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Abstract

The concept of asymptotic stability is studied for a class of infinite-dimensional semilinear Banach state space (distributed parameter)
systems. Asymptotic stability criteria are established, which are based on the concept of strictly m-dissipative operator. These theoretical results
are applied to a nonisothermal plug flow tubular reactor model, which is described by semilinear partial differential equations, derived from
mass and energy balances. In particular it is shown that, under suitable conditions on the model parameters, some equilibrium profiles are
asymptotically stable equilibriums of such model.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Stability is one of the most important aspects of system the-
ory. The fundamental theory of stability, established by Lya-
punov, is extensively developed for finite-dimensional systems.
Many results on the asymptotic behavior of nonlinear infinite-
dimensional systems are known, for which the dissipativity
property plays an important role, see e.g. [10,12,6,18,17]. Here
we are interested in the asymptotic stability of a class of infinite-
dimensional semi-linear systems which contains tubular reactor
models.

Tubular reactors cover a large class of processes in chemical
and biochemical engineering (see e.g. [13]). They are typically
reactors in which the medium is not homogeneous (like fixed-
bed reactors, packed-bed reactors, fluidized-bed reactors,…)
and possibly involve different phases (liquid/solid/gas). Such
systems are sometimes called “Diffusion–convection–reaction”
systems since their dynamical model typically includes these
three terms. In particular the dynamics of nonisothermal axial
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dispersion or plug flow tubular reactors are described by semi-
linear partial differential equations (PDEs) derived from mass
and energy balances.

The objective of this paper is basically twofold. The first goal
is to develop a theory concerning the asymptotic stability of
semilinear distributed parameter systems. The second goal is to
apply this theory to a nonisothermal plug flow reactor model.

More specifically, this paper is dedicated to the asymptotic
stability of a class of semilinear infinite-dimensional Banach
state space (distributed parameter) systems. This theory is ap-
plied to a nonisothermal plug flow tubular reactor model, which
is described by semilinear partial differential equations con-
taining nonlinear terms which stem from the Arrhenius law. In
particular it is shown that, under suitable conditions on the sys-
tem parameters, some equilibrium profiles are asymptotically
stable equilibriums of such model. Roughly speaking the main
stability condition is that a Lipschitz constant of the nonlinear
part of the model is sufficiently small with respect to the decay
rate of the (exponentially stable) semigroup generated by the
linear part of the model. This stability condition is illustrated
by means of some numerical experiments.

In order to make this paper as readable as possible, in partic-
ular for non-experts in infinite-dimensional systems, we have
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written it with sufficient details especially concerning the basic
concepts and results of infinite-dimensional system theory.

The paper is organized as follows. Section 2 contains some
properties concerning nonlinear contraction semigroup theory.
Notably an asymptotic stability criterion in Banach space is
stated, which is based on the concept of strictly m-dissipative
operator. In Section 3, asymptotic stability criteria are estab-
lished for a class of semilinear infinite-dimensional systems
by applying the result stated in the previous section. Section 4
deals with an infinite-dimensional state space description of a
nonisothermal plug flow reactor model. Section 5 is devoted to
the asymptotic stability analysis of this model.

2. Asymptotic stability in Banach space

In order to study the asymptotic stability of semilinear
infinite-dimensional systems, some preliminary concepts and
results are needed, that are related to the theory of nonlinear
abstract differential equations on Banach spaces. More specif-
ically this section is devoted to some properties of nonlinear
contraction semigroup theory [6,16,19,5,17] and to a paramount
known result related to LaSalle’s invariance principle: see
Theorem 5. In addition the concept of strict m-dissipativity is
introduced, which leads to the stability Theorem 6.

Let us consider a real reflexive Banach space X equipped
with the norm ‖ · ‖. Let D be a nonempty closed subset of X.

Definition 1. A (strongly continuous) nonlinear contraction
semigroup on D is a family of operators �(t) : D → D, t �0,
satisfying:

(i) �(t + s) = �(t)�(s) for every s, t �0; �(0) = I .
(ii) ‖�(t)x − �(t)x′‖�‖x − x′‖ for every t �0 and every

x, x′ ∈ D.
(iii) For every x ∈ D, �(t)x → x as t → 0+.

The infinitesimal generator A� of the nonlinear contraction
semigroup �(t) (on D) is defined on its domain

D(A�) =
{
x ∈ D : lim

t→0+ t−1[�(t)x − x] exists

}

by

A�x = lim
t→0+ t−1[�(t)x − x], for every x ∈ D(A�).

Definition 2. Let A be an operator with domain D(A).
(i) A is said to be dissipative if, for all x, x′ ∈ D(A) and

for all � > 0,

‖x − x′‖�‖(x − x′) − �(Ax − Ax′)‖,

or equivalently, for all x, x′ ∈ D(A), there exists a bounded
linear functional f on X such that f (x −x′)=‖x −x′‖2 =‖f ‖2

and f (Ax − Ax′)�0.
In additionA is said to be strictly dissipative if the conditions

above hold with strict inequalities, for all x, x′ ∈ D(A) such
that x �= x′.

(ii) A is said to be (strictly) m-dissipative if it is (strictly)
dissipative and R(I −A)=X, where R(T ) denotes the range
of an operator T.

Comment 3. (a) By [17, p. 99], if A is a dissipative operator,
then for all � > 0, (I−�A)−1 is well-defined and non-expansive
on R(I − �A), i.e. for all y, y′ ∈ R(I − �A),

‖(I − �A)−1y − (I − �A)−1y′‖�‖y − y′‖.

(b) By [17, Proposition 2.109, p. 100; Corollary 2.120, pp.
106–107], if A is a m-dissipative operator, then A is the gen-
erator of a unique nonlinear contraction semigroup �(t) on
D := D(A). Hence for any x0 ∈ D, the corresponding state
trajectory t �→ x(t, x0) := �(t)x0 ∈ D exists on (0, ∞) and is
differentiable almost everywhere whenever x0 ∈ D(A) such
that (d/dt)�(t)x0 = A�(t)x0 for almost all t in (0, ∞) (see
e.g. [17, Proposition. 2.98(iii), p. 93]). In other words, for any
x0 ∈ D(A), x(t, x0) := �(t)x0 is the unique solution of the
following nonlinear abstract Cauchy problem:
{

ẋ(t) = Ax(t), t > 0,

x(0) = x0.
(1)

(c) Assuming that A is dissipative, the conclusions of (b) fol-
low also from a weaker condition than the m-dissipativity one
(see [17, Corollary 2.120]). This condition is given as follows:

conv(D(A)) ⊂
⋂
�>0

R(I − �A), (2)

where conv(S) denotes the closure of the convex hull of the
set S.

Definition 4. Consider the system (1) and assume that A gen-
erates a nonlinear contraction semigroup �(t). Consider an
equilibrium point x of (1), i.e. x ∈ D(A) and Ax = 0. x is an
asymptotically stable equilibrium point of (1) on D if

∀x0 ∈ D, lim
t→∞ x(t, x0) := lim

t→∞ �(t)x0 = x.

In what follows we also need the following important result
(see Theorem 5), which is strongly related to the well-known
Lasalle’s invariance principle, see e.g. [17,12]. In order to state
this result, the following concepts and notations are needed. If
�(t) is a nonlinear semigroup of contractions on D, for any
x0 ∈ D, the orbit �(x0) through x0 is defined by

�(x0) := {�(t)x0 : t �0},
and the �-limit set �(x0) of x0 is the set of all states in D
which are the limits at infinity of converging sequences in the
orbit through x0, i.e. more specifically x ∈ �(x0) if and only
if x ∈ D and there exists a sequence tn → ∞ such that

x = lim
n→∞ �(tn)x0.

Observe that �(x0) is �(t)-invariant, i.e. for all t �0,
�(t)�(x0) ⊂ �(x0). Recall that the distance between a point
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x ∈ X and a subset � ⊂ X is given by

d(x, �) := inf{‖x − y‖ : y ∈ �}.
Theorem 5 below is a slightly modified version of [12, Theorem
3]. The present version can be deduced from [17, Proposition
3.60, Theorems 3.61 and 3.65].

Theorem 5. Consider the system
{

ẋ(t) = A�x(t), t > 0,

x(0) = x0,
(3)

where A� is a dissipative operator such that (2) holds, and let
�(t) be the nonlinear contraction semigroup on D = D(A�),
generated by A�. Assume that x is an equilibrium point of (3)
and (I − �A�)−1 is compact for some � > 0. Then for any
x0 ∈ D, x(t, x0) := �(t)x0 converges, as t → ∞, to �(x0) ⊂
{z : ‖z − x‖ = r}, where r �‖x0 − x‖, i.e.

lim
t→∞ d(x(t, x0), �(x0)) = 0.

It turns out that, under an additional condition, viz. the strict
dissipativity of the state operator A�, the �-limit set reduces
to the point x, obviously leading to the asymptotic stability of
the latter.

Theorem 6. Let us consider the system (3) under the assump-
tions of Theorem 5. If in addition A� is strictly dissipative,
then x(t, x0) → x as t → ∞ i.e. x is an asymptotically stable
equilibrium point of (3) on D.

Proof. Without loss of generality assume that x = 0. Consider
any x0 ∈ D(A�). By the first paragraph of the proof of [12,
Theorem 5, pp. 100, 104], �(x0) ⊂ D(A�). Let us prove that
�(x0) = {0}. Consider any x ∈ �(x0) and recall that �(x0) is
a �(t)-invariant subset of the sphere {z : ‖z‖ = r}. Hence, for
all t �0, �(t)x ∈ �(x0) ⊂ D(A�) and ‖x‖ = ‖�(t)x‖ = r .
Observe that, in view of the inclusion

�(x0) ⊂ {z : ‖z‖ = r},
it is enough to prove that x =0, i.e. that the sphere {z : ‖z‖=r}
reduces to the origin. In order to get a contradiction, assume
that x �= 0. Then,

for almost all t > 0,
d

dt
�(t)x = A��(t)x. (4)

Moreover, for every h < 0 and every bounded linear functional
f such that

f (�(t)x) = ‖�(t)x‖2 = ‖f ‖2 = r2,

there holds

f (�(t + h)x − �(t)x)�f (�(t + h)x) − f (�(t)x)

�‖f ‖‖�(t + h)x‖ − f (�(t)x)

�r‖�(t + h)x‖ − r‖�(t)x‖
�r (‖�(t + h)x‖ − ‖�(t)x‖).

Therefore, one has

d

dt
‖�(t)x‖2 = lim

h→0−
‖�(t + h)x‖2 − ‖�(t)x‖2

h

= lim
h→0−

‖�(t + h)x‖ − ‖�(t)x‖
h

· (‖�(t + h)x‖ + ‖�(t)x‖)
� lim

h→0−
f (�(t + h)x − �(t)x)

rh
· 2r

�2f (A�(t)x).

Using the strict dissipativity of the operator A�, it follows that

d

dt
‖�(t)x‖2 �2f (A��(t)x) < 0 a.e. in (0, ∞). (5)

Therefore, for all t �0, ‖�(t)x‖ < ‖x‖. This contradicts the fact
that ‖�(t)x‖ = ‖x‖ = r . Hence

for all x0 ∈ D(A�), �(x0) = {0}. (6)

Now let us consider any x0 ∈ D (not necessarily in D(A�)).
Let � > 0 be arbitrarily fixed. By the density of D(A�) in D,
there exists y0 ∈ D(A�) such that ‖x0 −y0‖ < �/2. It follows,
by the fact that �(t) is a contraction semigroup, that,

for all t �0, ‖x(t, x0) − x(t, y0)‖ <
�

2
. (7)

Since y0 ∈ D(A�), it follows from (6) that �(y0)={0}, whence
there exists T > 0 such that,

for all t > T , ‖x(t, y0)‖ <
�

2
. (8)

It follows from (7)–(8) that, for all t > T ,

‖x(t, x0)‖�‖x(t, x0) − x(t, y0)‖ + ‖x(t, y0)‖ < �.

Consequently, 0 is an asymptotically stable equilibrium point
of (3) on D. �

Comment 7. In view of its proof, especially inequality (5),
Theorem 6 can also be proved by using LaSalle’s invariance
principle (see e.g. [17, Theorem 3.64, p. 161]) instead of Theo-
rem 5. Indeed, the function V(x) := ‖x‖2 can be shown to be
a Lyapunov function such that the set {x : V̇(x) = 0} reduces
to 0.

3. Asymptotic stability of semilinear systems

Numerous research works are concerned with semilin-
ear evolution equations in Banach spaces and application
to many classes of partial differential equations: see e.g.
[18,20,16,21,19,5,1] and many other references. The idea in
this section is to apply Theorems 5 and 6 to a class of semi-
linear systems by writing the state operator A� in Eq. (3)
as a sum of two operators, one being the generator of an ex-
ponentially stable C0-semigroup of linear operators and the
other being a continuous Lipschitz nonlinear operator. Some
criteria are given which guarantee the (strict) m-dissipativity
of this sum and the compactness of its resolvent operator, and
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therefore the asymptotic stability of the origin: see Theorem 12
and Corollary 13.

For this purpose the following preliminary lemma is needed:

Lemma 8. (i) If N is a Lipschitz operator on D ⊂ X, with
Lipschitz constant lN , then N − lN I is a dissipative operator;
whence for all l > lN , N − lI is a strictly dissipative operator.

(ii) If A1 is a m-dissipative operator and A2 is a Lipschitz
(strictly) dissipative operator on X, then A1+A2 is a (strictly)
m-dissipative operator.

Comment 9. Properties (i) and (ii) are well-known. For (i) see
e.g. [18, Lemma 6.1, p. 245] and for (ii) see e.g. [16, Corollary
3.8.2].

Let us consider the following class of semilinear systems:
{

ẋ(t) = A0x(t) + N0(x(t)),

x(0) = x0 ∈ D(A0) ∩ F,
(9)

where the following assumptions hold:
(A1) the linear operator A0, defined on its domain D(A0),

is the infinitesimal generator of a C0-semigroup of bounded
linear operators S0(t) on a Banach space X such that

‖S0(t)‖�Me�t ,

for all t �0, for some � < 0 and M �1, i.e. the C0-semigroup
S0(t) is exponentially stable (the growth constant of S0(t), de-
noted by �0, is negative).

(A2) there exists a positive constant � such that

(I − �A0)
−1 is compact. (10)

(A3) N0 is a Lipschitz continuous nonlinear operator defined
on a closed subset F of X, with Lipschitz constant l0.

Let us introduce the following notations:

A := A0 + N0 and D := D(A) = D(A0) ∩ F . (11)

First let us assume that the nonlinear operator N0 is defined
everywhere, i.e. F = X (in this case D = X). Before stating a
stability theorem for this class of systems, the following lemmas
are needed.

Lemma 10. Consider a semilinear system described by (9) and
satisfying conditions (A1) and (A3) with M = 1 and F = X.
Assume that −�� l0 (respectively, −� > l0). Then the operator
A is m-dissipative (respectively, strictly m-dissipative).

Proof. The idea is to write the operator A as follows:

A = A0 + l0I + N0 − l0I .

By Lemma 8(i), the fact that N0 is a Lipschitz operator im-
plies that N0 − l0I is a Lipschitz dissipative operator. On the
other hand, since A0 is the generator of a C0-semigroup S0(t)

with ‖S0(t)‖�e�t , the operator A0 + l0I is the generator of a
C0-semigroup Sl(t) such that ‖Sl(t)‖�e(�+l0)t (see e.g. [11,
Theorem 3.2.1, p. 110]). It follows from the fact that −�� l0

that Sl(t) is a contraction semigroup, whence A0 + l0I is m-
dissipative. Consequently by Lemma 8(ii), the operator A is
m-dissipative.

In order to show that the operator A is strictly m-dissipative
when −� > l0, it suffices to write it as A = A0 + lI +
N0 − lI , where −�� l > l0, and to observe that the oper-
ator N0 − lI is strictly dissipative (see Lemma 8(i)) and
A0 + lI is a m-dissipative operator. The conclusion follows by
Lemma 8(ii). �

Lemma 11. Consider a semilinear system given by (9) and
satisfying conditions (A1)–(A3) with M = 1 and F = X, such
that −�� l0. Then the operator (I −�A)−1 is compact, where
� > 0 is a constant such that (10) holds.

Proof. Let � > 0 be such that (10) holds. In order to prove the
compactness of the operator (I − �A)−1, let us consider any
bounded sequence (vn) in X and prove that the sequence (un) :=
(I − �A)−1vn, defined in D, has a converging subsequence.

Observe that vn =un −�Aun and consider a bounded linear
functional f such that f (un) = ‖un‖2 = ‖f ‖2. Then

f (vn) = ‖un‖2 − �f (Aun).

Using the fact that the operator A is dissipative, we have

‖un‖2 �‖un‖2 − �f (Aun) = f (vn)�‖un‖‖vn‖.

It follows that the sequence (un) is bounded. Now consider the
sequence (wn) defined by

wn := (I − �A0)un = (I − �A + �N0)un

= vn + �N0(un).

Since N0 is a Lipschitz operator, it follows from the fact that the
sequence (un) is bounded, that so is the sequence (N0(un))).
Thus, using the boundedness of (vn), one can conclude that
(wn) is bounded; whence, by using the compactness of the
operator (I − �A0)

−1, the sequence (un) = ((I − �A0)
−1wn)

has a converging subsequence. �

The following theorem follows directly from Lemmas 10
and 11, Theorems 5 and 6, and Comment 3(c).

Theorem 12. Consider a semilinear system given by (9) as
in Lemma 11 such that −�� l0. Let �(t) be the nonlinear
contraction semigroup on D, generated by A. Assume that x is
an equilibrium profile of (9). Then for any x0 ∈ D, x(t, x0) :=
�(t)x0 converges, as t → ∞, to �(x0) ⊂ {z : ‖z − x‖ = r},
where r �‖x0 − x‖, i.e.

lim
t→∞ d(x(t, x0), �(x0)) = 0.

If in addition −� > l0, then x(t, x0) → x as t → ∞ i.e. x is
an asymptotically stable equilibrium point of (9) on D.

By using a standard argument, viz. the use of an equivalent
vector norm on X, Theorem 12 can be extended to the gen-
eral case, i.e. M �1. This extension is needed in several appli-
cations, especially for axial dispersion tubular reactor models:
see [14].
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Corollary 13. Consider a semilinear system described by (9)
and satisfying conditions (A1)–(A3), where F =X. Assume that
−� > Ml0. Let �(t) be the nonlinear contraction semigroup
on D, generated by the operator A (recall that the operator
A and the subset D are given by (11)). Assume that x is an
equilibrium profile of (9). Then for any x0 ∈ D,

x(t, x0) := �(t)x0 → x as t → ∞
i.e. x is an asymptotically stable equilibrium point of (9) on D.

Proof. Consider the norm given by

|x| := sup{exp(−�t)‖S0(t)x‖ : t �0}
which is equivalent to the norm ‖ · ‖ (see e.g. [18, p. 277,21,
p. 19]). It follows that the corresponding operator norm of the
C0-semigroup generated by A0 satisfies the condition

|S0(t)|�e�t for all t �0.

In addition N0 is a Lipschitz operator relatively to the
norm ‖ · ‖ with Lipschitz constant l0. Hence N0 is also a
Lipschitz operator with respect to | · |, with Lipschitz con-
stant l′0 = l0M . Moreover, −� > l′0. The conclusion follows by
Theorem 12. �

Comment 14. It is well-known that, for all � ∈ (�0, 0) (where
�0 < 0 denotes the growth constant of the semi-group S0(t)),
there exists a constant M� such that

∀t �0, ‖S0(t)‖�M�e�t .

By the proof of [11, Theorem 2.1.6(e)], there exist a time t�
and a constant M0,� �1 such that

∀t � t�, ‖S0(t)‖�e�t

and

∀t ∈ [0, t�], ‖S0(t)‖�M0,�.

The constants t�, M0,� and M� are given, respectively, by

t� := inf{��0, ‖S0(t)‖�e�t , ∀t ��},
M0,� = sup

t∈[0,t�]
‖S0(t)‖, M� = e−�t�M0,�.

Therefore, the condition −� > Ml0 in Corollary 13 can be
replaced by the weaker condition

l0 < sup
�0<�<0

(−�M−1
� ) := sup

�0<�<0

(−�e�t�

M0,�

)
.

In the previous stability results, viz. Theorem 12 and Corollary
13, it is assumed that N0 is defined everywhere. This condition
is needed in order to guarantee the m-dissipativity of A (see
Lemma 8(ii)). However, observe that, in Theorems 5 and 6,
m-dissipativity can be replaced by the weaker condition (2).
This observation will be crucial in what follows for establishing
the asymptotic stability of the system (9) when the nonlinear
operator N0 is defined on a convex closed subset F ⊂ X. This

extension is needed for the plug flow reactor model treated in
Sections 4 and 5. This point was overlooked in an earlier analy-
sis, leading to erroneous stability conditions for that application
in [3]. First the following technical concept is introduced:

Definition 15. Let A be a dissipative operator. Let X0 be a
subset of X. A is said to be in Q(X0) if D(A) ⊂ X0 and
X0 ⊂ R(I − �A) for all � > 0.

Now we are in a position to state the following important
result, that is useful when the nonlinearity is not defined every-
where:

Theorem 16. Let F be a closed convex subset of X. Consider
a semilinear system given by (9), satisfying conditions (A2)
and (A3), and such that A0 is a closed dissipative operator
whose domain D(A0) is a linear subspace of X. Assume that
A=A0 +N0 is dissipative, the restriction of A0 on D(A0)∩F

is in Q(F) and the condition

lim inf
�→0+ �−1d(F, x + �N0(x)) = 0 for x ∈ D := D(A),

holds. Then A is the generator of a contraction semigroup
�(t). Assume that x is an equilibrium point of (9). Then for
any x0 ∈ D,

lim
t→∞ d(x(t, x0), �(x0)) = 0,

where x(t, x0)=�(t)x0. If in addition A is strictly dissipative,
then �(t)x0 → x as t → ∞, i.e. x is an asymptotically stable
equilibrium point of (9) on D.

Proof. First observe that the compactness of (I − �A)−1 fol-
lows from conditions (A2), (A3) and the dissipativity of A
as in the proof of Lemma 11. In order to apply Theorem 5,
it suffices to prove condition (2). Let us consider the restric-
tion of A0 on D(A0) ∩ F . For the sake of simplicity, we keep
the same notation for this restriction. Using the assumption
that the operator A0 is closed dissipative on D(A0) and the
closedness of F, it is easy to show that A0 is closed dissipa-
tive on D(A0) ∩ F . Also since A0 ∈ Q(F) and D(A0) ∩ F ⊂
F , then by [16, Theorem 3.8.1] (where X0 = F , A = A0 and
B = N0), A = A0 + N0 ∈ Q(F) with D(A) = D(A0) ∩ F .
Hence condition (2) holds since D(A0) ∩ F is convex. Fi-
nally, asymptotic stability follows from Theorem 6 when A is
strictly dissipative. �

In the sequel, the asymptotic stability theory developed above
is applied to a nonisothermal plug flow reactor model: see Sec-
tion 5. First the PDEs model is described together with its di-
mensionless infinite-dimensional state-space description.

4. Nonlinear plug-flow reactor model

4.1. Nonlinear PDE model

The dynamics of tubular reactors are typically described by
nonlinear PDEs derived from mass and energy balances. As a
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case study, for the purpose of illustrating the main theoretical
results derived in Sections 2 and 3, especially Theorem 16, we
consider a nonisothermal plug flow reactor with the following
chemical reaction:

A −→ bB,

where b > 0 denotes the stoichiometric coefficient of the reac-
tion. If the kinetics of the above reaction are characterized by
first order kinetics with respect to the reactant concentration
CA (mol/l) and by an Arrhenius-type dependence with respect
to the temperature T (K), the dynamics of the process in such a
reactor are described by the following energy and mass balance
PDEs, where CB (mol/l) denotes the product concentration:

�T

��
= − v

�T

�	
− �H


Cp

k0CA exp

(
− E

RT

)

− �0(T − Tc), (12)

�CA

��
= −�CA

�	
− k0CA exp

(
− E

RT

)
, (13)

�CB

��
= −v

�CB

�	
+ bk0CA exp

(
− E

RT

)
, (14)

where �0 := 4h(
Cpd)−1 and with the boundary conditions
given, for ��0, by

T (0, �) = Tin, CA(0, �) = CA,in, CB(0, �) = 0. (15)

The initial conditions are assumed to be given, for 0�	�L, by

T (	, 0) = T0(	), CA(	, 0) = CA,0(	), CB(	, 0) = 0. (16)

In the equations above, v, �H, 
, Cp, k0, E, R, h, d, Tc, Tin
and CA,in hold for the superficial fluid velocity, the heat of re-
action, the density, the specific heat, the kinetic constant, the
activation energy, the ideal gas constant, the wall heat transfer
coefficient, the reactor diameter, the coolant temperature, the
inlet temperature, and the inlet reactant concentration, respec-
tively. In addition �, 	 and L denote the time and space inde-
pendent variables, and the length of the reactor, respectively.
Finally, T0 and CA,0 denote the initial temperature and reactant
concentration profiles, respectively, such that T0(0) = Tin and
CA,0(0) = CA,in.

Comment 17. In the particular case T0(	)=Tin and CA,0(	)=
CA,in for all 0�	�L, the existence and the invariance proper-
ties of the state trajectories of such model on [0, ∞) have been
studied in [14] (see also the references therein), by using a di-
mensionless variable equivalent model. We shall also use such
a model here: see notably Section 4.3.

Observe that in Eqs. (12)–(16), the product concentration CB

is known if the reactant concentration CA and the temperature
T are known. Therefore, we will only consider the two first
state components, viz. the reactor temperature and the reactant
concentration. Their dynamics will be described by means of an

infinite dimensional system description derived from an equiv-
alent nonlinear PDE dimensionless model. Such an approach is
standard in tubular reactor analysis (see e.g. [14] and references
therein) and is briefly developed in the following subsection.

4.2. Infinite dimensional system description

Let us consider two new state variables x1(t) and x2(t), t �0,
which are defined via the following state transformation given
by

x1 = T − Tin

Tin
, x2 = CA,in − CA

CA,in
. (17)

Let us consider also dimensionless time t and space z variables
defined as follows:

t = �v

L
, z = 	

L
.

Then we obtain the following equivalent representation of the
model (12)–(13) (without considering the product concentration
dynamics (14)):

�x1

�t
= − �x1

�z
− �(x1 − xc)

+ �(1 − x2) exp

(
�x1

1 + x1

)
, (18)

�x2

�t
= −�x2

�z
+ �(1 − x2) exp

(
�x1

1 + x1

)
, (19)

where xc is the dimensionless coolant temperature

xc = Tc − Tin

Tin

and the dimensionless parameters �, �, , and � are related to
the original parameters as follows:

� = E

RT in
, � = k0L

v
exp(−�), (20)

� = 4hL


Cp dv
,  = − �H


Cp

CA,in

Tin
. (21)

Comment 18. From a physical point of view, one can observe
that for all z ∈ [0, 1], and for all t �0, 0�T (z, t)�Tmax and
0�C(z, t)�CA,in or equivalently

−1�x1(z, t)�x1,max := Tmax − Tin

Tin

and

0�x2(z, t)�1,

where the upper bound Tmax could possibly be equal to ∞. It
turns out that the case Tmax <+∞ is the most interesting one in
the stability analysis (see below). Moreover, this case is phys-
ically feasible: see [13, Theorem 4.1], which shows that under
some physical assumptions, the temperature and the reactant
concentration are bounded.
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The equivalent state space description of the model (18)–(19)
is given by the following semilinear abstract differential equa-
tion on the Banach space H := L2(0, 1) × L2(0, 1) (equipped
with the norm ‖(x1, x2)‖ := max(‖x1‖2, ‖x2‖2), where ‖ · ‖2
denotes the usual norm on the Hilbert space L2(0, 1)):{

ẋ(t) = Ax(t) + N0(x(t)) + B0xc,

x(0) = x0 ∈ D(A) ∩ F,
(22)

where A is the linear (unbounded) operator defined on its do-
main

D(A) :=
{
x ∈ H : x is a.c,

dx

dz
∈ H and x(0) = 0

}
(23)

(where a.c means that the function x is absolutely continuous)
by

Ax :=
⎡
⎣− d

dz
− �I 0

0 − d.

dz

⎤
⎦

[
x1
x2

]
(24)

and the nonlinear operator N is defined on the closed convex
subset

F := {x ∈ H : x1 � − 1 and 0�x2 �1}
(where the inequalities hold almost everywhere on [0, 1]) by

N0(x) :=

⎡
⎢⎢⎣

�(1 − x2) exp

(
�x1

x1 + 1

)

�(1 − x2) exp

(
�x1

x1 + 1

)
⎤
⎥⎥⎦ . (25)

The operator B0 ∈ L(H) is the linear bounded operator defined
by

B0 = �

[
I

0

]
. (26)

5. Plug flow reactor model analysis

5.1. Stability analysis

In this part we are interested in the study of the asymptotic
stability of any equilibrium profile, which is a solution of the
equilibrium ordinary differential equations corresponding to the
plug flow reactor PDEs model (22)–(26).

The local stability of any equilibrium profile with constant
temperature has been studied in [4], where it is shown that the
operator of the linearized system generates an exponentially
stable semigroup. This stability analysis was done in the same
spirit than the one developed e.g. in [7,8], [9, Section 2.2],
for similar hyperbolic PDE models. Here we are interested in
obtaining conditions on the model parameters for the global
stability of such semilinear systems.

In terms of dimensionless variables, let us denote by xe :=
(x1,e, x2,e)

T ∈ H and xc,e ∈ L2(0, 1) any equilibrium profile,
i.e. any solution of the following equations:

Axe + N0(xe) + B0xc,e = 0.

By setting the coolant temperature xc equal to its equilibrium
value along the reactor, i.e. by taking xc := xc,e in Eq. (22), the
plug flow reactor model described by (22)–(26) can be rewritten
as the following abstract differential equation on the Hilbert
space H:{

ẋ(t) = A0x(t) + N0(x(t)),

x(0) = x0 ∈ D(A0) ∩ F,
(27)

where A0 is the affine operator defined on its domain D(A0)=
D(A) by A0 := A + � with � := (�xc,e, 0)T.

In order to apply Theorem 16, the following lemmas will be
useful. The first one is straightforward: see e.g. [23, Theorem
4.1 and Remark 4.1(ii)].

Lemma 19. Consider the operator A given by (23)–(24). The
operator A generates an exponentially stable C0-semigroup
S(t). Moreover,

for all t �0, ‖S(t)‖�1.

Hence A is m-dissipative and A0 is closed dissipative.

Lemma 20. There exists a positive constant � such that the
operator (I − �A0)

−1 is compact.

Proof. Observe that it suffices to show the compactness of
(I − �A)−1. Consider the operator Q� := −(d/dz) − �I de-
fined on the domain D(Q�) = {f ∈ L2(0, 1) : f is absolutely
continuous, df/dz ∈ L2(0, 1) and f (0) = 0}. A straightfor-
ward computation reveals that, for any � > 0 and for any g ∈
L2(0, 1),

((I − �Q�)−1g)(z) = 1

�
exp

(
−

(
1

�
+ �

)
z

)

×
∫ z

0
exp

((
1

�
+ �

)
�

)
g(�) d�.

Using this identity, it can be easily shown that (I − �Q�)−1 is
a Hilbert–Schmidt operator, whence it is compact. The com-
pactness of the operator (I − �A)−1 follows by observing that

(I − �A)−1 = diag[(I − �Q�)−1, (I − �Q0)
−1]. �

Comment 21. Another way to show the compactness of (I −
�Q�)−1 is to prove that the operator Q−1

� (which can be eas-
ily computed) is a Volterra operator and hence it is compact.
Consequently the operator

(I − �Q�)−1 = Q−1
� (Q−1

� − �I )−1

is compact, since the operator (Q−1
� − �I )−1 is bounded.

Lemma 22. The restriction of A on D(A) ∩ F is in Q(F).
Moreover, assume that, for all x ∈ F ,

lim
h→0+ h−1d(F, x + h�) = 0. (28)

Then the restriction of A0 on D(A0) ∩ F is in Q(F).
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Proof. First observe that D(A) ∩ F is dense in F. Indeed, the
latter property follows by the proof of [15, Lemma 4.1] (for
axial dispersion tubular reactors), which can be easily adapted
for the plug flow reactor case. Indeed, that proof is based on
(1) the positivity of eAt , and (2) the eAt -invariance of F (see
[14, proof of Theorem 4.1]).

Now let us prove that F ⊂ R(I − �A) for all � > 0. Let
� > 0, let y ∈ F , then there exists x = (I − �A)−1y ∈ D(A).
Recall that ∀t > 0 eAtF ⊂ F (see [14, p. 10]). One has

(I − �A)−1y = 1

�

(
1

�
− A

)−1

y = 1

�

∫ ∞

0
e−t/�eAty dt .

By straightforward calculation, we can prove that for all ỹ ∈ F ,

1

�

∫ ∞

0
e−t/�ỹ dt ∈ F ,

and in particular ỹ = eAty ∈ F . Then F ⊂ R(I − �A) and
consequently the restriction of A on F ∩ D(A) is in Q(F).
The second assertion follows directly from the first one and
Theorem 3.8.1 in [16]. �

Comment 23. It is easy to see that if xc,e is nonnegative then
condition (28) holds.

Concerning the nonlinear operator, many of its properties
were established in the framework of the trajectory analysis
performed in an earlier work: see [14, Lemmas 3.1 and 3.2].

Lemma 24. The following properties hold:

(i) The operator N0 is a Lipschitz continuous operator on the
subset F.

(ii) For any x ∈ F , the following identity holds:

lim
h→0+

1

h
d(F, x + hN0(x)) = 0.

In order to guarantee the strict dissipativity of the operator
A0 + N0, we need the following condition:

l0 := max(l1, l2) < �, (29)

where l1 and l2 are given by

l1 = ||k0L

v

[
exp

( −E

RT max

)
+ 4RT in

Ee2

]
if

E

2R
�Tmax

= ||k0L

v
exp

( −E

RT max

) [
1 + ET in

RT 2
max

]
if

E

2R
> Tmax

(30)

and

l2 = k0L

v

[
Gm + 4RT in

Ee2

]
if

E

2R
�Tmax

= k0L

v

[
Gm + ET in

RT 2
max

exp

( −E

RT max

)]
if

E

2R
> Tmax,

(31)

where

Gm := max
0�T �Tmax

∣∣∣∣exp

(−E

RT

)
− 4h

k0
Cpd

∣∣∣∣ . (32)

Lemma 25. If condition (29) holds, then the operator A0 +N0
is strictly dissipative.

Proof. First observe that the operator A0 + N0 can be also
written as Av + Nv where the operator Av is defined on its
domain D(Av) = D(A0) by

Avx :=
⎡
⎣− d.

dz
− �I 0

0 − d.

dz
− �I

⎤
⎦ [

x1
x2

]
(33)

and the nonlinear operator Nv is given on the closed subset F
by

Nv(x) =
[
N1(x)

N2(x)

]
:= N0(x) +

[
�xc,e
�x2

]
. (34)

It is easy to see that Av generates a C0-semigroup (eAvt )t �0

such that ‖eAvt‖�e−�t . Now let us prove that Nv is a Lips-
chitz operator. For all x := (x1, x2)

T and x′ := (x′
1, x

′
2)

T in F,

‖Nv(x) − Nv(x
′)‖

= max(‖N1(x) − N1(x
′)‖, ‖N2(x) − N2(x

′)‖).

Hence a Lipschitz constant l0 of the operator Nv is given by
l0 = max(l1, l2) where l1 and l2 are Lipschitz constants of the
operators N1 and N2, respectively.

Observe that, by using the state transformation (17), the op-
erator N2 can be rewritten as

N2(x1, x2) = k0L

vCA,in
CAG(T ) + �,

where the operator G is defined by

G(T ) := exp

(−E

RT

)
− �v

k0L
.

It follows that

‖N2(x) − N2(x
′)‖ = k0L

vCA,in
‖CAG(T ) − C′

AG(T ′)‖

� k0L

vCA,in
[Gm‖CA − C′

A‖ + CA,inls‖T − T ′‖],
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where ls is a Lipschitz constant of the function exp(−E/RT )

on [0, Tmax) (see below). Consequently,

‖N2(x) − N2(x
′)‖� k0L

v
[Gm + lsTin]‖x − x′‖;

whence N2 is a Lipschitz operator on D.
Now let us compute ls . Observe that the first derivative of

the function g(s) := exp(−k/s), where k is a positive constant,
is bounded on the interval [0, Tmax]. Therefore, the function
g is a Lipschitz continuous function on [0, Tmax]. A Lipschitz
constant of g can be estimated by

ls := sup{g′(s), 0�s�Tmax},

where g′(s)= k/s2 exp(−k/s), for 0 < s�Tmax and g′(0)= 0.
The study of the function g′ leads to

ls =

⎧⎪⎨
⎪⎩

g′ ( k
2

) = 4

ke2 if k�2Tmax,

g′(Tmax) = k

T 2
max

exp

(
− k

Tmax

)
if k > 2Tmax.

When applying this result to the case k = E/R, the constant ls
is given by

ls =

⎧⎪⎨
⎪⎩

4R

Ee2 if E�2RT max,

E

RT 2
max

exp

(
− E

RT max

)
if E > 2RT max.

It follows that the constant l2 given by (31) is a Lipschitz
constant of N2. By using similar computations, it can be shown
that the constant l1 given by (30) is a Lipschitz constant of N1.
Finally, by using Lemma 10, condition (29) implies the strict
dissipativity of A0 + N0. �

An important consequence of Lemmas 20, 22, 24 and 25,
and Theorem 16, is the following theorem giving a criterion of
asymptotic stability for the plug flow reactor model.

Theorem 26. Consider the system (22)–(25) such that condi-
tions (28) and (29) hold. Then the operator A := A0 + N0
is the generator of a unique nonlinear contraction semigroup
�(t) on F. Moreover, for any x0 ∈ F ,

x(t, x0) := �(t)x0 → xe as t → ∞

i.e. xe is an asymptotically stable equilibrium point of the system
(22) on F.

Comment 27. (a) Typically, in most cases, the condition
E > 2RT max is satisfied, since the activation energy E is very
large. In this case, the asymptotic stability criterion of Theorem
26 reads as follows:

k0 exp

(
− E

RT max

)
K <

4h


Cpd
,

Table 1
Numerical values of process parameters

Process parameters Symbols Numerical values

Superficial fluid velocity v 0.025 m/s

Length of the reactor L 1 m

Activation energy E 11250 cal/mol

Kinetic constant k0 106 s−1

Heat transfer coefficient 4h

Cpd

0.2 s−1

Inlet reactant concentration CA,in 0.02 mol/L
Ideal gas constant R 1.986 cal/(mol K)

Inlet temperature Tin 340 K
�H

Cp

−4250 K L/mol

where the constant K is defined as the maximum of the two
following quantities:

||
[

1 + ET in

RT 2
max

]
and

[
Gm exp

(
E

RT max

)
+ ET in

RT 2
max

]
.

From a physical point of view, the condition above means
that the heat transfer coefficient must be large enough in
order to dominate a weighted value of the kinetic constant
k0 exp(−E/RT max).

(b) On the basis of the (local) stability results obtained e.g.
in [4] or [7, p. 18], the stability condition (28), although natural
from a theoretical point of view, could possibly appear to be
conservative for the specific case studied here. However, this
is how far one can get by using such theoretical tools. This
specific point could be an interesting topic for further research,
by using possibly classical PDE techniques like the methods of
characteristics.

Yet, the theoretical results obtained in Sections 2 and 3 are
interesting on their own and they could also be applied e.g. to
axial dispersion tubular reactor models as well.

5.2. Numerical simulations

In this section, we are interested in numerical simulations
of the open-loop controlled plug flow reactor model (12)–(16).
The latter model can be approximated by several methods. Here
we use the finite forward difference method. The parameter
values used here are given in Table 1.

It is theoretically shown in the previous section that, un-
der suitable conditions on the system parameters and on the
coolant temperature at the equilibrium, an equilibrium profile
is asymptotically stable for the plug flow reactor model. The
equilibrium profile considered here corresponds to a constant
coolant temperature profile. The choice of such equilibrium
profile is motivated by the fact that it is optimal in view to
minimize the reactant concentration at the reactor outlet and
the difference between the coolant temperature and the ambient
temperature [22]. Moreover, this equilibrium profile satisfies
condition (28) for a coolant temperature larger than the inlet
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Fig. 1. Temperature using the initial conditions T0(z) = Tin cos(0.2 ∗ z) and
CA,0(z) = CA,in cos(0.1 ∗ z) and the coolant temperature Tc,e = 340 K as
open-loop control.

Fig. 2. Reactant concentration using the initial conditions
T0(z) = Tin cos(0.2 ∗ z) and CA,0(z) = CA,in cos(0.1 ∗ z) and the coolant
temperature Tc,e = 340 K as open-loop control.

temperature (see Comment 23). Several initial state functions
have been tested in the numerical simulations (see [2]). Here we
have selected T0(z)=Tin cos(0.2∗z) and CA,0=Cin cos(0.1∗z)

as initial state. The results of the simulations are illustrated in
Figs. 1 and 2: they show that the system state converges to the
chosen steady state. These observations agree with the result
predicted by Theorem 26, since in this case l0 =14 and �=20.

6. Conclusion

In this paper we have studied the asymptotic stability prop-
erty of a specific class of semilinear infinite-dimensional sys-
tems. First this property was studied for a general class of
nonlinear infinite-dimensional state space systems by using the
concept of strict m-dissipativity: see Theorem 6. This result
was applied to a plug flow reactor model. The results can be
summarized as follows. A semilinear model is asymptotically
stable under the conditions that (a) its linear part generates an

exponentially stable semigroup and has a compact resolvent,
and (b) its nonlinear part is a Lipschitz operator with a Lips-
chitz constant less than some parameter, which depends on the
linear part parameters: see Theorem 12 and Corollary 13. This
result has been extended to nonlinearity defined on a closed
convex proper subset of the state space: see Theorem 16. Fi-
nally, any equilibrium profile was shown to be asymptotically
stable for a nonisothermal plug flow reactor model under some
conditions on the system parameters and on the correspond-
ing (constant) coolant temperature: see Theorem 26. This result
was illustrated by some numerical simulations.

An interesting open question is the analysis of the asymp-
totic stability property when the condition l0 < � does not hold.
Some preliminary numerical experiments seem to indicate that
stability could be lost in that case.

Another interesting topic for further research is the applica-
tion of the stability results proved in Sections 2 and 3, to axial
dispersion tubular reactor models like those studied in [14,15,7,
Chapter 4].
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