B. Appendix: Coupled waves analysis (RCWA) formalism

The reader will find more details about the present approach in references [12–14]. We con-
sider as an example a planar dielectric layer with a bidimensional periodic array described by
the dielectric function:

ε(ρ ,ω) = ∑
g

εg(ω)eig·ρ . (B.1)

#187093 - $15.00 USD Received 14 Mar 2013; revised 8 May 2013; accepted 9 May 2013; published 23 May 2013
(C) 2013 OSA 1 July 2013 | Vol. 21,  No. S4 | DOI:10.1364/OE.21.00A616 | OPTICS EXPRESS  A628



In the layer, the dielectric function does not depend on the normal coordinatez, which is used
to define the layer thickness, i.e. the layer extends fromz= ZI to z= ZIII (Fig. 1(a)). One sets
ρ = x1a1+ x2a2, according to the unit cell basis (a1, a2). In such a system, Bloch’s theorem
leads to the following electromagnetic field expression in the layer [12–14]:

[
E
H

]
= ∑

g

[
Eg(z)
Hg(z)

]
ei(k+g)·ρe−iωt . (B.2)

It can then be easily shown that Maxwell equations can be recasted in the form of a first-order
differential equation system [12–14],

d
dz

[
E//(z)
H//(z)

]
=

[
0 A
Ã 0

][
E//(z)
H//(z)

]
, (B.3)

whereE// andH// are the electric and magnetic field components parallel to the layer surface.
In the layer, one can then write [12–14]:

[
E//(zI )
H//(zI )

]
= exp

{[
0 A
Ã 0

]
(zI − zIII )

}[
E//(zIII )
H//(zIII )

]
. (B.4)

Let us define the following unit vectors [12–14]:

µI ,g =
kI ,g,z√

εI
ω
c

k +g
|k +g| , (B.5)

ηg =
k +g
|k +g| ×ez, (B.6)

χ±
I ,g =∓µI ,g+

|k +g|√
εI

ω
c

ez. (B.7)

One can then expand the electric and magnetic fields (parallel components) in Fourier series
[12–14]:

EI (ρ ,z) = ∑
g
[N+

I ,gηgeikI ,g,z(z−zI )

+N−
I ,gηge−ikI ,g,z(z−zI )

+X+
I ,gχ+

I ,geikI ,g,z(z−zI ) (B.8)

+X−
I ,gχ−

I ,ge−ikI ,g,z(z−zI )]ei(k+g)·ρ

and

HI (ρ ,z) =

√
εI

cµ0
∑
g
[−N+

I ,gχ+
I ,geikI ,g,z(z−zI )

−N−
I ,gχ−

I ,ge−ikI ,g,z(z−zI )

+X+
I ,gηgeikI ,g,z(z−zI ) (B.9)

+X−
I ,gηge−ikI ,g,z(z−zI )]ei(k+g)·ρ .

The subscriptsI and III stand for the incident medium and emergence medium respectively,
and the superscripts+ and− denote the positive and negative direction along thez axis for
backward (+) and forward (−) field propagation. For each vectorg of the reciprocal lattice,N−

I ,g
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andX−
I ,g are thes and p polarization amplitudes of the reflected field, respectively, andN+

III ,g

andX+
III ,g , those of the transmitted field. Similarly,N+

I ,0 andX+
I ,0 define thesandp polarization

amplitudes of the incident field, respectively.
We can then define a transfer matrixT [12–14]:




N
+
I

X
+
I

N
−
I

X
−
I


=

[
T++ T+−

T−+ T−−

]



N
+
I II

X
+
I II

N
−
I II

X
−
I II


 . (B.10)

Alternatively, we can express the scattered field against the incident field and we define a scat-
tering matrixS [12–14]:




N
+
I II

X
+
I II

N
−
I

X
−
I


=

[
S++ S+−

S−+ S−−

]



N
+
I

X
+
I

N
−
I II

X
−
I II


 . (B.11)

The flux of the Poynting vector through the unit cell is [12–14]:

J =

∫

σ

1
2

Re(
−→
E ×−→

H ∗) ·−→e zdS. (B.12)

We get then [12–14]:

J+I =
σ

2µ0ω ∑
g

kI ,g,z

[∣∣∣N+
I ,g

∣∣∣
2
+
∣∣∣X+

I ,g

∣∣∣
2
]

Θ(εI (ω)
ω2

c2 −|k +g|2) (B.13)

for the incident flux in mediumI ,

J+III =
σ

2µ0ω ∑
g

kII I ,g,z

[∣∣∣N+
III ,g

∣∣∣
2
+
∣∣∣X+

III ,g

∣∣∣
2
]

Θ(εIII (ω)
ω2

c2 −|k +g|2) (B.14)

for the transmitted flux in mediumIII , and

J−I =− σ
2µ0ω ∑

g
kI ,g,z

[∣∣∣N−
I ,g

∣∣∣
2
+
∣∣∣X−

I ,g

∣∣∣
2
]

Θ(εI (ω)
ω2

c2 −|k +g|2) (B.15)

for the reflected flux in mediumI . In (B.13-B.15),Θ(x) is the Heaviside function: i.e.Θ(x) = 1
if x> 0 andΘ(x) = 0 otherwise.
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